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We introduce a concept of weak Bregman relatively nonexpansive mapping which is distinct from
Bregman relatively nonexpansive mapping. By using projection techniques, we construct several
modification of Mann type iterative algorithms with errors and Halpern-type iterative algorithms
with errors to find fixed points of weak Bregman relatively nonexpansive mappings and Bregman
relatively nonexpansive mappings in Banach spaces. The strong convergence theorems for weak
Bregman relatively nonexpansive mappings and Bregman relatively nonexpansive mappings are
derived under some suitable assumptions. The main results in this paper develop, extend, and
improve the corresponding results of Matsushita and Takahashi (2005) and Qin and Su (2007).

1. Introduction

Throughout this paper, without other specifications, we denote by R the set of real numbers.
Let E be a real reflexive Banach space with the dual space E*. The norm and the dual pair
between E* and E are denoted by || - || and (-, -), respectively. Let f : E — RU {+o0} be proper
convex and lower semicontinuous. The Fenchel conjugate of f is the function f* : E* —
(—o0, +00] defined by

fr(¢) =sup{(¢ x) - f(x): x € E}. (1.1)

We denote by dom f the domain of f, thatis, domf = {x € E : f(x) < +oo}. Let C be
a nonempty closed and convex subset of E and T : C — C a nonlinear mapping. Denote
by F(T) = {x € C : Tx = x}, the set of fixed points of T. T is said to be nonexpansive if
ITx -Ty| < |lx -yl forall x,y € C.
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In 1967, Bregman [1] discovered an elegant and effective technique for the using of
the so-called Bregman distance function Dy (see, Section 2, Definition 2.1) in the process
of designing and analyzing feasibility and optimization algorithms. This opened a growing
area of research in which Bregman’s technique is applied in various ways in order to design
and analyze iterative algorithms for solving not only feasibility and optimization problems,
but also algorithms for solving variational inequalities, for approximating equilibria, for
computing fixed points of nonlinear mappings, and so on (see, e.g., [1-25], and the references
therein).

Nakajo and Takahashi [26] introduced the following modification of the Mann
iteration method for a nonexpansive mapping T : C — C in a Hilbert space H as follows:

Xo € C,
Yn = XXy + (1 - an)Txn/
Co={zeC:|z-yull <llz-xull}, (12)

Qn:{ZGC:<xn_Z/xn—x0>S0},

Xni1 =Pg 5 x0, V20,

where {a,} C [0,1] and P is the metric projection from H onto a closed and convex subset
C of H. They proved that {x,} generated by (1.2) converges strongly to a fixed point of T
under some suitable assumptions. Motivated by Nakajo and Takahashi [26], Matsushita and
Takahashi [27] introduced the following modification of the Mann iteration method for a
relatively nonexpansive mapping T : C — C in a Banach space E as follows:

xo € C,
Yn =7 (@] (xn) + (1= an) ] (Txn)),
Co=1{z€C:9(z,yn) <P(z,x0)}, (1.3)

@n = {ZEC : <](xn)_](x0)/xn_z> SO}/

Xni1 =g g X0, Yn 20,

where {a,,} C [0,1], ¢(y, x) = ||y||2—2(y,](x)>+ [|x||* for all x,y € E, ] is the duality mapping
of E and I'l¢ is the generalized projection (see, e.g., [2, 3,28]) from E onto a closed and convex
subset C of E. They also proved that {x,} generated by (1.3) converges strongly to a fixed
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point of T under some suitable assumptions. Martinez-Yanes and Xu [29] gave a Halpern-
type iterative algorithm for a nonexpansive mapping T : C — C as follows:

xo € C,
Yn = Puxo+ (1= Pn)Txy,
Cu={zeCtllz=yall® <llz = 2l + Bu(I1x0ll* + 2(x0 - x0,2)) }, (14)
Q. =1{z€C: (xy—z,x,—x0) <0},

Xni1 = Pg g X0, Yn 20,

where {f,} C [0,1]. They derived that {x,} generated by (1.3) converges strongly to a fixed
point of T under some suitable assumptions. Qin and Su [30] generalized the results of
Martinez-Yanes and Xu [29] to a uniformly convex and uniformly smooth Banach space for
a relatively nonexpansive mapping and proposed the following iterative algorithm:

xo € C,

Yn = ]71 (ﬁn](xo) + (1 - ﬁn)](Txn))l

Crn={z€C:9(z,yn) < Pud(z,x0) + (1 = Bu)P(2z,xn) }, (1.5)

Qn=1{z€C: (J(xn) = J(x0), %0 — z) <0},

Xn+l = Hénnénxo' Vn > O,

where {f,} C [0,1], Il¢c is the generalized projection (see, e.g., [2, 3, 28]) from E onto
a closed and convex subset C of E. They also obtained that {x,} generated by (1.5) converges
strongly to a fixed point of T under some suitable assumptions. In 2003, Butnariu et al. [13]
studied several notions of convex analysis: uniformly convexity at a point, total convexity
at a point, uniformly convexity on bounded sets, and sequential consistency, which are
useful in establishing convergence properties for fixed point and optimization algorithms
in infinite dimensional Banach spaces. They established connections between these concepts
and used these relations in order to obtain improved convergence results concerning the outer
Bregman projection algorithm for solving convex feasibility problems and the generalized
proximal point algorithm for optimization in Banach spaces. In 2006, Butnariu and Resmerita
[14] presented a Bregman-type iterative algorithms and studied the convergence of the
Bregman-type iterative method of solving operator equations. Resmerita [19] investigated
the existence of totally convex functions in Banach spaces and, further, established continuity
and stability properties of Bregman projections. Very recently, by using Bregman projection,
Reich and Sabach [21] presented the following algorithms for finding common zeroes of
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maximal monotone operators A; : E — 25'(i = 1,2,...,N) in reflexive Banach space E as

follows:
Xo € E,
y; = Resia <xn + eil),
C, = {z €E: Df<z,yfi> < Df<z,xn + eZ) },
N
Cn=(\Cl
i=1

Qu={z€E:(Vf(x0) - Vf(xn),z~xn) <0},
Xp+1 = prOjéannxo, Vn >0,

xo €E,
o=t (VA(0) - VS @), e Au,
Wy = Vf* (Mot + V£ (x)),
Cl = {z €E: Df<z,yil> < Df<z,wil> },
N
Cu=(\Cp
i=1

Qu={z€E:(Vf(x0) = Vf(xn),z = xa) <O},

Xpe1 = prOj{;ann xo, VYn2=0.

