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The author obtained new generalizations and refinements of some inequalities based on
differentiable s-convex mappings in the second sense. Also, some applications to special means
of real numbers are given.

1. Introduction

Recall that the function f : [0,b] — R, b > 0 is said to be s-convex in the second sense for
s e [0,1] if

fltx+ (1 -ty) <Ef(x)+ 1 -1)°f(y), (1.1)

forall x,y € [0,b] and t € [0,1] [1-5].

In (1.1),if welets=1, f : I C [0,00) — Rissaid to be a convex mapping on an interval
I[1].

Let us denote the set of s-convex mappings in the second sense on I by K2(I).

For some further properties of the s-convex mappings, see [1-3, 6]. In recent, M. Z.
Sarikaya et al. [4], and U. S. Kirmaci et al. [7] established a more general result of the Hermite-
Hadamard inequalities.

For recent years many authors have established error estimations for the Simpson’s

inequality: for refinements, counterparts, generalizations, and new Simpson’s type inequali-
ties, see [1, 4, 6, 8].
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S.S. Dragomir et al. [9], and M. Alomari et al. [8] proved the following developments
on Simpson’s inequality for which the remainder is expressed in terms of lower derivatives
than the twice.

In the sequel, denote the interior of an interval I by I°.

Theorem 1.1. Let f : I C [0,00) — R be an absolutely continuous mapping on [a,b] such that
f' € Ly([a,b]), where a,b € L with a < b. Then the following inequality holds:

<

R CRIRETREE

a

1/q
} 171, (2

(b-a)' [ 2071 41
6 3(g+1)

In this article, the author gives some generalized Simpson’s type inequalities based on
s-convex mappings in the second sense by using the following lemma.

2. Generalization of Inequalities Based on s-Convex Mappings

In this article, for the simplicity of the notation, let

b
Sﬁ(f)(h,n) = %{f(a) +(n—-2)f(hb+ (1 -h)a)+ f(b)} - bi_aJ‘ f(x)dx, (2.1)

forh € (0,1) with1/n < h < (n—1)/n for any integer n > 2.
In order to generalize the classical Simpson-like type inequalities, we need the
following lemma [1, 6].

Lemma 2.1. Let f : [0,b] — R, b > 0 be a differentiable mapping on 1° such that f' € L[a,b],
where a,b € Twith a < b and [a,b] C [0,b]. If f' € L'([a, b)), then, for h € (0,1) with1/n < h <
(n—1)/n for any n > 2 the following equality holds:

1
S%(f)(h,n) = (b-a) ,[o p(t,h)f'(tb + (1 - t)a)dt, (2.2)
foreach t € [0,1], where

-1 eqon,
p(t,h) = n (2.3)
, te(h1].

- ——
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Proof. By the integration by parts, we have

[ L)oo [ (50
(2.4)
1

- {"T‘Zf(hb+(1—h)a)+%(f(a)+f(b))}— 1

(b-a)’

b
- [ s,

which completes the proof. O

Theorem 2.2. Let f : [0,b] — R, b > 0 be a differentiable mapping on 1° such that f' € L[a,b],
where a,b € T with a < b and [a,b] C [0,b]. If |f'| € K2([a,b]), for some s € (0,1], then for
he (0,1) with1/n < h<n-1/nforany n > 2 the following inequality holds:

Sh(f)(hm)| < (b= @) {Au| £ ®)] + pu| £ ()

} (2.5)

where
2+2(n—-1)%? ,_ 2+s-m
nt2(s+1)(s+2) n(s+1)(s+2)

h(s(2h = 1) +2(h - 1))
(s+1)(s+2) !

A=

(2.6)
_ 2+2(n-1)°" 2+s5-n
= s+ 1)(s+2)  n(s+1)(s+2)

(1-h)**{s(1 - 2h) - 2h)}
(s+1)(s+2)

Proof. From Lemma 2.1 and since | f'| is s-convex on [a, b], by using Holder integral inequality,
we have

1/n
SsHmm| <o (5-1) 1EFO]- -0l f @)

h
+(b-a) L/ (-5 )Elr®l - a-olr@ha

2.7)

(n=1)/n -
co-a [ () @Ol -l @

! n-1 s| ¢! s| ¢!
comaf ()l @
=(b- a){A11|f’(b)| +y11|f’(a)|},

which implies the theorem. O
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Corollary 2.3. In Theorem 2.2, one has:

0

siH(5m)|<e-a { B e e a2 ) } (I @l+lf @]}, @8)
(i

s.()(36)|<-a { L }{If’(a)l+ rol @)

which implies that Corollary 2.3 is a generalization of Theorem 1.1.

