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The notion of equitable coloring was introduced by Meyer in 1973. In this paper we
obtain interesting results regarding the equitable chromatic number y- for the total graph of
complete bigraphs T(K,,,), the central graph of cycles C(C,) and the central graph of paths
C(P,).

1. Introduction

The central graph [1, 2] C(G) of a graph G is formed by adding an extra vertex on each
edge of G, and then joining each pair of vertices of the original graph which were previously
nonadjacent.

The total graph [3, 4] of G has vertex set V(G) U E(G) and edges joining all elements
of this vertex set which are adjacent or incident in G.

If the set of vertices of a graph G can be partitioned into k classes Vi, V,, ..., Vk such
that each V; is an independent set and the condition [[Vj| - [Vj|| < 1 holds for every pair
(i,7), then G is said to be equitably k-colorable. The smallest integer k for which G is equitable
k-colorable is known as the equitable chromatic number [5-10] of G and denoted by y-(G).
Additional graph theory terminology used in this paper can be found in [3, 4].
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2. Equitable Coloring on Total Graph of Complete Bigraphs

Theorem 2.1. If m < n, the equitable chromatic number of total graph of complete bigraphs Ky, ,

n+l ifm<n,

X=(T(Kimn)) = { (2.1)

n+2 ifm=n.

Proof. Let (X,Y) be the bipartition of K, ,, where X = {v; : 1 <i<m}and Y = {’U} :1<j<n}.
Let u;; (1 <i<m;1<j<n)betheedges of Uiv;.. By the definition of total graph, T (K,,,) has
the vertex set {v; : 1 <i <m} U {U} :1<j<nju{u;:1<i<m,1<j<n}and the vertices
{uij : 1<i<m,1<j<n}induce n disjoint cliques of order n in T(K,,,). Also v; (1 <i<m)
is adjacent to v} (1<j<n).

Case 1 (if m = n, Y=(T(Ky,n)) = n+2). Now we partition the vertex set V(T (K,,)) as follows:

Vi = {u11, ton, Us(n-1), Usn-2), - - -, U(n-1)3, Un2 },

Vo = {u12, U1, Usn, Uan-1y, - - -, Un-1)4, Un3 },

2.2)
Vi = {1, Uo(n-1), Us(n-2), Ua(n-3), - - - , U(n-1)3, Un1 },

Vn+1 = {Ullv2/' . -/vn}/

Vs = {0, 05,..., 0, }.
Clearly V4, Vs, ..., Vyio are independent sets and | V;| = n (1 < i < n+2) satisfying the condition
[[Vil = Vil = 0, for any i # j, xy=(T(Ky,n)) < n+ 2. Since there exists a clique of order n + 1 in
T (Kinn). X(T(Kp,y)) > n+1, also each v; of T (K, ,) receives one color different from the color
class assigned to the clique induced by {u;; : 1 <i < m;1 < j < n}. By the definition of total
graph, each v; is adjacent with v} (1 £ j £ n). Therefore, {v1,vy,...,v,} and {v’l,v’2,...,v;}

are independent sets and hence y(T(Ky,,)) > n+2. Thatis, y=(T(Kun)) > x(T(Kmn)) > n+2;
therefore y-(T(Knn)) > n+2. Hence y-(T (Kyn)) =n+2.

Case 2 (if m < n, Y=(T(Ky,n)) = n+1). Now we partition the vertex set V(T (Ky,,,)) as follows:

Vi = {u1, U, Uss, Uss, - . ., U } U {0}, },
Vo = {uiz, us3, uz4, . . . Up(m-) } U {ttm } U {0},
Vs = {13, Uoa, Uzs, . . ., Um(m—2) } U {Um-1)3, Um2 } U {03},
(2.3)
Vi1 = {1y, Uan } U {uz, us, . thinm—2) } U {05},
Vi = {1} U {11, uzo, . .., himim-1y } U {v),_1 },

Vn+1 = {'01/7]2/'03/---/'01'1}-
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Clearly V4, V3, ..., Vy41 are independent sets of T(K, ). Also |Vi| = [Vo| = -+ = |V, =m +1
and [V;,1] = m satisfy the condition ||Vj| - |Vj|| < 1, for any i #j, y=(T(Ky,»)) < n + 1. Since
there exists a clique of order n + 1 in T(K, ). Y(T(Kin)) > n+ 1, that is, y-(T(Ky,)) 2
X(T(Kun)) 2 n+1, therefore y_(T(Kyn)) 2 n+ 1. Hence y-(T(Kyn)) =n+1. O

3. Equitable Coloring on Central Graph of Cycles and Paths

Theorem 3.1. If n > 5, the equitable chromatic number of central graph of cycles C,,

mrl s odd,

X=(C(Cy)) = " 2 (3.1)
5 if n is even.

