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We prove strong and weak convergence theorems of modified hybrid proximal-point algorithms
for finding a common element of the zero point of a maximal monotone operator, the set of
solutions of equilibrium problems, and the set of solution of the variational inequality operators of
an inverse strongly monotone in a Banach space under different conditions. Moreover, applications
to complementarity problems are given. Our results modify and improve the recently announced
ones by Li and Song (2008) and many authors.

1. Introduction

Let E be a Banach space with norm ||- ||, C a nonempty closed convex subset of E, let E* denote
the dual of E and < -, - > is the pairing between E and E*.
Consider the problem of finding

v € E such that 0 € T(v), (1.1)

where T is an operator from E into E*. Such v € E is called a zero point of T. When T is a
maximal monotone operator, a well-known method for solving (1.1) in a Hilbert space H is
the proximal point algorithm x; = x € H and

Xn+1 = ]Tnxn/ n= 1/2/3/- ccs (12)
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where {r,} C (0,0) and J,, = (I + r.T)~!, then Rockafellar [1] proved that the sequence {x,}
converges weakly to an element of T~1(0).

In 2000, Kamimura and Takahashi [2] proved the following strong convergence
theorem in Hilbert spaces, by the following algorithm:

Xps1 =X+ (1 —ay)Jr,xy, n=1,23,..., (1.3)

where J, = (I + rT)"!J, then the sequence {x,} converges strongly to Pr1y(x), where Pr
is the projection from H onto T~(0). These results were extended to more general Banach
spaces see [3, 4].

In 2004, Kohsaka and Takahashi [4] introduced the following iterative sequence for a
maximal monotone operator T in a smooth and uniformly convex Banach space: x; = x € E
and

Xnt1 = ]_1 (an]x + (1 - an)](]rnxn))/ n= 112/ 3/ R (14)

where ] is the duality mapping from E into E* and J, = (I + rT)71J.
Recently, Li and Song [5] proved a strong convergence theorem in a Banach space, by
the following algorithm: x; = x € E and

Yn = ]71 (pn](xn) + (1 _ﬂn)](]rnxn))r (1.5)
X1 = J 7 (anJx1 + (L= an) ] (yn)), '

with the coefficient sequences {a,}, {$.} C [0,1] and {r,} C (0, oo) satisfying lim,, . ,a, =0,
Soq &y =00, limy, B, = 0, and lim,,_, .7, = co. Where ] is the duality mapping from E into
E*and J, = (I +7T)"'J. Then, they proved that the sequence {x,} converges strongly to Ilcx,
where Ilc is the generalized projection from E onto C.

Let C be a nonempty closed convex subset of E, and let A be a monotone operator of C
into E*. The variational inequality problem is to find a point x* € C such that

(v-—x*,Ax*y >0, YveC. (1.6)

The set of solutions of the variational inequality problem is denoted by VI(C, A). Such a
problem is connected with the convex minimization problem, the complementarity problem,
the problem of finding a point u € E satisfying 0 = Au, and so on. An operator A of C into E*
is said to be inverse-strongly monotone if there exists a positive real number a such that

(x -y, Ax - Ay) > a|| Ax - Ay, (17)

for all x,y € C. In such a case, A is said to be a-inverse-strongly monotone. If an operator A of
C into E* is a-inverse-strongly monotone, then A is Lipschitz continuous, that is, ||[Ax — Ay|| <
(1/a)||lx —y| forall x,y € C.
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In a Hilbert space H, liduka et al. [6] proved that the sequence {x,} defined by: x; =
x € Cand

Xpi1 = Pe(x, — My Axy), (1.8)

where P is the metric projection of H onto C and {\, } is a sequence of positive real numbers,
converges weakly to some element of VI(C, A).

In 2008, Iliduka and Takahashi [7] introduced the folowing iterative scheme for finding
a solution of the variational inequality problem for an inverse-strongly monotone operator A
in a Banach space x; = x € C and

Xn+1 = HC]_l (Jxn — MnAxy), (1.9)

foreveryn =1,2,3,..., where I'lc is the generalized metric projection from E onto C, ] is the
duality mapping from E into E* and {1, } is a sequence of positive real numbers. They proved
that the sequence {x,} generated by (1.9) converges weakly to some element of VI(C, A).

Let © be a bifunction of C x C into R and ¢ : C — R a real-valued function. The mixed
equilibrium problem, denoted by MEP(©, ¢), is to find x € C such that

O(x,y) +9(y) —9(x) 20, VyeC. (1.10)

If ¢ = 0, the problem (1.10) reduces into the equilibrium problem for ©, denoted by EP(©), is to
find x € C such that

O(x,y) >0, VyeC. (1.11)

If © = 0, the problem (1.10) reduces into the minimize problem, denoted by Argmin(y), is to
find x € C such that

o(y) —p(x) >0, VyeC. (1.12)

The above formulation (1.11) was shown in [8] to cover monotone inclusion problems, saddle
point problems, variational inequality problems, minimization problems, optimization
problems, variational inequality problems, vector equilibrium problems, and Nash equilibria
in noncooperative games. In addition, there are several other problems, for example, the
complementarity problem, fixed point problem, and optimization problem, which can also
be written in the form of an EP(©). In other words, the EP(©) is an unifying model for
several problems arising in physics, engineering, science, optimization, economics, and so
forth. In the last two decades, many papers have appeared in the literature on the existence
of solutions of EP(©); see, for example, [8-11] and references therein. Some solution methods
have been proposed to solve the EP(O); see, for example, [9, 11-21] and references therein.
In 2005, Combettes and Hirstoaga [12] introduced an iterative scheme of finding the best
approximation to the initial data when EP(©) is nonempty and they also proved a strong
convergence theorem.
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Recall, a mapping S : C — C is said to be nonexpansive if
15 = Syll < [lx -y, (1.13)

for all x,y € C. We denote by F(S) the set of fixed points of S. If C is bounded closed
convex and S is a nonexpansive mapping of C into itself, then F(S) is nonempty (see [22]).
A mapping S is said to be quasi-nonexpansive if F(S)#0 and ||Sx — y|| < ||x — y|| for all
x € Cand y € F(S). It is easy to see that if S is nonexpansive with F(S) #0, then it is quasi-
nonexpansive. We write x, — x(x, — x, resp.) if {x,} converges (weakly, resp.) to x. Let E
be a real Banach space with norm || - || and let | be the normalized duality mapping from E into
2F given by

Jr={x" € E": (o, x7) = [lxlllx™l, lx]l = llx*1}, (1.14)

for all x € E, where E* denotes the dual space of E and (-, -) the generalized duality pairing
between E and E*. It is well known that if E* is uniformly convex, then ] is uniformly
continuous on bounded subsets of E.

Let C be a closed convex subset of E, and let S be a mapping from C into itself. A point
p in C is said to be an asymptotic fixed point of S [23] if C contains a sequence {x,} which
converges weakly to p such that lim, _, o ||x, — Sx,|| = 0. The set of asymptotic fixed points of
S will be denoted by 1?(79/) A mapping S from C into itself is said to be relatively nonexpansive
[24-26] if 1?_(\5/) = F(S) and ¢(p,Sx) < ¢(p,x) for all x € C and p € F(S). The asymptotic
behavior of a relatively nonexpansive mapping was studied in [27, 28]. S is said to be ¢-
nonexpansive, if ¢(Sx,Sy) < ¢(x,y) for x,y € C. S is said to be relatively quasi-nonexpansive
if F(S)#0 and ¢(p, Sx) < ¢(p, x) for x € Cand p € F(S).