Theorem 2.4. Let f : [0,b] — R, b > 0 be a differentiable mapping on I° such that f' € L[a,b],
where a,b € Twith a < band [a,b] C [0,b]. If |f'|7 € K?*[a,b], for some fixed s € (0,1] and g > 1
with 1/p +1/q = 1, then for h € (0,1) with 1/n < h < (n—1)/n for any n > 2 the following
inequality holds:

Lt (hn=1P 7\
stnom]se-a SR ()

<{|f'(hb+ (1= h)a)|? + | f(a)|"} "]

y (2.10)
1+ (m-hn-1)P" ) "7 r1-n\V4
e-ol RS ()
<{|f'®"+|f (hb+ (1 - m)a)|"}"".
Proof. From Lemma 2.1, using the Holder inequality we get
h 1P 1/p h 1/q
b _ 1 ) - q
SL(F) ()| < (b a)(jo ! n\dt) (fo [Fb+ (1) dt> .
2.11

1 1/p 1 1/q
+(b—a)<fh t—”T"l pdt> Oh |f(tb+(1—t)a)|th> .

Since |f'|7 € K2([a,b]) for a fixed s € (0,1], we have

(a)

h
fo |f/(tb+ (1 - t)a)|th < (%) {|f'(hb+(1- h)a)|q + |f’(a)|q}, (2.12)
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(b)
f lf (tb+(1—t)a)|th<< >{|f ®)|"+|f'(hb+ (1 - h)a)|?)}. (2.13)

By (2.11) and (2.12), the assertion (2.10) holds. 0

Corollary 2.5. In Theorem 2.4, letting n = 6 and h = 1/2, one has

Sﬁ(f)<%’6>'S(b_a)<6szlT-:_ll)>l/p<ﬁ)l/q
[l e e o)

Theorem 2.6. Let f : [0,b] — R, b > 0 be a differentiable mapping on I° such that f' € L[a,b],
where a,b € T with a < b and [a,b] C [0,b]. If |f'|1 € K%([a,b]), for some fixed s € (0,1] and
q>1lwithl/p+1/q =1, then forh € (0,1) with1/n < h < (n—1)/n for any n > 2 the following
inequality holds:

1/p 1/
1 1 q
“(f)‘h'”)|f(b‘“>{m} (1)

{1+ (n -1y }”p {(r1F @+ (1- =) f @] }W

(2.14)

{1+ == T () PO+ a-n @)
(2.15)

Proof. Note that

(a)j |f(tb+(1—ta)|‘7dt<<

s+1
>If (b)[+ <(1—h)>

s+1 _ 1,\5+1
o [ 1w a-paras (L iror <“S+)l>|f'<a>lq.

By (2.11) and (2.16), the assertion (2.15) of this theorem holds. O

(2.16)
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Corollary 2.7. In Theorem 2.6, letting h = 1/2, then one has

b . 2P+1+(n—2)p+1 1/p 1 1/q
SN (3n) S“H”{W} (—zs+1<s+1>>

<[lr@rs @ -nir@I} @ -)lrer e,
(2.17)

which implies that Theorem 2.6 is a generalization of Theorem 1.1.

Theorem 2.8. Let f : [0,b] — R, b > 0 be a differentiable mapping on 1° such that f' € L[a,b],
where a,b € T with a < b and [a,b] C [0,b]. If |f'|1 € K2([a,b]), for some fixed s € (0,1] and
qg>1lwithl/p+1/q =1, then for h € (0,1) with1/n < h < (n—1)/n for any n > 2 the following
inequality holds:

— 2 1p
SZ(f)(h,Tl)| < (b— a){%} {121|f,(b)|q + lelf/(a)ll7}1/q
y (2.18)
a 21 1/p
s | H U @)
where
L = 2 . h**1(=2 - s + hn + hns)
2 ns*2(s +1)(s +2) n(s+1)(s+2) !
2(1’1 _ 1)S+2 (S +2 - Tl) <1 + (1 - h)SH) h(l _ h)5+1
va = n5*2(s +1)(s +2) * n(s+1)(s+2) O s+2 (2.19)
e 2(n - 1)°*? (s+2-n)(1+h%1)  ps*l(1-p)
2T s+ )(s+2) | n(s+)(s+2) | s+2
B 2 (1-h)*" (-2 - s+ n— hn + ns — hns)
V2 = n*2(s+1)(s +2) N n(s+1)(s+2) ’

Proof. Suppose that g > 1. From Lemma 2.1, using the power mean inequality one has

S8 )| sﬂ?-a)[(f: t‘%‘dty/pg:
E=AN)

1
t— =
n

1/q
‘|f’(tb+ (1 —t)a)|th>

1 1/q
- %'|f’(tb+ - t)a)|‘7dt> ] :

(2.20)
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Since |f'| is s-convex on [a, b], we have
h
J
1
J

By the above facts (2.20) and (2.21), the assertion (2.18) in this theorem is proved.