(1.6)

(1.7)

Further, under some suitable conditions, they obtained two strong convergence theorems of
maximal monotone operators in reflexive Banach spaces. Reich and Sabach [22] studied the
convergence of two iterative algorithms for finitely many Bregman strongly nonexpansive
operators in Banach spaces and obtained two strong convergence theorems for finitely many
Bregman strongly nonexpansive operators under some assumptions. In [24], Reich and
Sabach proposed the following algorithms for finding common fixed points of finitely many
Bregman firmly nonexpansive operators T; : C — C (i = 1,2,...,N) in reflexive Banach

space E as follows: if nfﬁl F(T;)#0
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b= {ze Qi (Vf(xurel) - VF(vh) z-vi) <0},
N .
QTl = ﬂ Q;y
i=1

Xpsl = projgn+1 x9, VYn>0.

(1.8)

Under some suitable conditions, they proved that the sequence {x,} generated by (1.8) con-
verges strongly to (Y, F(T;) and applied it to the solution of convex feasibility and equilib-
rium problems.

Inspired and motivated by the works, we introduce the concept of weak Bregman rela-
tively nonexpansive mappings in reflexive Banach space and give an example to illustrate the
existence of weak Bregman relatively nonexpansive mapping and the difference between
weak Bregman relatively nonexpansive mapping and Bregman relatively nonexpansive map-
ping. Secondly, by using the conception of the Bregman projection (see, e.g., [1, 13, 14]), we
construct several modification of Mann type iterative algorithms with errors and Halpern-
type iterative algorithms with errors to find fixed points of weak Bregman relatively non-
expansive mappings and Bregman relatively nonexpansive mappings in Banach spaces. The
strong convergence theorems for weak Bregman relatively nonexpansive mappings and Breg-
man relatively nonexpansive mappings are derived under some suitable assumptions. More-
over, the convergence rate of our algorithms is faster than that of Matsushita and Takahashi
[27] and Qin and Su [30]. The main results in this paper develop, extend, and improve the
corresponding results in the literature.

2. Preliminaries

Let C be a nonempty closed convex subset of a real reflexive Banach space E, and let T : C —
C be a nonlinear mapping. A point w € C is called an asymptotic fixed point of T (see, e.g.,
[2, 3]) if C contains a sequence {x,} which converges weakly to w such that lim,,_, ., ||Tx, —
Xu|l = 0. A point w € C is called an strong asymptotic fixed point of T (see, e.g., [2, 3]) if C
contains a sequence {x,} which converges strongly to w such that lim,, _, .|| Tx, — x,|| = 0. We
denote the sets of asymptotic fixed points and strong asymptotic fixed points of T by F(T)
and F(T), respectively. When {x,} is a sequence in E, we denote strong convergence of {x,}
tox € Eby x, — x. Forany x € int(dom f) and y € E, the right-hand derivative of f at x in
the direction y defined by

) —
fo(x,y) — lti\r{)lf(x+ yt) f(x) 2.1)

f is called Gateaux differentiable at x if, for all y € E,limpo(f(x + ty) — f(x))/t exists. In
this case, f°(x,y) coincides with Vf(x), the value of the gradient of f at x. f is called
Gateaux differentiable if it is Gateaux differentiable for any x € int(dom f). f is called Fréchet
differentiable at x if this limit is attained uniformly for ||y|| = 1. We say f is uniformly Fréchet
differentiable on a subset C of E if the limit is attained uniformly for x € C and ||y|| = 1.
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Legendre function f : E — (—oo,+o0] is defined in [7]. From [7], if E is a reflexive
Banach space, then f is Legendre if and only if it satisfies the following conditions (L1) and
(L2):

(L1) the interior of the domain of f, int(dom f), is nonempty, f is Gateaux differentiable
onint(dom f), and dom f = int(dom f),

(L2) the interior of the domain of f*, int(dom f*), is nonempty, f* is Gateaux differen-
tiable on int(dom f*), and dom f* = int(dom f*).

Since E is reflexive, we know that ((3f)_1 = 0f* (see, e.g., [31]). This, by (L1) and (L2),

implies

Vf=(Vf)"', ranVf=dom Vf* =int(dom f*), 22)
ranVf* = dom Vf = int(dom f). .

By Theorem 5.4 [7], conditions (L1) and (L2) also yield that the functions f and f* are strictly
convex on the interior of their respective domains. From now on, we assume that the convex
function f : E — (-0, +o0] is Legendre.

We first recall some definitions and lemmas which are needed in our main results.

Definition 2.1 (see [1, 13]). Let f : E — (—oo,+0] be a Gateaux differentiable and convex
function. The function Dy : dom f x int(dom f) — [0, +c0), defined by

Df(y,x) = f(y) = f(x) = (Vf(x),y - x) (2.3)

is called the Bregman distance with respect to f.

Remark 2.2 (see [24]). The Bregman distance has the following properties:

(i) the three point identity, for any x € dom f and y, z € int(dom f),

D¢(x,y) +Ds(y,z) - Dy(x,2) = (Vf(z) - Vf(y),x-y), (2.4)

(ii) the four point identity, for any y, w € dom f and x, z € int(dom f),

Ds(y,x) - D¢(y,z) = Df(w,x) + Df(w,z) = (Vf(z) - Vf(x),y - w). (2.5)

Definition 2.3 (see [1]). Let f : E — (—oo,+oo] be a Gateaux differentiable and convex
function. The Bregman projection of x € int(dom f) onto the nonempty closed and convex

set C C dom f is the necessarily unique vector proj/é (x) € C satisfying

Dy <proj£(x),x> =inf{D¢(y,x): yeC}. (2.6)
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Remark 2.4. (i) If E is a Hilbert space and f(y) = (1/2) |x||* for all x € E, then the Bregman
projection proj{:(x) is reduced to the metric projection of x onto C.
(ii) If E is a smooth Banach space and f(y) = (1/2) [|x||* for all x € E, then the Bregman

projection projé (x) is reduced to the generalized projection Ilc(x) (see, e.g. [3]) which
defined by

$(Mc(x),x) = min(y, x), (2.7)

where ¢(y, x) = |yl* = 2(y, J(x)) + ||x||%, J is the normalized duality mapping from E to 2.