Proof. Let V(Cy,) = {v1,vy,...,0,} and E(Cy,) = {e1,€2,...,e,} be the vertices and edges of C,,
taken in the cyclic order. By the definition of central graph, C(C,) has the vertex set V(C,) U
{u; : 1 < i < n}, where u; is the vertex of subdivision of the edge e; and joining all the
nonadjacent vertices of C,, in C(C,).

Case 1 (nis odd). We partition the vertex set V(C(C,)) as

Vi ={v1, 00, U2, Up-1},
VZ = {U3lv4lun}l

V3 = {vs,06,u1, Uz},

V4 = {U7,Ug,u3,u4}, (32)

Vin-1)72 = {Un-2, Un-1, Un-6, Un-5},

Vins1y/2 = {On, Un-4, Un_3}.

Clearly Vi, Va,... Viu-1y/2, Vins1),2 are independent sets of C(C,). Also |Vi| = |V3| = |V =

= |Viu-1y,2| = 4 and |Va| = |V(n1)/2| = 3. The inequality |[V;| - |V;|| < 1 holds, for any
i#j, x=(C(Cn)) < (n+ 1)/2. For each i, v; is nonadjacent with v;,_; and v;;,; and hence
Y(C(Cy)) = (n+1)/2. That is, y=C(C,) > x(C(Cp)) > (n+1)/2, y=(C(Cy)) > (n+1)/2.
Therefore, y-(C(C,)) = (n+1)/2.

Case 2 (n is even). Now we partition the vertex set V(C(C,)) as follows:
V1,02, Un-3, Un-2},

V, =
Vs =

U3, 04, Un-1,Un},

Us, Ve, U1, U2},

={
{
{ (3.3)
{

Vi = {v7,v8,u3, us},

Vn/Z = {’Unflr Un, Un-5,Un—4 } .
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Clearly Vi, V3,...V, s are independent sets of C(C,). Also |Vi| = [Vo| = |[V3] = |V4| = -+ =
[Vis2| = 4. The inequality |[Vi| - [Vj[| = 0 holds, for any i #j, y-(C(C,)) < n/2. For each i, v;
is nonadjacent with v;_; and v;; and hence y(C(C,)) > n/2. That is, y-C(C,) > x(C(C,)) >
n/2, x-(C(C,)) > n/2. Therefore, y-(C(C,)) =n/2. O

Remark 3.2. If n = 3,4, then y-(C(C,)) =2, 3, respectively.

Theorem 3.3. If n > 5, the equitable chromatic number of central graph of paths P,,

n ; L it nis odd,
X=(C(Pu) =y (3.4)
> if n is even.

Proof. Let V(P,) = {v1,vy,...,v,} and E(P,) = {ej, ey,...,e,} be the vertices and edges of P,.
By the definition of central graph, C(P,) has the vertex set V(P,)U{u; : 1 <i <n-1}, where u;
is the vertex of subdivision of the edge e; and joining all nonadjacent vertices of P, in C(P,).

Case 1 (nis odd). Now we partition the vertex set V(C(P,)) as follows:

= {v1,02, Un-2},
Vo = {v3,08,Up1},
Vs = {vs, 06,111, U2},
{

Vi = {v7,v8,u3,us}, (3.5)

Vin-1y/2 = {Un-1, Vn-2, Un_6, Un-s5},

Vins1y/2 = {Un, Un-s, Un-3}.

Clearly Vi, Vs, ... Viu-1)/2, Vins1),2 are independent sets of C(P,). Also |V3| = |V4| = -+ =
[Vin-1y2l = 4 and [Vi] = |[Va| = |Viuea)s2| = 3. The inequality ||[Vi| - [Vj|| < 1 holds, for
any i#j, Y=(C(P,)) £ (n+1)/2. For each i, v; is nonadjacent with v;,_; and v;;; and hence
x(C(Py)) > (n+1)/2. That is, y=C(P,) > y(C(Py)) > (n+1)/2, x=(C(P,)) > (n+1)/2.
Therefore y-(C(P,)) = (n+1)/2.

Case 2 (nis even). Now we partition the vertex set V(C(P,)) as follows:

01,02, Up-3, Up— 2}

=
Vo = {v3, 04, up1},
= {vs, 06,111, U2},
{

3.6
Vi = {v7,v8,u3, us}, (3.6

Vn/Z = {vnflr Un, Un-5,Un—4 } .
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Clearly Vi, Vs, ...V, are independent sets of C(P,). Also |V1| = [V3]| = [Vy4| = -+ = |Vyy2| = 4
and |V;| = 3. The inequality ||Vj| - |V}|| < T holds forany i # j, y-(C(P,)) < n/2. For each i, v; is
nonadjacent with v;_; and v;; and hence y(C(P,)) > n/2. Thatis, y-C(P,) > x(C(P,)) > n/2,
x=(C(Py,)) > n/2. Therefore, y_(C(Py,)) =n/2. 0

Remark 3.4. 1If n=1,2,3,4, then y_(C(P,)) = 1,2,3, 3, respectively.
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