In 2009, Takahashi and Zembayashi [29] introduced the following shrinking projection
method of closed relatively nonexpansive mappings as follows:

xg=x€C, Cy=C,
Yn = jil(an](xn) + (1 - a‘rl)]S(xn))l
u, € C such that ©(u,, v) + %(y —Up, Jun— Jyn) 20, VyeC, (1.15)

Cp1 = {Z €Crn:P(z,un) < P(z, xn)}/

Xns1 =g, x,

for every n € N U {0}, where | is the duality mapping on E, {a,} C [0,1] satisfies
liminf, ., ,a,(1 —a,) > 0 and {r,} C [a, o) for some a > 0. Then, they proved that the
sequence {x,} converges strongly to I'lr(s)nep(e)X-
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In 2009, Qin et al. [30] modified the Halpern-type iteration algorithm for closed quasi-
¢-nonexpansive mappings (or relatively quasi-nonexpansive) defined by

Xo € E chosen arbitrarily,
C=¢C
x1 = Il¢, xo,
Y =T "(an] (x1) + (1= aa) JT (xn)),
Crt = {2 € Co: (2, yn) S @n(z,x1) + (1 - an)P(z, %)},

x1, VYn>1.

(1.16)

xne1 = 1c

n+l

Then, they proved that under appropriate control conditions the sequence {x,} converges
strongly to ITr)x;.

Recently, Ceng et al. [31] proved the following strong convergence theorem for finding
a common element of the set of solutions for an equilibrium and the set of a zero point for a
maximal monotone operator T in a Banach space E

Yn = ]_1 (an](xO) +(1- an)(ﬂn]xn + (1 - ﬁn)]]rn (xn)))/
H,={z€C:¢(z,T,yn) < anp(z,x0) + (1 - an)P(z,xn)},
W,={zeC:{(x,—2z Jxo— Jx,) >0},

(1.17)

Xn+1 = Hg,aw, Xo.

Then, the sequence {x,} converges strongly to Ilr-ignepe)Xo, Where Ilrgnppe) is the
generalized projection of E onto T~10 N EP(©).

In this paper, motivated and inspired by Li and Song [5], liduka and Takahashi [7],
Takahashi and Zembayashi [29], Ceng et al. [31] and Qin et al. [30], we introduce the
following new hybrid proximal-point algorithms defined by x; = x € C:

wy, =] (Jx, — M\ Ax,,),
Zp = ]_1 (ﬂn](xn) + (1 _ﬂn)](]rnwn))/

Yn = ]_1 (] (x1) + (1 = an) J(20)),
. (1.18)
uy € C such that ©(u,, v) + ¢(y) — ¢(u,) + r—(y —Up, Jun— Jyn) 20, VyeC,

Conn ={z€Cp: Pp(z,up) <and(z,x1) + (1 - an)P(z,x2) },

Xns1 =g, x

n+l
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1
u, € C such that ©(u,, v) + ¢(y) — ¢(uy) + r—(y — U, Jun—Jyn) 20, VyeC,
zp =] ' (Juy - MyAuy),

Yn = ]_l (ﬁn](xn) + (1 - ,Bn)](]rnzn))r
Xnt1 = HC]_l (an](xl) +(1- ‘xn)](yn))

(1.19)

Under appropriate conditions, we will prove that the sequence {x,} generated by algorithms
(1.18) and (1.19) converges strongly to the point Ilyyc a)nr-1(0)nmEP@©,9)X and converges
weakly to the point lim, . ITyic,a)nr-1 (0)MEP(©,9) Xn, TESPeEctively. The results presented in
this paper extend and improve the corresponding ones announced by Li and Song [5] and
many authors in the literature.

2. Preliminaries

A Banach space E is said to be strictly convex if ||(x + y)/2|| < 1 for all x,y € E with ||x| =
lyll =1and x#y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then, the Banach space
E is said to be smooth provided

i 1 2y = llxll 2.1)
t—0 t

exists for each x, y € U. It is also said to be uniformly smooth if the limit is attained uniformly
for x, y € E. The modulus of convexity of E is the function 6 : [0,2] — [0, 1] defined by

6(e) = inf{l - ||x-£_y|

cx,y € E x| = |ly|| =1, x—y||2£}. (2.2)

A Banach space E is uniformly convex if and only if 6(¢) > 0 for all € € (0,2]. Let p be a fixed
real number with p > 2. A Banach space E is said to be p-uniformly convex if there exists a
constant ¢ > 0 such that 6(g) > ce” for all € € [0,2]; see [32, 33] for more details. Observe
that every p-uniform convex is uniformly convex. One should note that no Banach space is
p-uniform convex for 1 < p < 2. It is well known that a Hilbert space is 2-uniformly convex
and uniformly smooth. For each p > 1, the generalized duality mapping J, : E — 2F" is defined
by

Jo(x) = {x" € B+ (x,x) = [xlP, x| = P}, (2.3)

for all x € E. In particular, J = ], is called the normalized duality mapping. If E is a Hilbert space,
then J = I, where I is the identity mapping. It is also known that if E is uniformly smooth,
then J is uniformly norm-to-norm continuous on each bounded subset of E.
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We know the following (see [34]):

(1) if E is smooth, then ] is single-valued,

(2) if E is strictly convex, then ] is one-to-one and (x — y,x* — y*) > 0 holds for all
(x,x*),(y,y*) € J withx £y,

(3) if E is reflexive, then J is surjective,
(4) if E is uniformly convex, then it is reflexive,

(5) if E* is uniformly convex, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

The duality | from a smooth Banach space E into E* is said to be weakly sequentially
continuous [35] if x, — x implies Jx, —* Jx, where —* implies the weak* convergence.

Lemma 2.1 (see [36, 37]). If E be a 2-uniformly convex Banach space. Then, for all x,y € E one has

(2.4)

7

2
lx -yl < C—2||]x—]y

where J is the normalized duality mapping of E and 0 < ¢ < 1.

The best constant 1/¢ in Lemma is called the 2-uniformly convex constant of E; see
[32].

Lemma 2.2 (see [36, 38]). If E a p-uniformly convex Banach space and let p be a given real number
with p > 2. Then, forall x,y € E, ] € J,(x) and ], € J,(y)

cP
2r2p

7, (2.5)

(x-y,Jx-Jy)> [lx -y

where ], is the generalized duality mapping of E and 1/ c is the p-uniformly convexity constant of E.

Lemma 2.3 (see Xu [37]). Let E be a uniformly convex Banach space. Then, for each r > 0, there
exists a strictly increasing, continuous, and convex function K : [0,00) — [0, o0) such that K(0) =0
and

[[Ax + (1= ) |I* < Al + (1 = V) ||y ]|* = A1 = DK ([Jx - y]), (2.6)

forallx,y e {z€E:|z|<r}and X € [0,1].

Let E be a smooth, strictly convex, and reflexive Banach space and let C be a nonempty
closed convex subset of E. Throughout this paper, we denote by ¢ the function defined by

$(x,y) = [lx|* - 2(x, Jy) + ||y||2, for x,y € E. (2.7)
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Following Alber [39], the generalized projection Ilc : E — C is a map that assigns to an
arbitrary point x € E the minimum point of the functional ¢(x, y), that is, ITcx = x, where x
is the solution to the minimization problem

¢, x) = infp(y, x) (2.8)

existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(x,y) and strict monotonicity of the mapping J. It is obvious from the definition of function
¢ that (see [39])

Iyl = l1x)* < by x) < (lyll + =l Vx,y € E. (2.9)

If E is a Hilbert space, then ¢(x,y) = ||x - y||.