Definition 2.5 (see[12, 21]). Let C be a nonempty closed and convex set of dom f. The
operator T : C — int(dom f) with F(T) # 0 is called:

(i) quasi-Bregman nonexpansive if

Df(u,Tx) < Df(u,x), Vxe€C, ueF(T); (2.8)

(ii) Bregman relatively nonexpansive if

Dys(u,Tx) < Df(u,x), VYx€C, ueF(T), (2.9)

and F(T) = F(T),
(iii) Bregman firmly nonexpansive if
(VF(Tx)-Vf(Ty), Tx-Ty) <(Vf(x)-Vf(y), Tx-Ty), Vx,yeC, (2.10)
or equivalently

Ds(Tx,Ty) + Ds(Ty, Tx) + D¢(Tx,x) + Ds(Ty,y)

< Dy(Tx,y) + Dy(Ty,x), Vx,yeC. (2.11)

Definition 2.6. Let C be a nonempty closed and convex set of dom f. The operator T : C —
int(dom f) with F(T) #0 is called weak Bregman relatively nonexpansive if F(T) = F(T) and

Df(u,Tx) < Df(u,x), Vxe€C, ueF(T). (2.12)

Remark 2.7. 1t is easy to see that each nonexpansive mapping T is quasi-Bregman non-
expansive mapping with respect to f(x) = (1/ 2)||x|]*> for all x € E. Moreover, every
relatively nonexpansive mapping T also is Bregman relatively nonexpansive mapping, where
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T is called relatively nonexpansive mapping (see, e.g., [32]) if the following conditions
are satisfied:

E(T)=F(T)#0, ¢(u,Tx)<d(u,x), VYxeCueF(T). (2.13)

Now, we give an example which is weak Bregman relatively nonexpansive mapping
but not Bregman relatively nonexpansive mapping.

Example 2.8. Let E = I?, f (x) = (1/2)||x||* for all x € E, where

l2={§=(él,gz,...,gn,..o:Z|§n|2<oo}, ||§||=<Z|§n|2> , WeP,  (214)
n=1 n=1

and for any ¢ = (&,8&,.--,én,--2), U= (Wi, M2, fin,--.) € E, (&) = D7y énpin. It is well
known that I? is a Hilbert space. Let {x,} C E be a sequence defined by x, = (1, 0, 0,

0,...0,1=1,1,0,0,...), xx=(1,0,1,0,...),..., xp=(n1,---,énks---), ..., where

1, ifk=1 n+1,
$nk = (2.15)
0, otherwise,

foralln > 0.
Define a mapping T : E — E by

nXxyu .

—, ifx=x, (An>1),

T(x)=4{ n+1 " (2.16)
X, if x#x, (Yn>1),

for all n > 0. It is easy to see that F(T) = {0}, and so, {x, } converges weakly to xo. Indeed, for
any g = (61,82---,8k,-..) € E, we have

8w —x0) = (8, Xn — X0) = D Ckénk = Gno1- (2.17)
k=2
From Y7, |§n|2 < oo, it shows that lim,, _, ., {,+1 = 0. Moreover,
Him g(xy = x0) = lim Gy = 0. (2.18)

Next, for any m #n, one has ||x, —x,|| = V2 #0; that is, {x,} is not a Cauchy sequence. Owing
to || Tx, — x,|| = ||xu]|/ (n + 1), we obtain

lim [Ty = xa]| = 0. (2.19)
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Then, xj is an asymptotic fixed point of T, but xy ¢ F(T) = {0}. So, T is not Bregman relatively
nonexpansive mapping.

For any strong convergent sequence {y,} C I* such that y, — yo and || Ty, — ya|| — 0
asn — oo. Then, there exists a sufficiently large nature number M such that y, # x,, for any
n,m > M. Thus, Ty, = -y, for n > M, which implies that 2y, — Oand vy, — yo = 0 as
n — oo. That is, yy = 0 is a strong asymptotic fixed point of T, and so, F (T) = F(T) = {0}.
Since

Dy(0,Tx) = f(0) = f(Tx) ~ (V(T2),0 - Tx) = ~3 [Txlf* + (T, Tx) = 7 | T
(2.20)

< ~|lx[* = £(0) - f(x) = (Vf(x),0~x) = Ds(0,x), x€E.

N =

Therefore, T is a weak Bregman relatively nonexpansive mapping.

Definition 2.9 (see [12]). Let f : E — (—oo, +oo] be a convex and Gateaux differentiable func-
tion. f is called:

(i) totally convex at x € int(dom f) if its modulus of total convexity at x; that is, the
function vy : int(dom f) x [0,+00) — [0, +o0) defined by

vi(x,t) :=inf{D¢(y,x) : y € dom f,

y—x|| =t} (2.21)

is positive whenever ¢ > 0,

(ii) totally convex if, it is totally convex at every point x € int(dom f),

(iii) totally convex on bounded sets if v¢ (B, t) is positive for any nonempty bounded subset
B of E and t > 0, where the modulus of total convexity of the function f on the set
B is the function v¢ : int(dom f) x [0,+00) — [0, +c0) defined by

vf(B,t) == inf{vs(x,t) : x € Bndom f}. (2.22)

Definition 2.10 (see [12, 21]). The function f : E — (—oo, +o0] is called:
(i) cofinite if dom f* = E*,