If E is a reflexive, strictly convex and smooth Banach space, then for x,y € E, ¢(x,y) =
0 if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y. From (2.9), we
have ||x|| = ||y||. This implies that (x, Jy) = ||x||*> = [|Jy||*>. From the definition of J, one has
Jx = Jy. Therefore, we have x = y; see [34, 40] for more details.

Lemma 2.4 (see Kamimura and Takahashi [3]). Let E be a uniformly convex and smooth real
Banach space and let {x,}, {y,} be two sequences of E. If ¢(xn,y,) — 0 and either {x,} or {y,} is
bounded, then ||x, — y|| — 0.

Lemma 2.5 (see Alber [39]). Let C be a nonempty, closed, convex subset of a smooth Banach space
E and x € E. Then, xq = Ilcx if and only if

(xo—y, Jx—Jx0) >0, VYyeC. (2.10)

Lemma 2.6 (see Alber [39]). Let E be a reflexive, strictly convex, and smooth Banach space, let C
be a nonempty closed convex subset of E and let x € E. Then,

(v, Iex) + ¢(Ilex, x) < P(y,x), VyeC. (2.11)

Let E be a strictly convex, smooth, and reflexive Banach space, let | be the duality
mapping from E into E*. Then, ]! is also single-valued, one-to-one, and surjective, and it is
the duality mapping from E* into E. Define a function V : E x E* — R as follows (see [4]):

V(x,x%) = [lx]* = 2¢x, x") + ||x*], (2.12)

for all x € E,x € E and x* € E*. Then, it is obvious that V(x,x*) = ¢(x,J}(x*)) and
Vix, J(y) = ¢(x, ).
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Lemma 2.7 (see Kohsaka and Takahashi [4, Lemma 3.2]). Let E be a strictly convex, smooth, and
reflexive Banach space, and let V be as in (2.12). Then,

V(x,x*)+2<]‘1(x*) —x,y*> <V(x,x*+y"), (2.13)

forall x € E and x*,y* € E*.

Let E be a reflexive, strictly convex, and smooth Banach space. Let C be a closed
convex subset of E. Because ¢(x,y) is strictly convex and coercive in the first variable,
we know that the minimization problem inf,cc¢(x,y) has a unique solution. The operator
[cx = argminyecP(x, y) is said to be the generalized projection of x on C.

A set-valued mapping T : E — E* with domain D(T) = {x € E : T(x) #@} and range
R(T) = {x* € E* : x* € T(x),x € D(T)} is said to be monotone if (x — y,x* — y*) > 0 for all
x* € T(x), y* € T(y). We denote the set {s € E : 0 € Tx} by T710. T is maximal monotone if
its graph G(T) is not properly contained in the graph of any other monotone operator. If T is
maximal monotone, then the solution set T~10 is closed and convex.

Let E be a reflexive, strictly convex, and smooth Banach space, it is known that T is a
maximal monotone if and only if R(J +#T) = E* for all » > 0.

Define the resolvent of T by J,x = x,. In other words, J, = (J + rT)’ll forallr > 0. J, is
a single-valued mapping from E to D(T). Also, T™1(0) = F(J,) for all r > 0, where F(J,) is the
set of all fixed points of J,. Define, for r > 0, the Yosida approximation of T by A, = (J = JJ,)/r.
We know that A,x € T(J,x) forall r >0 and x € E.

Lemma 2.8 (see Kohsaka and Takahashi [4, Lemma 3.1]). Let E be a smooth, strictly convex,
and reflexive Banach space, T C E x E* a maximal monotone operator with T'0#0, r > 0 and
Jo = (J +rT)"']. Then,

o(x, Jry) + oy y) < d(x,y), (2.14)

forall x e T"'0and y € E.

Let A be an inverse-strongly monotone mapping of C into E* which is said to be
hemicontinuous if for all x,y € C, the mapping F of [0,1] into E*, defined by F(t) =
A(tx + (1 - t)y), is continuous with respect to the weak* topology of E*. We define by N¢(v)
the normal cone for C at a point v € C, that is,

Nc(w)={x* € E*: (v-y,x*) >0, Yy € C}. (2.15)

Theorem 2.9 (see Rockafellar [1]). Let C be a nonempty, closed, convex subset of a Banach space
E and A a monotone, hemicontinuous operator of C into E*. Let T C E x E* be an operator defined as
follows:

To =

{Av + Nc(v), veC,
(2.16)

@, otherwise.

Then, T is maximal monotone and T~'0 = VI(C, A).



10 International Journal of Mathematics and Mathematical Sciences

Lemma 2.10 (see Tan and Xu [41]). Let {a,} and {b,} be two sequence of nonnegative real numbers
satisfying the inequality

dp1 =a, +b,, VYn>0. (2.17)

If 37, by < oo, then limy, _, o, ay, exists.

For solving the mixed equilibrium problem, let us assume that the bifunction © :
CxC — Rand ¢ : C — R is convex and lower semicontinuous satisfies the following
conditions:

(A1) ©(x,x) =0forall x € C,
(A2) © is monotone, that is, O(x,y) + O(y,x) <0 forall x,y € C,
(A3) foreach x,y,z € C,

limsupO(tz + (1 - t)x,y) < O(x,v), (2.18)
t10

(A4) for each x € C, y — O(x, y) is convex and lower semicontinuous.

Motivated by Blum and Oettli [8], Takahashi and Zembayashi [29, Lemma 2.7]
obtained the following lemmas.

Lemma 2.11 (see [29, Lemma 2.7]). Let C be a nonempty closed convex subset of a smooth, strictly
convex, and reflexive Banach space E, let 0 be a bifunction from C x C to R satisfying (A1)—(A4), let
r >0, and let x € E. Then, there exists z € C such that

O(zy) +%<y—z,]z—]x> >0, WyeC (2.19)

Lemma 2.12 (see Takahashi and Zembayashi [29]). Let C be a closed convex subset of a uniformly
smooth, strictly convex, and reflexive Banach space E and let © be a bifunction from C x C to R
satisfying (A1)—(A4). For all r > 0 and x € E, define a mapping T, : E — C as follows:

T,x = {z €eC:0(z,y) + %(y—z,]z—]x} >0, Vy e C}, (2.20)

for all x € E. Then, the followings hold:

(1) T, is single-valued,
(2) T, is a firmly nonexpansive-type mapping, that is, for all x,y € E,

(Tyx - Ty, JT,x - JT,y) < (Trx - T,y, Jx - Jy), (2.21)

(3) F(Ty) = EP(©),
(4) EP(O) is closed and convex.
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Lemma 2.13 (see Takahashi and Zembayashi [29]). Let C be a closed, convex subset of a smooth,
strictly convex, and reflexive Banach space E, let © a bifunction from C x C to R satisfying (A1)—-(A4)
and let r > 0. Then, for x € E and q € F(T;),

¢(q,Trx) + P(Trx, x) < (g, x). (2.22)

Lemma 2.14. Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach space
E. Let ¢ : C — R is convex and lower semicontinuous and © be a bifunction from C x C to R
satisfying (A1)—(A4). For r > 0 and x € E, then there exists u € C such that

1
O(u,y) +o(y) —pu) + ;(y —u, Ju— Jx). (2.23)
Define a mapping K, : E — C as follows:
1
K, (x) = {u €eC:0(uy) +o(y) —pu) + ;(y —u,Ju—-Jx) >0, Vy € C} (2.24)

forall x € E. Then, the followings hold:

(1) K, is single-valued,

(2) K, is firmly nonexpansive, that is, for all x,y € E, (K, x - Ky, JK;x - JK,y) < (K;x -
KTy/ ]x - ]]/)1
(3) F(K,) = MEP(O,¢),

(4) MEP(©, ) is closed and convex.

Proof. Define a bifunction F : C x C — R as follows:
F(u,y) =0 y) +9(y) —9w), YuyeC. (2.25)

It is easily seen that F satisfies (A1)—(A4). Therefore, K, in Lemma 2.14 can be obtained
from Lemma 2.12 immediately. O

3. Strong Convergence Theorem

In this section, we prove a strong convergence theorem for finding a common element of the
zero point of a maximal monotone operator, the set of solutions of equilibrium problems, and
the set of solution of the variational inequality operators of an inverse strongly monotone in
a Banach space by using the shrinking hybrid projection method.

Theorem 3.1. Let E be a 2-uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let © be a bifunction from C x C to R satisfying (A1)—(A4) let
¢ : C — R bea lower semicontinuous and convex function, and let T : E — E* be a maximal
monotone operator. Let J, = (J + rT)"'] for r > 0 and let A be an a-inverse-strongly monotone
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operator of C into E* with F := VI(C, A) N T~1(0) N MEP(O©, ) # B and || Ay|| < ||Ay — Aul| for all
y € Candu € F. Let {x,} be a sequence generated by x € E with x1 = Ilc,xo and C; = C,
Wy = TIc] ™ (Jotn = AnAxn),
zn = J N (Bu (xn) + (1= Bu) ] Urut0n)),
Yo = J (@] (x1) + (1= an) ] (z0)),

3.1)
uy € C such that ©(u,, y) +@(y) — p(u,) + %(y — U, Jun— Jyn) >0, Yy C,

Cpi = {Z €Cy: (i’(z/un) < (Xn(i)(Z, x1) +(1- an)d)(z, xn)};

Xn+1 = ey X0,

for n € N, where Ilc is the generalized projection from E onto C, | is the duality mapping on E. The
coefficient sequence {a,}, {fn} C (0,1), {ra} C (0, 00) satisfying lim,, _, ,a, = 0,limsup, , _f, <
1, liminf, 7, > 0, and {\,} C [a,b] for some a,bwith0 < a < b < c*a/2,1/c is the 2-uniformly
convexity constant of E. Then, the sequence {x,} converges strongly to ITrx.

Proof. We first show that {x,} is bounded. Put v, = J7!(Jx, — 1, Ax,), let p € F := VI(C, A) N
T-1(0) N MEP(©, ¢), and let {K,, } be a sequence of mapping define as Lemma 2.14 and u,, =

K., y,. By (3.1) and Lemma 2.7, the convexity of the function V' in the second variable, we
have

$(p,wn) = $(p,Tlcon)
<p(p,on) = d(p, ) Jxn = LnAx,))
SV (p, T = Ay + Ly Axn) = 2(J 7 (0 = 1 AX,) = p, An A, ) (32)

=V(p, Jxn) = 2An(vn — p, Axy)

= ¢(p,xn) = 2Mn(xn — p, AXp ) + 2(0y — Xp, =y Axy).
Since p € VI(A, C) and A is a-inverse-strongly monotone, we have

=20 (xn = p, AXy) = =240 (x5 — p, Axy — Ap) — 20, (xn — p, Ap)

(3.3)
< =2ad,||Ax, - Ap||2,
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and by Lemma 2.1, we obtain
2(vy — Xy, =\ Axy) = 2<]‘1 (Jxy — MnAxy) — Xn, —AnAxn>

< 2|77 U = dnAxa) =

[|An Axcy|

4 (3.4)
< C_2”]x" = L Axy = Jxn ||| n Ayl

4 4 2
= ShllAx|” < S A5l Ax, - Ap]|”
Substituting (3.3) and (3.4) into (3.2), we get

4
9(p.wn) < §(p,xn) = 20k | Axy = Ap||* + S A; || Ax — Ap||*
<o(p,xn) +2An<§xn —a)”Axn—Ap”z (35)
<P(p, xn)-

By Lemmas 2.7, 2.8 and (3.5), we have

d(p,zn) = ¢<p, J7H (B () + (1 —ﬁn)](]rnwn))>
=V (p, Bu] (xn) + (1= fn)J Ur,0n))
<PaV(p,J () + (1= Bu)V(p, ] Ur,wn))
= Pudp(p,xn) + (1= Pu) ¢ (p, Jr,wn)
< Pudp(pxn) + (1= Bu) (@ (p, wn) = (U, w0n, wn))
< Pud(p,xn) + (1= ) (p, wn)
<Pud(p,xn) + (1= Bn)d(p,xn)
=¢(p, xn)-

(3.6)

It follows that
P, yn) = d(p. T (@ () + (1 - @) (z0)))

=V(p,anJ(x1) + (1= an)J(z4)) <@, V(p, J(x1)) + (1 —an)V(p, ] (zn)) (3.7)

= @ (p, 1) + (1= @)P(p,2n) < anp(p,x1) + (1= an)p(p, xn)-
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From (3.1) and (3.7), we obtain
(p,un) = ¢(p, Kr,yn) < (p,yn) < P(p,x1) + (1= a)P(p, Xn)- (3.8)

So, we have p € C,41. This implies that F ¢ C,,, for all n € N.
From Lemma 2.5 and x,, = I'lc, x9, we have

(xn—2z,Jx0—Jx,) >0, Vz€C,,

(X =p,Jxo = Jxu) 20, VpeF. (3.9)

From Lemma 2.6, one has
¢ (xn, x0) = P(Ic,x0, x0) < p(p, x0) = p(p, xn) < P(p, x0), (3.10)

forallp € F ¢ C, and n > 1. Then, the sequence {¢(x,, xp)} is bounded. Since x,, = Il¢c,xo
and x,.1 =I1c . x9 € Cpy1 C C,, we have

n+l

$(xn, X0) < P(xn1, %0), V€N, (3.11)

Therefore, {$(x,,x0)} is nondecreasing. Hence, the limit of {¢(x,, x¢)} exists. By the
construction of C,, one has that C,, ¢ C, and x,, = Ilc,x9 € C, for any positive integer
m > n. It follows that

G (xm, xn) = §(xm, e, x0) < P(xm, x0) — ¢(Ic,x0, X0) = P(Xm, X0) — P(xn, X0)- (3.12)

Letting m,n — oo in (3.12), we get ¢(x,,, x,) — 0. It follows from Lemma 2.4, that ||x,, —
Xnl| = Oasm,n — oo, thatis, {x,} is a Cauchy sequence. Since E is a Banach space and C is
closed and convex, we can assume that x, — u € C,asn — oo. Since

¢(xn+1r Xn) = ¢(xn+1/ 1_[C,,XO) < ¢(xn+1/ X0) — (i)(HCnxO/ Xp) = ¢(xn+11 X0) — (;b(xn/ x0), (3.13)

for all n € N, we also have lim,,_, ,,$(x+1, x,) = 0. From Lemma 2.4, we get lim,, _, oo || Xp+1 —
x|l = 0. Since x,.1 =Ic,,,x0 € Cy41 and by definition of C,,.1, we have

n+l

P (xXnr1, Un) < anP(xpi1, x1) + (1= ) P(xp41, Xn). (3.14)
Noticing the conditions lim,, _, ,&t, = 0 and limy, —, ., (x,11, X,) = 0, we obtain
Tim p(xn, ) = 0. (3.15)
From again Lemma 2.4,

nli_)rr;o”xnﬂ = x| = ;}i_{r;o”xn-ﬁ—l —uy| =0. (3.16)
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So, by the triangle inequality, we get
lim ||x,, — u,|| = 0.
n—oo
Since J is uniformly norm-to-norm continuous on bounded sets, we have
lim [|Jxy = Juu|| = 0.
n— oo
On the other hand, we observe that