(ii) sequentially consistent if, for any two sequences {x,} and {y,} in E such that the first
is bounded, and

Jim D (yn, xn) = 0= lim ||y, — x| = 0. (2.23)

Lemma 2.11 (see [21, Proposition 2.3]). If f : E — (—oo,+0o0] is Fréchet differentiable and totally
convex, then f is cofinite.
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Lemma 2.12 (see [14, Theorem 2.10]). Let f : E — (—oo,+00] be a convex function whose domain
contains at least two points. Then, the following statements hold:

(i) f is sequentially consistent if and only if it is totally convex on bounded sets,

(ii) if f is lower semicontinuous, then f is sequentially consistent if and only if it is uniformly
convex on bounded sets,

(iii) if f is uniformly strictly convex on bounded sets, then it is sequentially consistent and the
converse implication holds when f is lower semicontinuous, Fréchet differentiable on its
domain, and the Fréchet derivative f' is uniformly continuous on bounded sets.

Lemma 2.13 (see [20, Proposition 2.1]). Let f : E — R be a uniformly Fréchet differentiable and
bounded on bounded subsets of E. Then, V f is uniformly continuous on bounded subsets of E from
the strong topology of E to the strong topology of E*.

Lemma 2.14 (see [21, Lemma 3.1]). Let f : E — R be a Gateaux differentiable and totally convex
function. If xo € E and the sequence {Df(xy, Xo) };’;l is bounded, then the sequence {x,},.q is also
bounded.

Lemma 2.15 (see [21, Proposition 2.2]). Let f : E — R be a Gateaux differentiable and totally
convex function, xy € E, and let C be a nonempty closed convex subset of E. Suppose that the sequence
{xn},2y is bounded and any weak subsequential limit of {x,},.; belongs to C. If Ds(x,,xp) <

D f(proj{:(xo), Xo) for any n € N, then {x,};., converges strongly to proj{:(xo).
In [23], Reich and Sabach proved the following result.

Lemma 2.16 (see [23, Lemma 15.5]). Let f : E — (—oo,+o0] be a Legendre function. Let C be
a nonempty closed convex subset of int(dom f) and T : C — C a Bregman firmly nonexpansive
mapping with respect to f. Then, F(T) is closed and convex.

Motivated by Lemma 2.16, we get the similar result for quasi-Bregman nonexpansive
mapping.

Proposition 2.17. Let f : E — (—oo,+0o0o] be a Legendre function. Let C be a nonempty closed
convex subset of int(dom f) and T : C — C a quasi-Bregman nonexpansive mapping with respect
to f. Then, F(T) is closed and convex.

Proof. Without loss of generality, set F(T') is nonempty. Firstly, we show that F(T) is closed.
Let {x,},—, be a sequence in F(T) such that x, — X. By the definition of quasi-Bregman
nonexpansive mapping, we have

Dy (xy, TX) < Dy(x,, %), n>0. (2.24)

Since f : E — (-0, +o0] is a Legendre function, f is continuous at X € C C int(dom f). Then,
from the definition of Bregman distance,

lim Dy (x,, TX) = Dy (X, T%),
n—oo

(2.25)
lim Dy (x,, %) = Df(%, %) = 0.
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From (2.24) and (2.25), it follows that Ds(x,Tx) = 0, and so, from [7, Lemma 7.3(vi), page
642], Tx = x. Therefore, x € F(T), and so, F(T) is closed.

We now show that F(T) is convex. For any x,y € F(T) and t € (0,1), it yields that
z = tx+(1-t)y € C. From the definition of quasi-Bregman nonexpansive mapping, it follows
that

Dy(z,Tz) = f(2) - f(Tz) = (Vf(Tz), tx + (1= t)y = T(tx + (1 - )y))
= f(2) +tDs(x,Tz) + (1 -t)Ds (y, Tz) = tf(x) - 1= 1) f (y)
< f(z) +tDs(x,z) + 1 - t)Ds(y,z) —tf(x) - (1= t)f (v)
=(Vf(z),z—tx—(1-t)y) =0.

(2.26)

Again, from [7, Lemma 7.3(vi), page 642], we get Tz = z. Therefore, F(T) is convex. This
completes the proof. O

From the definitions of Bregman distance and the Fenchel conjugate of f, we have the
following result.

Lemma 2.18. Let f : E — (—oo,+00] be a Gateaux differentiable and proper convex lower semi-
continuous. Then, for all z € E,

Df <Z, Vf* (it,Vf(xl)>> < itin(z,xi), (227)
i=1

i=1

where {x;} N, C Eand {t;}%, € (0,1) with N, t; = 1.

Lemma 2.19 (see [14, Corollary 4.4]). Let f : E — (—oo,+o0] be a Giteaux differentiable and
totally convex on int(dom f). Let x € int(dom f) and C C int(dom f) a nonempty closed convex
set. If X € C, then the following statements are equivalent:

(i) the vector X is the Bregman projection of x onto C with respect to f,

(ii) the vector X is the unique solution of the variational inequality

(VF(x)-Vf(z),z-y) 20, VyeC (2.28)

(iii) the vector X is the unique solution of the inequality

D¢(y,z) + Df(z,x) < Df(y,x), VyeC. (2.29)

3. Main Results

In this section, we introduce several modification of Mann-type iterative algorithms with
errors and Halpern-type iterative algorithms with errors to find fixed points of weak Bregman
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relatively nonexpansive mappings and Bregman relatively nonexpansive mappings in Ba-
nach spaces. The strong convergence theorems for weak Bregman relatively nonexpansive
mappings and Bregman relatively nonexpansive mappings are proved under some suitable
conditions.

Theorem 3.1. Let C be a nonempty closed convex subset of a real reflexive Banach space E and f :
E — Ra Legendre function which is bounded, uniformly Fréchet differentiable, and totally convex on
bounded subset of E, and let T : C — C be a weak Bregman relatively nonexpansive mapping such
that F(T) # 0. Define a sequence {x,} in C by the following algorithm:

x0€C, Qo=¢C,
zn = VI (BuVF(T(xn +en)) + (1= ) Vf(xn +en)),
Yn =V (anVf(xn+en) + (1= an)Vf(za)),
Cn={2€Co1NQu1: D(2,yn) < Df(z, % + en) }, (3.1)
Co={z€C:D¢(z,y0) <Ds(z,x)},
Qn={2€Cr1NQu1:(Vf(x0) = Vf(xn),z—x,) <0},

Xps1 = proj{:ann xo, Vn>0,

where {a,}, {Pn} C [0,1] such that liminf, _, (1 — a,)B, > 0, and {e,} is an error sequence in E
with e, — 0asn — oo. Then, the sequences {x,} and {y,} converge strongly to the point

projém (x0), where proj}Fr(T) (xo) is the Bregman projection of C onto F(T).

Proof. By Proposition 2.17, it follows that F(T) is a nonempty closed and convex subset of E. It
is easy to verify that Cy, C1, Qp, and Q; are closed and convex. Suppose that Cx and Q (k > 1)
are closed and convex. Then, Cx N Q is closed and convex. For any z € Ci41, Y € Qg+,

D¢ (2, Y1) < Df(z, Xki1 + €ks1)
= f(2) = f(yr) = (Vf (Y1), 2 = Y1)
< f(2) = f (X1 + €xa1) = (Vf (X1 + €xi1), 2 — (Xa1 + €x41))
= (Vf(xpe1 + €ks1), 2 = (Xpe1 + k1)) = (Vf (Yks1), 2 = Yis1)
< (Y1) = f (Xis1 + k1) (3.2)
= (Vf(xp1 +eis1) = VI (Yke1), 2 = Yis1)
< f(yrn) = f (ka1 + ex1) = (Vf (Xke1 + €xs1), Yos1 = (Xis1 + €x41))
&= (Vf(xka + k1) = V(Y1) 2 = Y1) < D (Yrat, X1 + €xs1),
(Vf(xo0) = Vf(xx), y - xx) <0,



International Journal of Mathematics and Mathematical Sciences 13

which implies that Cg;1 and Q41 are closed and convex. As a consequence, C, and Q, are
closed and convex for all n > 0. Taking p € F(T) arbitrarily,

Dy (p, yn)
=Ds(p, VI (anVf(xn+en) + (1 - @) Vf(zn)))
<a,Dy (p,xn+en) +(1- a,)Ds (p,zn)
= auDy(p,xn +en) + (1= an) D (p, V[ (BuV f(T(xn + en)) + (1= Pu) VS (xn + €n)))
SanDs(p,xn+en) + (1 —ay) [(1-Bn)Ds(p, xn +en) + PuDs(p, T(xy + €n))]
< anDs(p,xn + en) + (1= an)[(1 = Bu) Dy (p, xXn + €n) + PuDs (p, Xn + €n) ]

=Dy (p, xn +en),
(3.3)

that is, p € C,, and so, F(T) c C, for all n > 0. We now show that F(T) c Q, for all n > 0.

Clearly, F(T) C Qp = C. Assume that F(T) C Q for all k > 0. Note that xx.1 = projéka(xo),
and we have

(Vf(x0) = Vf(xps1), X1 —2) 20, z€CN Q. (3.4)
Therefore,
<Vf(x0) - Vf(xk+l)/ Xk+1 — P> > 0/ 14 eFc Ck N ri (35)

which yields that p € Q1. Then, F(T) C Q, for all n > 0. Consequently, F(T) ¢ C, N Q, and
C, N Q, is nonempty closed and convex for all n > 0. Moreover, {x,} is well defined.
Secondly, we show that {x,} is a Cauchy sequence and bounded. Since

(Vf(x0) = Vf(xn),z=2x) <0, VzE€Qy, (3.6)
it follows that x,, = projgn (x0). Therefore, by x,,.1 = projén "0, (x0) € Qy,
Dy (xn, x0) < Df(xns1,X0)- (3.7)
Taking p € F(T) arbitrarily. From Lemma 2.19, it yields that
Dy (p, proj(fgn (x0)> + Dy (projgn (xo),x0> < Ds(p, x0). (3.8)
Moreover, one has

Dy (xn,x0) < Df(p, X0) = Dy (p, xn) < Dy (p, Xo)- (39)
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Hence, {Df(xy, x0)} is bounded and so {x,}, {y.}, and {z,} are also bounded. From (3.7),
it shows that lim,, . .. Ds(x,, xo) exists. In the light of x,, € Qi1 C Q, for any m > n, by
Lemma 2.19,

Dy (xm, projly (xo) ) + Dy (projhy, (x0), o) < Dy (xm, %0), (3.10)

that is,

D¢ (xm, xn) < Df(xm, X0) — D (x0, X0)- (3.11)
Consequently, one has
nlijr;ODf(xm,xn) =0. (3.12)
Since f is totally convex on bounded subsets of E, by Lemma 2.12 and (3.12), we have
Hm [l — x| = 0. (3.13)

Thus, {x,} is a Cauchy sequence, and so,

nli_l;I;lO”an - x| = 0. (3.14)
Since e,, — 0asn — oo, one has
nli_)rr;o”(xnﬂ +en1) — (xn+en)| =0, ;}i_{rgo”xnﬂ = (xn +ey)| =0. (3.15)

Letx, — we C.Then, x,, +e, — w.