(P, xn) = $(p, tn) = l12al* = unll® = 2{p, Jxn = Jtun)
< % = wall Qloeall + Netall) + 2| | 1T 260 = Tatall-

It follows that
d(p,xn) - p(p,un) — 0, asn— co.
From (3.1), (3.5), (3.6), (3.7), and (3.8), we have

¢(p un) < P(p yn) < @ (p, x1) + (1= an)P(p, zn)
< and(p,x1) + (1= an) [Bup (p, xn) + (1= ) (§(p, wn) = §(Jr, wn, wn))]
< and(p,x1) + (L= @) [Bugp (P, %n) + (1= ) (§(p, %) = U, w0, wn)]
< an(p,x1) + (1= @) (p, xn) = (1= @) (1= Bn) §(Jr, wn, wn)

and then
(1= an) (1= Pn)pUr,wn,wn) < anp(p,x1) + (1 = an)(p, xn) — (p, un)-
From conditions lim,, _, &, = 0, limsup, _, B, <1 and (3.20), we obtain
1im ¢(J;, @, w5) = 0.

By again Lemma 2.4, we have lim,, _, o ||/, w, — wy|| = 0.
Since J is uniformly norm-to-norm continuous on bounded sets, we obtain

Tim [1](Jy,wn) = J ()| = 0.

15

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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Applying (3.5) and (3.6), we observe that

P(p,un) < P(p,yn) < and(p,x1) + (1 - an)d(p, zn)
< and(p,x1) + (1= an) [Bup(p, xn) + (1= Pn) P (p, wn)] < andp(p, x1)

(1= ) | Budp (0, 20) + (1= B) | (2, 20) —2)Ln<a - cz_z)‘") || Ax, - AP”z”

<anp(p,x1) + (1—an)d(p,xn) — (1 - an) (1= Bn)2A, (oc - Cz_z)‘”> || Ax, - Ap”2
(3.25)

and, hence,

2 2
20, <1x . Fz*") .- ap] < ¢

1
m(“mﬁ(n x1) + (1= an)P(p,xn) — d(p,un)),

(3.26)

foralln e N.Since0 < a < A, <b < ?a/2, lim,_, wa, =0, lim sup,_,..Bn < 1and (3.20), we
have

Jijr;o||Axn - Ap|| =0. (3.27)
From Lemmas 2.6, 2.7, and (3.4), we get

¢(xn/ wy) = ¢(xn/ Icw,) < (i)(xnr ) = §b<xnr ]_1 (Jxn = J\nAxn)> = V(xn, Jxp — AnAxy)
< Vixy, (Jx, — AyAxy) + A, Axy)
- 2<]_1 (]xn - )LnAxn) - Xn, )lnAxn>

= P(xn, xXn) +2(0y — Xy, =X AXy)

412 ,
:2<Un_xn,—./\nAxn> < ?”Axn—Ap” .
(3.28)

From Lemma 2.4 and (3.27), we have
im [l — 20, = 0. (3.29)
Since J is uniformly norm-to-norm continuous on bounded sets, we obtain

Hm [[](xn) = J ()] = 0. (3.30)
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Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,, — u € E. Since
Xp —wy, — 0, thenwe getw,, = uasi — oo.

Now, we claim that u € F. First, we show that u € T~10. Indeed, since lim inf,_, -7, > 0,
it follows from (3.24) that

. 1
Jim |4y, w,ll = lim — ], = ] (Jp,w0a)]| = 0. (331)

If (z,z*) € T, then it holds from the monotonicity of T that

<z - Wy, 2" — Arni wni> >0, (3.32)

foralli € N. Lettingi — oo, we get (z—u, z*) > 0. Then, the maximality of T implies u € T~10.
Next, we show that u € VI(C, A). Let B C E x E* be an operator as follows:

(3.33)

AU+NC(U), UECI
Bv =
0, otherwise.

By Theorem 2.9, B is maximal monotone and B~!0 = VI(A, C). Let (v, w) € G(B). Since w €
Bv = Av + N¢(v), we get w — Av € N¢(v). From w, € C, we have

(v—-wy,w—-Av) >0. (3.34)

On the other hand, since w, = I1cJ ' (Jx, — A, Ax,), then by Lemma 2.5, we have

(v —wp, Jwy — (Jx, — 1, Axy)) 2 0. (3.35)
Thus,

<v — Wy, M - Axn> <0. (3.36)
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It follows from (3.34) and (3.36) that

<v_wn1w> > <U_wn/Av> 2 <U—’(A)n,A’Z)> + <v_wnrw _Axn>
n

= (v —wy, Av — Ax,) + <v—wn,M>

An

= (v —wy, Av — Aw,) + (v — wy,, Aw, — Axy) + <v —wn,w> (3.37)

| Jxn = Jwn||
a

> —|lv —w,|| = llo = wnll

S _M<|Iwn —Xull ”]xn_]wn“>,

a a

where M = sup,,,{||v — wy||}. From (3.29) and (3.30), we obtain (v — u,w) > 0. By the
maximality of B, we have u € B0 and, hence, u € VI(C, A).

Next, we show that u € MEP(O, ¢). Since u,, = K;, y,. From Lemmas 2.13 and 2.14, we
have

¢ (tn, Yn) = (K, Y, Yn) < (1, yn) = §(w, K, yn) < P, x0) = (w, ). (3.38)

Similarly by (3.20),

nlgr;o¢(un,yn) =0, (3.39)
and so
nlif;o”u" -ya| =0. (3.40)

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain
Tim [| 1y = Jyal| = 0. (3.41)
From (3.1) and (A2), we also have

1
9(y) = P(un) + —(y = ttn, Jun = Jyn) 2 O(y,un), Vy€C. (3.42)

Hence,

o (y) = p(un) + <y — Uy, W"YJ> >0(y,uy), YyeC. (3.43)

ni
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From ||x, — uul| — O, ||x, —wy| — 0, we get u,,, — u. Since (Juy, — Jyn,/1n,) — 0, it follows
by (A4) and the weak, lower semicontinuous of ¢ that

O(y,u) +pu) —¢p(y) <0, VyeC (3.44)

FortwithO<t<landy e C, lety;, =ty+ (1 -t)u.Sincey € Cand u € C, wehavey;, € C
and hence O(y;, u) + ¢(u) — p(y;) < 0. So, from (A1), (A4), and the convexity of ¢, we have

0=0(ynyt) +o(yr) — () <tO(yr,y) + (1 = 1)O(yr,u) +top(y) + (1= o (y) — ¢(v1)

<t©Ory) + o) — (). (3.45)

Dividing by t, we get ©(y:, v) + ¢(y) — ¢(y) > 0. From (A3) and the weakly lower
semicontinuity of ¢, we have ©(u, v) + ¢(y) — ¢(u) > 0 for all y € C implies u € MEP(O, ¢).
Hence, u € F := VI(C, A) N T~1(0) N MEP(©, ¢).