Thirdly, we show that {x,} converges strongly to a point of F(T). Since f is uniformly
Fréchet differentiable on bounded subsets of E, from Lemma 2.12, Vf is norm-to-norm
uniformly continuous on bounded subsets of E. So, by (3.15),

nhirolo”vf(xnﬂ) =Vl + 6-,1)” =0. (3.16)

It follows from x,,.1 € C, that
Df(xn+1/ ]/n) < Df(xn+1/xn +en). (3.17)

By the uniformly Fréchet differentiable of f on bounded subsets of E, f is also uniformly
continuous on bounded subsets of E. Hence, from (3.12) and lim,, _, e, =0,

Jijr;on(xn+1,xn +e,) = nlijr;o(f(xn+1) — f(xn+en) = (Vf(xn+en), X1 — (xn+ep))) =0.
(3.18)
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As a consequence, lim, . oo D¢ (xu11, ¥») = 0 and so, limy, . o ||x4+1 — ¥ || = 0. Moreover, one has
Jim [|Vf (xun) = Vf (ya) | = 0. (3.19)

Since [|xy = Ynll < 120 = X1l + 1Xne1 = Yull, X0 = yull = 0and y, — wasn — oo. Noticing
that

IV £ (xni1) = V£ (ya)
= [V £ (ne1) = (anV f (n + €0) + (1= )V f () |
> (1= )|V (0ni1) = VF(za) | = @al| Vf (1) = Vf (i + )|
= (1= @) ||V f (1) = (BuVf(T (e + ) + (1= ) Vf (0 + €0)) | (3.20)
— ||V f (1) = V(0 + )
> = ||V f (1) = V f (0 + ea) || + (1= a0) B || V f (1) = V£ (T (0 + ea)) |
= (1= an) (1= Pu) |V f (xnir) = Vf (xn + ) |-

Therefore,

(1- an)ﬂnllvf(an) - Vf(T(xn +ey))ll
< ”Vf(xn+1) - Vf(yn)” + an”Vf(erl) - Vf(xn + en)” (3-21)
+ (1 - “n) (1 - ﬂn)”vf(xnﬂ) - Vf(xn + en)”~

In view of liminf, (1 — a,) B, > 0 and from both (3.16) and (3.19), one has

Tim ||V £ (1) = V(T (n + en))]| = 0. (3.22)
Furthermore, we have
Hm [l = T(xn +e)[ =0, (3.23)
and so, by (3.14),
Hm [[(en + €n) =T (xn + en)| = 0. (3.24)

Sincex, — wande, — 0, wegetw € ﬁ(T) = F(T).
Finally, we show w = proj{:(T) (x0). Since projﬁm (x0) € F(T) C C,, N Qy, it follows from
Xn+1 = Proj{cann) (x0) that Df(xn+1/ x0) < Df (projj;(r) (x0),x0). By Lemma 215, x, —

projlf:(T) (x0) as n — oo. Therefore, {x,} and {y,} converge strongly to proj{rm (x0). This
completes the proof.
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Theorem 3.2. Let C be a nonempty closed convex subset of a real reflexive Banach space E and f :
E — Ra Legendre function which is bounded, uniformly Fréchet differentiable, and totally convex
on bounded subset of E, and let T : C — C be a Bregman relatively nonexpansive mapping such
that F(T) #0. Assume that {a,}, {fn} C [0,1] such that liminf,_, (1 — a,)B, > 0, and {e,} is an
error sequence in E with e, — 0asn — oo. Then, the sequences {x,} and {y,} generated by (3.1)

converge strongly to the point projém(xo), where proj’;(T) (x0) is the Bregman projection of C onto
F(T).

Proof. As in the proof of Theorem 3.1, we know that the sequences {x,} and {y,} converge
strongly to w € C, and so,

Hm [[(en + en) =T (xn + en)| = 0. (3.25)

Then, for any subsequence {x,} of {x,} converges weakly to w,

1 |Gk + eni) = T (X + €| = 0. (3.26)

Therefore, @ € F (T) = F(T). By the similar proof of Theorem 3.2, the sequences {x,} and {y,}
converge strongly to proj’;(T) (x0). This completes the proof. O

Ifa,=0,e,=0and f(x) = (1/2)||x||* for all x € E, n > 0, then from Remark 2.4 and
Theorem 3.1, we have the following result.

Corollary 3.3. Let C be a nonempty closed convex subset of a real reflexive, smooth, and strictly
convex Banach space E, and let T : C — C be a relatively nonexpansive mapping such that F(T) # (.
Define a sequence {x,} in C by the following algorithm:

x€C Q=C,
Yn = (B (T(xn)) + (1= Bu) ] (x)),
Cn={2€Co1NQu1:¢(z,yn) < P(z,xn)},
Co=1{z€C:¢(z,y) < (z,x0)},
Qn=1{2z€Cr1NQn1:(J(x0) = J(xn),z—x,) <0},

Xn+1 = HCan,,xO/ Yn>0,

(3.27)

where | is the duality mapping on E, {B,} C [0, 1] such that liminf, _, o, > 0. Then, the sequences
{xn} and {yn} converge strongly to the point Ity (x0), where ITr(ry(xo) is the generalized projection
(see, e.g.,[2,3,28]) of C onto F(T).

In [27], Matsushita and Tnkahashi proved the following result.

Theorem MT (see [27, Theorem 3.1]). Let C be a nonempty closed convex subset of a real uniformly
convex and uniformly smooth Banach space E, and let T : C — C be a relatively nonexpansive
mapping such that F(T) # (0. Assume that {a,} is a sequence of real numbers such that 0 < a, < 1
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and limsup,, _, _a, < 1. Then, the sequence {x,} generated by (1.3) converges strongly to the point
Ir(ry (x0), where I 1) (xo) is the generalized projection (see, e.g., [2, 3, 28]) of C onto F(T).

Remark 3.4. Corollary 3.3 extends Theorem MT [27] from uniformly convex and uniformly
smooth Banach spaces to reflexive, smooth, and strictly convex Banach space.

Now, we investigate convergence theorems for Halpern-type iterative algorithms with
errors.

Theorem 3.5. Let C be a nonempty closed convex subset of a real reflexive Banach space E and f :
E — Ra Legendre function which is bounded, uniformly Fréchet differentiable, and totally convex on
bounded subset of E, and let T : C — C be a weak Bregman relatively nonexpansive mapping such
that F(T) # 0. Define a sequence {x,} in C by the following algorithm:

x€C, Q=G
zn =V (PuV f(x0) + (1= fu) V(T (xn + €n))),
Yn = VI (anVf(zn) + (1= an)Vf(xn+en)),
Cn={2€Cu1NQu-1: D(z,yn) < (1~ @uPu) Dy (z,Xu + €n) + anfuDs(z,x0)},  (3.28)
Co={z € C: Di(z,10) < Ds(z,%0)},
Qu = {2 € Cot NQuit : (Vf(x0) = VS (x2), 2= x4 <0},

X1 = PIOjle 1 X0, V20,

where {ay}, {n} C [0,1] such that liminf,_, ,a, > 0 and lim, _,.f, = 0, and {e,} is an error
sequence in E with e, — 0asn — oo. Then, the sequences {x,} and {y,} converge strongly to the

point proj)Fr(T) (x0), where proijf(T) (x0) is the Bregman projection of C onto F(T).

Proof. By Proposition 2.17, it follows that F(T') is a nonempty closed and convex subset of E.
It is easy to see that C, is closed and Q, is closed and convex for all n > 0. For any z € C,,
n>1,

Df(z, yn) < (1 - anﬂn)Df(z, Xn +en) + anPnDy(z, x0)
= f(2) = f(yn) = (VFf(yn), 2= yn)
< (L= anfn) (f(2) = f(xn+en) = (Vf(xn+en), 2~ %n—en))
+aufn (f(2) = f(x0) = (Vf(x0), 2z~ x0))
&= (1= auPn) f(Xn + n) + @Puf (x0) = f (Yn)

< <Vf(yn)lz - yn> - (1 - “nﬁn)<vf(xn + en)rz —Xn — en> - “nﬁn<vf(x0)rz - x0>1
(3.29)
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which implies that C, is closed and convex for all n > 1. Since, for any z € Cy,

Dy (2, v0) < Dy(z,x0)

& f(2) = f(yo) = (Vf(w0), 2= yo) < f(2) = f(x0) = (V f(x0), 2 = x0)

&= (Vf(x0),z=x0) =(Vf(y0), 2 = yo) < f(yo) = f (x0) (3.30)
& (Vf(x0),z=x0) = (Vf (1), z = x0+ X0 = yo) < f(¥o) = f(x0)

= (Vf(x0) = Vf(v0),z = x0) + D (x0,0) <0,

which shows that Cy is closed and convex. As a consequence, C, is closed and convex for all
n > 0. Taking p € F(T) arbitrarily, by Lemma 2.18,

D¢ (p,yn) = Ds(p, Vf* (anV f(zn) + (1 = an) V f (xu + €n)))
<a,Ds(p,zn) + (1 —an)Ds(p, xn + €4)
= (1= an)Ds(p, xn +en) + axDs(p, Vf*(BaV f(x0) + (1= Bn) V(T (x + €n))))
< (1 -a,)D(p, xn +en) + anPuDs(p, x0) + an(1 - ) Df (p, T(x + €4))
< (1= an)Ds(p, xn +en) + anPuDys(p, x0) + (1= ) D (p, xn + 1)

= (1= auPu) Df(p, Xn + €n) + auPuDs (p, x0),
(331)

that is, p € C,, and so, F(T) C C, for all n > 0. As in the proof of Theorem 3.1, we get
F(T) c Q,foralln >0, {x,} is a Cauchy sequence, {x,}, {y,}, and {z,} are also bounded,
and thus,

lim Dy (xp41, X0 + €4) =0, nli_l:I;OH(XnH +en1) — (Xn +en)|| =0, (3.32)

n— oo

nh—{%o“xnﬂ - (xn + en)” =0. (333)

Consequently, F(T) ¢ C, N Q, and C, N Q, is nonempty closed and convex for all n > 0.
Moreover, {x,} is well defined. Set x, — w € C.

Secondly, we show that {x, } converges strongly to a point of F(T). Since f is uniformly
Fréchet differentiable on bounded subsets of E, from Lemma 2.12, Vf is norm-to-norm
uniformly continuous on bounded subsets of E. So, by (3.33),

nlgrlonvf(xnﬂ) - Vf(xn + en) ” =0. (3-34)

In view of x,41 = proj{c "0 )(xo) e C,, we have

Df (xn+1/ yn) < (1 - “nﬁn)Df(er—l/ Xp + en) + anﬁan(erl/ xO)- (335)
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Due to lim, —, o, = 0, from (3.32), one has
lim Dy (%41, yn) = 0.

Therefore, lim,, _, o || Xp+1 — Y|l = 0. Moreover, one has
T |19 £ Gren) = 1 ()| = 0.

Since ||x, - yn” < lxn = x|l + Nl 2041 = yn”/ bY (3.32) and (3.33),

tim [, - | =0,

n—oo
and thus, y, — wasn — oo. Noticing that

1V £ (xtni1) = V£ (va) |
=||Vf (ns1) = (@nVf(zn) + (1= an) Vf(xn + €n))||

> o ||V f (1) = Vfza) || = (1= @) |V f (nat) =V (xn + )|
= an”Vf(erl) - (ﬁan(xo) + (1 _ﬂn)vf(Tn(xn + en))) ”

-(1-ay) ||vf(xn+1) = Vf(xn+en) ”

> lxn(l - ﬂn) ”Vf(xn+1) = Vf(Tu(xn +en)) ” - anﬂn”vf(xnﬂ) =V f(xo0) ”

-(1-ay) ||vf(xn+1) - Vf(xn+en) ”
That is,

“n(l - ﬁn)”vf(xnﬂ) - Vf(T(xn +en))l

SV Genn) = VF () |+ @nfull Vf (1) = Vf (x0) |

+(1-ay) ||vf(xn+1) = Vf(xn+en) ”

Together with liminf, . ,a, > 0, lim,_. B, =0, and (3.37), this yields that

Jim [|Vf () = V(T (xn +ea)) || = 0.

19

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

Since f is uniformly Fréchet differentiable on bounded subsets of E, from Lemma 2.12, V f is
norm-to-norm uniformly continuous on bounded subsets of E and so is V f*. Then, by (3.41),

we get

nh_rgo”xnﬂ - T(xn + en)” =0.