Finally, we show that u = ITrx. Indeed, from x,, = Ilc,x and Lemma 2.5, we have

(Jx = Jxp,xn—2z) >0, VzeC, (3.46)
Since F c C,,, we also have
(Jx = Jxn,xa—p) 20, VYpeF. (3.47)
Taking limit n — oo, we have
(Jx-Ju,u-p)>0, VpeF. (3.48)
By again Lemma 2.5, we can conclude that u = ITrx,. This completes the proof. O

Corollary 3.2. Let E be a 2-uniformly convex and uniformly smooth Banach space, let C be a
nonempty, closed, convex subset of E. Let © be a bifunction from C x C to R satisfying (A1)—(A4)
let p : C — R be a lower semicontinuous and convex function, and let T : E — E* be a maximal
monotone operator. Let |, = (J + rT)*ljfor r > 0 with F := T"1(0) N MEP(©, ) #0. Let {x,} bea
sequence generated by xo € E with x; = Ilc,x9 and C; = C,

Zp = ]_1 (,Bn](xn) + (1 - ﬁn)](]rnxn))/
Yn =] (@] (1) + (1 = )] (20)),

u, € C such that ©(u,, v) + ¢(y) — ¢(u,) + %(y — Uy, Jun— Jyn) 20, VyeC, (349)

Conn ={z€Cp: P(z,un) < and(z,x1) + (1 — an)P(z,xn) },

Xn+1 = Ic,,, x0,

n+l
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for n € N, where Ilc is the generalized projection from E onto C, ] is the duality mapping on E. The
coefficient sequence {a, }, {fn} C (0,1), {rn} C (0, 00) satisfying lim, _, a, = 0,limsup, | _f, <1
and lim inf, _, .1, > 0. Then, the sequence {x,} converges strongly to TTrxy.

Proof. In Theorem 3.1 if A =0, then (3.1) reduced to (3.49). O

4. Weak Convergence Theorem

In this section, we first prove the following strong convergence theorem by using the idea of
Plubtieng and Sriprad [42].

Theorem 4.1. Let E be a 2-uniformly convex and uniformly smooth Banach space whose duality
mapping | is weak sequentially continuous. Let T : E — E* be a maximal monotone operator and let
I, =(J+rD)7Yy for r > 0. Let C be a nonempty, closed, convex subset of E such that D(T) C C C
J7Y (N0 RU +71T)), let © be a bifunction from C x C to R satisfying (A1)—(A4),let ¢ : C — Rbea
lower semicontinuous and convex function, and let A be an a-inverse-strongly monotone operator of
C into E* with F := VI(C, A) N T~1(0) " MEP(©, ¢) #0 and || Ay|| < ||Ay — Au|| for all y € C and
u € F. Let {x,,} be a sequence generated by x; = x € C and

Uy = Ky, xn,
zn =] 7 (Jun — \nAuy),
Yn =T (B (xn) + (1= )] Ur,2n)),
X1 = T 7 (@] (x1) + (1= @) ] (Yn)),

(4.1)

for n € N U {0}, where I'lc is the generalized projection from E onto C, | is the duality mapping
on E. The coefficient sequence {a,},{f.} C [0,1], {rn} C (0,00) satisfying >oooan < o0,
limsup,_, f, < 1liminf, .1, > 0and {A,} C [a,b] for some a,b with0 < a < b < a/2,
1/c is the 2-uniformly convexity constant of E. Then, the sequence {I1rx,} converges strongly to an
element of F, which is a unique element v € F such that

Jim § (0, xy) = min im ¢ (y, xn), (4.2)

where I is the generalized projection from C onto F.

Proof. Putv, = J 7' (Ju, — Ay Auy). Letp € F := VI(C, A) nT~1(0) nMEP(©, ¢), by Lemma 2.14
and nonexpansiveness of K,, we have

¢ (p,un) = $(p, Kr,xn) < ¢ (p, xn)- (4.3)
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By (4.1) and Lemma 2.7, the convexity of the function V in the second variable, we obtain

d(p, za) = d(p,Xlcv,) < p(p,vn) = ¢(p, J ' (Jun - AnAun)>
<V (p Tt = A Aty + Ly Atty) =27t = X Atr) = pr bnAitn)
=V (p, Jxun) — 20, (v — p, Atty)

= ¢(p,un) = 2Xn(un — p, Atty) + 2(0p — Up, Ay Ally ).
Since p € VI(A, C) and A is a-inverse-strongly monotone, we also have

“2My(ty — p, Aty ) = =200ty — p, Aty — Ap) — 20, (un — p, Ap) < -2a), || Auty — Ap||2,

(4.5)
2(vy — Uy, — Ay Auy) = 2<]_1(]un — M Auy,) — xy, —AnAun>

<2|J7 = A Aten) = x| A0 Ase (4.6)

: A A e 2

< C_2||]un = M Ay = Jug ||| AnAun|| < 2 n”Aun - AP” .

Substituting (4.5) and (4.6) into (4.4) and (4.3), we get
2 4 2
$(pr20) < Dpr) - 20| Ay~ ApIF + 53] A~ Ap]

(4.7)

<) =240 (= 00 ) A= A9 < ) < 90,3,
By Lemmas 2.7, 2.8, (4.7), and using the same argument in Theorem 3.1, (3.6), we obtain
¢(p.yn) < (P, xn), (4.8)
and hence by Lemma 2.6 and (4.7), we note that
$(p,xnn) = ¢(p, T (@n] (1) + (1= ) ()

=V(pan] (1) + (1= a) () <@V (p, J(x1)) + (L= an)V(p, ] (ya))  (49)
= anp(p,x1) + (1= )P (p, yn) < andp(p,x1) + (1 - an)P(p, xu),

for all n > 0. So, from 7>, a, < co and Lemma 2.10, we deduce that lim, _, ., (p, x,) exists.
This implies that {¢(p,x,)} is bounded. It implies that {x,}, {y.}, {zx}, and {J;, z,]} are
bounded. Define a function g : F — [0, o) as follows:

8(p) = lim §(p,x,), VpeF. (4.10)
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Then, by the same argument as in proof of [43, Theorem 3.1], we obtain g is a continuous

convex function and if ||z,|| — oo, then g(z,) — oo. Hence, by [34, Theorem 1.3.11], there
exists a point v € F such that

g(v) = r;lgpg(y)(:= D). (4.11)

Put w, = Ilfx, for all n > 0. We next prove that w, — vasn — oo. Suppose on the contrary
that there exists ¢y > 0 such that, for each n € N, there is #’' > n satisfying ||w,, — v|| > €. Since
v € F, we have

P(wn, x,) = pIrxy, x,) < P(v, Irxy) + ¢UExy, x) < P(0, X1), (4.12)

for all n > 0. This implies that

lim sup ¢(wy, x,) < lim ¢p(v, x,) = L. (4.13)
Since (|||l - [[TTrx,l)* < ¢(v,w,) < $(v,x,) for all n > 0 and {x,} is bounded, {w,} is

bounded. By Lemma 2.3, there exists a stricly increasing, continuous, and convex function
K :[0,00) — [0, 0) such that K(0) =0 and

1

wy+o)?2 1 1
” - ” SE”w"||2+EHUHZ__K(”wn_UH), (4.14)

2

4

for all n > 0. Now, choose o satisfying 0 < o < (1/4)K(ep). Hence, there exists ny € N such
that

P(wn, x,) <1+ 0, ¢(v,x,) <l+o0, (4.15)

for all n > 0. Thus, there exists k > ng satisfying the following:

P(wi, xx) <1 +o0, ¢(v,xk) <l +o0, ||k — 2| > €. (4.16)

From (4.9), (4.14), and (4.16), we obtain

¢<Wk2+vrxn+k> < ¢<wk2+v’x"> - ”wk;v ”2 _2<wk2+v’]xk> + el

1 1
< 5 [l + Ellvll2 - K (llwk = vll) = (i + 0, Joex) + lxe® (4.17)

4

— N~

= 39030 + 56(0,30) - K (wi - ol) <1+0 - 7K (o),

for all n > 0. Hence,

1< lim¢(wk+v,xn> = lim ¢<wk2+v,xn+k> <l+o- %K(eo) <l+o-0c=1  (418)

n—oo 2 n— oo
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This is a contradiction. So, {w, } converges strongly tov € F := VI(C, A) N T~1(0) N\MEP(©, ¢).
Consequently, v € F is the unique element of F such that

lim ¢(v, x,,) = min lim ¢(y, x,). (4.19)

n— oo yeF n— oo

This completes the proof. O

Now, we prove a weak convergence theorem for the algorithm (4.20) below under
different condition on data.

Theorem 4.2. Let E be a 2-uniformly convex and uniformly smooth Banach space whose duality
mapping ] is weakly sequentially continuous. Let T : E — E* be a maximal monotone operator and
let J, = (J +rT)™J for r > 0. Let C be a nonempty closed convex subset of E such that D(T) ¢ C C
J 7Y (N,s0 RU +7T)), let © be a bifunction from C x C to R satisfying (A1)—(A4), let ¢ : C — Rbea
lower semicontinuous and convex function, and let A be an a-inverse-strongly monotone operator of
C into E* with F := VI(C, A) N T"1(0) " MEP(©, ¢) #0 and || Ay|| < || Ay — Au|| for all y € C and
u € F. Let {x,,} be a sequence generated by x; = x € C and

Uy = Kr,,xnr
Zn = 1_[C]_1 (Jup — \pAuy),

Yn = ]_1 (pn](xn) + (1 _ﬂn)](]rnzn))/
Xn+l = I_IC]i1 (“n](xl) + (1 - “n)](yn))/

(4.20)

for n € N U {0}, where Ilc is the generalized projection from E onto C, | is the duality mapping
on E. The coefficient sequence {a,},{fn} C [0,1], {rn} C (0,00) satisfying > oan < oo,
limsup, ,  fn <1 liminf, .1, >0and {A,} C [a,b] for some a,bwith0 <a<b < 2a/2,1/c
is the 2-uniformly convexity constant of E. Then, the sequence {x,} converges weakly to an element v
of F, where v = lim,, _, ,ITrx,.

Proof. By Theorem 4.1, we have {x,} is bounded and so are {z,}, { ], zx}-
From (4.9), we obtain

$(p, xXni1) < andp(p,x1) + (1= an)P(p, yu)
<and(p,x1) + (L= an) [Budp(p, xn) + (1= Pu) (9 (P, 20) = $Ur, 20, Zn))]
< and(p,x1) + (1= tn) [Pud(p, xn) + (1= Pu) (p(p. Xn) = pUr, Zn, 2n))]
<anp(p,x1) + (1= anfu)P(p,xn) = (1 = an) (1 = Bu) P(Jr, Zn, zn),

(4.21)

and then

(1= a,) (1= Bn)pUr,2n, 2n) < anp(p,x1) + (1 = anfn) d(p, xn) — ¢ (P, Xns1)- (4.22)
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Since lim, . a, = 0, limsup, , _f, <1and {¢(p, x,)} exists, then we have
im ¢(J;, 20, 22) = 0. (4.23)

By again Lemma 2.4, we have lim, _, || J,zn — zx|| = 0. Since J is uniformly norm-to-norm
continuous on bounded sets, we obtain

1im || (Jr, za) = J (z0) | = 0. (4.24)

Apply (4.7), (4.8), and (4.9), we observe that

¢ (p, xns1)
<an(p,x1) + (1= an)p(p,yn) < andp(p,x1) + (1= ) [Bup (P, xn) + (1= Bu) P (p, 2n)]

<ap(px0) + (1= [Bud(p ) + (1= ) [9prn) - 200 (= S0, ) s = 4917 |

< (pr30) + (1= 1) [Bup (pr30) + (1= o) [, 30) =200 (= 500 ) A = ap

2
7

< ap(prxa) + (1= )b xn) = (1= ) (1 )24 (= 50, ) A - Ap

(4.25)

and hence

2 1
21 <“ - C—zin> | Aun — Ap||* < m(%q”(r’f x1) + (1= an)p(p, xn) = $(p, Xni1)),
(4.26)

foralln e N.Since0<a<\, <b<c?a/2, lim,_, .a, =0and limsup, , f. <1, wehave
Jim [| Auy, — Ap]| = 0. (4.27)
From Lemmas 2.6, 2.7, and (4.7), we get

Pt Zn) = Pl1tn, TIc0n) < i, 00) = ¢, J7 1t = L At) ) = V (1, Jty = A Aty)
SV (un, (Jun — AnAup) + Ay Auy) — 2<]_1 (Jun = My Auy) = xp, )lnAun>

= P(Un, Un) + 2(0y — Uy, My Atty) = 2(0y — Uy, \yAuy,)

<

402 )
1 Auy - Al
(4.28)
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From Lemma 2.4 and (4.27), we have

Him [, = z,[| = 0. (4.29)

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain
Tim 1] () = J (20| = 0. (4.30)

Since {z,} is bounded, there exists a subsequence {z,,} of {z,} such that z,, — u € C.
It follows that J, z,, = uand u,, ~u € Casi — oo.

Now, we claim that u € F. First, we show that u € T-'0. Indeed, since liminf, _, .7, > 0,
it follows that

. 1
nlEI;O”Arnzn” = nh_{rgor_”]Zn - ](]rnzn)” =0. (4.31)

If (z,z*) € T, then it holds from the monotonicity of T that

(2= JnyZn 2" = Ary 2, ) 20, (4.32)

foralli € N. Lettingi — oo, we get (z—u, z*) > 0. Then, the maximality of T implies u € T~0.
Next, we show that u € VI(C, A). Let B C E x E* be an operator as follows:

Bo = (4.33)

Av+ Nc(v), veC,
@, otherwise.

By Theorem 2.9, B is maximal monotone and B~!0 = VI(A, C). Let (v, w) € G(B). Since w €
Bv = Av + N¢(v), we get w — Av € N¢(v). From z,, € C, we have

(v—2zy,w— Av) > 0. (4.34)
On the other hand, since z,, = I1cJ ' (Ju,, — A, Auy,). Then, by Lemma 2.5, we have
(v = zn, Jwy, — (Jun — AyAuy)) > 0. (4.35)
Thus,

<v - Zn, ]w/\i - Aun> <0. (4.36)
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It follows from (4.34) and (4.36) that

(v=zp,w) >(v-2z,, Av) > (V- z,, AV) + <v—zn,@ —Axn>

=(v -z, Av - Au,) + <v—zn,]u"/\i>

=(v—-2z,,Av - Az,) + (V- 24, Az, — Auy) + <v - Zn, ]u"/\i> (4.37)
1zn — unll

|Jun = Jzal|

> —[[o -z .

[0 =zl

> _M<”Zn — | " | Jun _]Zn“>,

24 a

where M = sup,.,{l[v — z4||}. From (4.29) and (4.30), we obtain (v — u,w) > 0. By the
maximality of B, we have u € B710 and hence u € VI(C, A).