(3.42)
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From ||(xn +en) =T (xn+en)|| < [[(xn+en) = (Xn+1+e€ns1) u+ |(xcns1 +ens1) =T (x4 +en)l|, it follows
that limy, —, || (x + €x) = T(Xp+1 + €4+1)|| = 0. So, w € F(T) = F(T). By the same argument of

Theorem 3.1, we know that {x,} and {y,} converge strongly to proj{:(T)(xo). This completes
the proof. O

If a, =1 and e, =0 for all n > 0, then from Theorem 3.5, we have the following result.

Corollary 3.6. Let C be a nonempty closed convex subset of a real reflexive Banach space E and f :
E — Ra Legendre function which is bounded, uniformly Fréchet differentiable, and totally convex on
bounded subset of E, and let T be a weak Bregman relatively nonexpansive mapping from C into itself
such that F(T) # 0. Define a sequence {x,} in C by the following algorithm:

xeC Q=C
Yn = VI (PuVf(x0) + (1= fn) Vf(Txn)),
Cun={z€Cp1NQu1:Df(z,yn) < (1-pPn)Ds(z,xn) + fuDs (2, x0)},
Co={z€C:Ds(z,y) < Ds(z,%0)},
Qn={z € Car1 N Qu1 : (Vf(x0) = Vf(xn), 2 = xu) <0},

(3.43)

Xnil = prOj’éannxo, Vn 20,

where {B,} C [0,1] such that lim,_, B, = 0 and {e,} is an error sequence in E with e, — 0 as
n — oo. Then, the sequences {x,} and {y,} converges strongly to the point proj’;m (x0), where

proj’;m (xo) is the Bregman projection of C onto F(T).

Now, we develop a strong convergence theorem for a Bregman relatively nonexpan-
sive mapping.

Theorem 3.7. Let C be a nonempty closed convex subset of a real reflexive Banach space E and f
E — R a Legendre function which is bounded, uniformly Fréchet differentiable, and totally convex
on bounded subset of E, and let T : C — C be a Bregman relatively nonexpansive mapping such that
F(T) #0. Define a sequence {x,} in C by the following algorithm:

x0€C, Qy=¢C,
zn = VT (BuVf(x0) + (1= pu) VF(T(xn + €n))),
Yn =V (anVf(zn) + (1 -an)Vf(xn+en)),
Cn={2€Ch1NQu1:Ds(z,yn) < (1= anPn)Ds(z, x5 + €n) + anfuDs(z,%0)},  (3.44)
Co={z€C:Ds(z,y0) <Df(z,x0)},
Qn=1{2€Cr1NQu1:(Vf(x0) = Vf(xn),z—x,) <0},

Xn+1 = prOj{;annxo, Vn 20,
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where {ay,}, {Pn} C [0,1] such that liminf,_, ,a, > 0 and lim, B, = 0 and {e,} is an error
sequence in E with e, — 0asn — oo. Then, the sequences {x,} and {y,} converges strongly to the

point proj’;m (x0), where pron;(T) (x0) is the Bregman projection of C onto F(T).
Proof. The proof is similar to Theorem 3.5 and so is omitted. This completes the proof. O
Ifa, =1and e, =0 forall n > 0, then from Theorem 3.7, we get the following corollary.

Corollary 3.8. Let E be a real reflexive Banach space and f : E — R a Legendre function which
is bounded, uniformly Fréchet differentiable, and totally convex on bounded subset of E, and let T :
E — E be a Bregman relatively nonexpansive mapping such that F(T) # (. Assume that {f,} is a real
sequence in [0, 1] such that lim,,_, B, = 0. Define a sequence {x,} by the following algorithm:

xeC Q=C
Yn = VI (BuVf(x0) + (1= pu)Vf(Txn)),
Cn=1{2€Cp1NQu1:Ds(2,yn) < (1~ anPn)Ds(z,%0) + @uPuDs (2, x0)},
Co={z€C:Ds(z,y) < Ds(z,%0)},
Qn={z€Cr1NQua: (Vf(x0) = Vf(xn),z - xn) <0},

(3.45)

Xp+l = projéanxo, Vn>0.

Then, the sequences {x,} and {y,} converge strongly to the point projlj_:(T) (x0), where proj’;(T) (x0) is
the Bregman projection of C onto F(T).

In [30], Qin and Su obtained the following.

Theorem QS (see [30, Theorem 2.2]). Let C be a nonempty closed convex subset of a uniformly
convex and uniformly smooth Banach space E, and let T : C — C be a relatively nonexpansive map-
ping such that F(T) # 0. Assume that { B, } is a real sequence in [0,1) such that lim,, _, .3, = 0. Then,
the sequence {x,} generated by (1.5) converges strongly to Ilpryxo, where I1pr) is the generalized
projection (see, e.g., [2, 31) from E onto F(T).

Remark 3.9. Corollary 3.8 extends Theorems QS [30] from uniformly convex and uniformly
smooth Banach spaces to reflexive Banach spaces.

4. Conclusions

In this paper, we introduce a conception of weak Bregman relatively nonexpansive mapping
in reflexive Banach space and give an example to illustrate the existence of weak Bregman
relatively nonexpansive mapping and the difference between weak Bregman relatively non-
expansive mapping and Bregman relatively nonexpansive mapping which enlarge the Breg-
man operator theory. Secondly, by using projection techniques, we construct several modifi-
cation of Mann-type iterative algorithms with errors and Halpern-type iterative algorithms
with errors to find fixed points of weak Bregman relatively nonexpansive mappings and
Bregman relatively nonexpansive mappings in Banach spaces. Thirdly, strong convergence
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theorems for weak Bregman relatively nonexpansive mappings and Bregman relatively non-
expansive mappings are derived under some suitable assumptions. By further research, on
the one hand, we may apply our algorithms to find zeros of finite families of maximal
monotone operators, solutions of system of convex minization problems, solutions of system
of variational inequalities, equilibrium, and equation operators (see, e.g., [24]). On the other
hand, one may give some numerical experiments to verify the theoretical assertions and show
how to compute the generalized projections. These topics will be done in the future.
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