Next, we show u € MEP(f) = F(K,). From u,, = K, x,. It follows from (4.7), (4.8), and
(4.9) that

¢(p,xni1) < andp(p,x1) + (1 - an)P(p, yn)
< and(p, x1) + (1= an) [Bu (p, xn) + (1= fu) P (p, Zn)]
< andp(p, x1) + (1= atn) [Bup (. xn) + (1= fu) b (p, tin)]
< and(p, x1) + (1= ctn) [Bu (. xu) + (1= Pu) b (p, xn)],

(4.38)

or, equivalently,

P (P, xn1) — and(p,x1) < (1= an) [Budp (P, xn) + (1= Pu)p(p, un)] < (1 - an)p(p, xn),
(4.39)

with lim,, _, ,a, = 0 and limsup,, _, fB, <1, yield that lim, . .¢(p, u,) = lim,, . P (p, x,).
From Lemmas 2.13 and 2.14, forp € F,

G(un, xn) < P(p,x1) — P(p, un). (4.40)
This implies that lim,, _, . (144, x,) = 0. Noticing Lemma 2.4, we get
||ty — xpn|| — 0, as n— co. (4.41)
Since J is uniformly norm-to-norm continuous on bounded sets, we obtain

Hm [|Juy = Jxa]| = 0. (4.42)
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From (4.20) and (A2), we also have
1
9(y) = (tn) + —(y — ttn, Jtn = JXu) 2 O(y,un), ¥y €C. (4.43)

Hence,

M> >O(y,uy), VyeC. (4.44)

@ (y) = p(un) + <y - Un,,

From |lu, — z,|| — 0, we get u,,, — u. Since (Jun, — Jx,,/1m,) — 0, it follows by (A4) and the
weakly lower semicontinuous of ¢ that

O(y,u) + o) -p(y) <0, VyeC. (4.45)

FortwithO<t<landy e C, lety; =ty + (1 —t)u. Since y € C and u € C, we have y; € C
and hence O(y;, u) + ¢(u) — p(y;) < 0. So, from (A1), (A4), and the convexity of ¢, we have

0=y, y) + o) —p(y)
<tO(yry) + 1 -1)O(yr,u) +to(y) + (1 -o(y) —o(y:) (4.46)
<HO(yry) +o(v) — ()

Dividing by t, we get O(y:,y) + ¢(y) — ¢(y) > 0. From (A3) and the weakly lower
semicontinuity of ¢, we have O(u, y) + ¢(y) — ¢(u) > 0 for all y € C implies u € MEP(O, ).
Hence, u € F := VI(C, A) n'T~'(0) NMEP(Q, ).

By Theorem 4.1, the {ITrx,} converges strongly to a point v € F which is a unique
element of F such that

lim ¢(v, x,,) = min lim ¢(y, x,). (4.47)

n— oo yeF n— oo

By the uniform smoothness of E, we also have lim,,_, ., || JTIrx,, — Jo|| = 0.
Finally, we prove u = v. From Lemma 2.5 and u € F, we have

(Mpxy, —u, Jxn, — JTlpx,, ) > 0. (4.48)

Since J is weakly sequentially continuous, u,, — u and u, — x, — 0. Then,

(v—u, Ju-Jov) > 0. (4.49)

On the other hand, since | is monotone, we have

(v—u, Ju-Jov) <0. (4.50)
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Hence,
(v—u, Ju-Jov) =0. (4.51)

Since E is strict convexity, it follows that u = ». Therefore, the sequence {x,} converges
weakly to v = lim,,_, . [1rx,. This completes the proof. ]

5. Application to Complementarity Problems

Let C be a nonempty, closed convex cone in E and A an operator of C into E*. We define its
polar in E* to be the set

K*={y*€E :(x,y*) >0, Vx e C}. (5.1)
Then, the element u € C is called a solution of the complementarity problem if

Au e K*, (u,Au) =0. (5.2)

The set of solutions of the complementarity problem is denoted by CP(K, A); see [34], for
more detial.

Theorem 5.1. Let E be a 2-uniformly convex and uniformly smooth Banach space and let K be a
nonempty closed convex subset of E. Let © be a bifunction from K x K to R satisfying (A1)—-(A4)
let p : K — R be a lower semicontinuous and convex function, and let T : E — E* be a maximal
monotone operator. Let J, = (J + rT)™'] for r > 0 and let A be an a-inverse-strongly monotone
operator of K into E* with F := T™1(0) N CP(K, A) N MEP(©, @) #0 and | Ay|| < || Ay — Aul| for
all y € K and u € F. For an initial point xy € E with x; = I1¢,x0 and K; = K,

wy, =T (Jx, — L Ax,),
Zp = ]_1 (ﬁn](xn) + (1 - ﬂn)](]rnwn))r

Yn = ]71 (“n](xl) + (1 - an)](zn))l
. (5.3)
u, € K such that ©(u,, y) + @(y) — p(un) + r—(y —Up, Jun — Jyn) >0, VyeKk,

Kpi={z€Ky: ¢(z,un) <and(z,x1) + (1 — an)P(z,x,) },

X4 = Ik, X0,

n+l

for n € N, where Ik is the generalized projection from E onto K and ] is the duality mapping
on E. The coefficient sequence {a,}, {.} C (0,1), {r,} C (0,00) satisfying lim,_, ., = 0,
limsup, ,  fn <1, liminf,_ 7, > 0and {1,} C [a,b] for some a,bwith0 <a <b < a/2,1/c
is the 2-uniformly convexity constant of E. Then, the sequence {x,} converges strongly to Ilrxo.

Proof. As in the proof Lemma 7.1.1 of Takahashi in [44], we have VI(C, A) = CP(K, A). So, we
obtain the desired result. O
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Theorem 5.2. Let E be a 2-uniformly convex and uniformly smooth Banach space whose duality
mapping ] is weakly sequentially continuous. Let T : E — E* be a maximal monotone operator and
let J, = (J +rT)™'J for r > 0. Let K be a nonempty closed convex subset of E such that D(T) C K C
J YN0 RU + 7T)), let © be a bifunction from K x K to R satisfying (A1)—(A4), let ¢ : K — R
be a proper lower semicontinuous and convex function, and let A be an a-inverse-strongly monotone
operator of K into E* with F := CP(K, A)NnT~1(0) N MEP(©, @) # 0 and || Ay|| < || Ay — Au|| for all
y € Kandu € F. Let {x,} be a sequence generated by x; = x € K and

up = Ky, xp,
zp =TIk J ™ (Jun = Ay Auy),
Yn =T (B (xn) + (1= )] Ur,2n)),
Xt = i J ™ (] (1) + (1= @) ] (),

(5.4)

for n € NU {0}, where Ik is the generalized projection from E onto K, | is the duality mapping
on E. The coefficient sequence {a,},{fn} C [0,1], {r.} C (0,00) satisfying > "o, < oo,
limsup,_, f, <1liminf, 7, >0and {A,} C [a,b] for some a,b with0 <a <b < a/2,1/c
is the 2-uniformly convexity constant of E. Then, the sequence {x,} converges weakly to an element v
of F, where v = limy, _, xITrx,.

Proof. It follows by Lemma 7.1.1 of Takahashi in [44], we have VI(C, A) = CP(K, A). Hence,
Theorem 4.2, {x, } converges weakly to an element v of F, where v = lim,, _, . ITrx,,. O]
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