= 1170 1= b0 < 2l O+l

t- nT_lhf(tb +(1=ta)|'dt < dp|f'(B)|" + 2| f (@) |".

Corollary 2.9. In Theorem 2.8, letting h = 1/2, one has

Mot = oy = 2 N (n-2)(s+1)-2
AT ns2(s+ 1) (s+2) 2572n(s+1)(s+2)’
22 6 (s +1) +2(n - 1) (s—n+2)(25 +1)
Ay = vy = +

n52(s+1)(s + 2) 25 (s + 1) (s +2)

which implies that

SN (3m)

1 1 1\Y

<[Pl F @)1+l F @I} + {aal £ O+ 2t ()| ],

Especially, in Theorem 2.8, letting h = 1/2 and m = 1, one has

s (5m)|<e-a(5-5 +i)w

8 2n n?

A Qal F @)+ (@)
Hal O+ da] £ @)}

3. Applications to Special Means

We now consider the applications of our theorems to the followings special means.
(a) The arithmetic mean: A(a,b) = (a+b)/2,a,b > 0.
(b) The p-logarithmic mean:

1/p
bp+l _ ap+1
—FQF | , ifa#b,
L,(a,b) = [(p+1)(b—a)] 7
a, if a= b,

(2.21)

(2.22)

(2.23)

(2.24)

(3.1)
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forpe R\ {-1,0}and a,b > 0.
Now, using the results of Section 2, some new inequalities are derived for the following
means:
(I1)Let f: [a,b] = R,(0<a<b), f(x)=x°s€(0,1].
(a) In Theorem 2.2,
(i) if h =1/2 and n > 2, then we get

%[ZA(aS, b®) + (n-2)A%(a,b)] - L:(a, b)
(3.2)

2+2n -1 +n51(2+5-n—2"6+D
< (b— a)ZS{ (Tl ) n ( s—n 1’1) }A<as—1,bs—1>,

n5*2(s+1)(s +2)

and,
(ii) if h =1/2 and n = 6, then we have

1 . . . 675 + 552675 + 3(5 — 4 — 2753) 1.
S[A(@ b)) +24 (a,b)]—LS(a,b)|§(b—a)s{ ST D) }A<a 1y 1).

(3.3)

(b) In Theorem 2.4,
(i)if h=1/2,n>2and g > 1 then we get:
'%[ZA(as, b%) + (n-2)A%(a,b)] - Li(a, b)‘

_b-a 1+ ((n/2) -1)P* ””( s >“" (3.4)
-2 nP*l(p+1) 2(s+1)

X [{A(H)q(A(a, b)) +a*17) }Uq +{ ACDIA(a b)) + b1 ) }1/"] ,

and
(ii)if h =1/2,n =6 and g > 1, then we have

[A(a®,b%) + 2A%(a,b)] - L3(a, b)|
boaf1+20 )P/ s1 \Va
S {3(p+1)} <(s+1)> (3:5)

X [{A(s—l)q(A(a, b)) + a(S—l)q) }1/17 + {A(S_l)q(A(a, b)) + b(s—l)q> }1/.7]’

1
3

(c) In Theorem 2.6,
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(i)if h=1/2,n>2and q > 1 then we get

‘%[ZA(aS, b*) + (n—-2)A%(a,b)] - L;(a,b)'

1/p 1/
1+ ((n/2) - 1)P*"! { s } 9
<(b- _ .
stb-a) { nPl(p+1) 25+l (s +1) (36)
1/q 1/q
x [{b(s—l)q + <2s+1 _ 1>a(s—1)q} + {(25+1 _ 1>b(s—1)q + a(s—l)q} ]/
and

(ii)if h =1/2,n =6 and g > 1, then we have

314G b) +24%(a,b)] - LyGa )|

1eovt P s Va
. (b_a){6p+1(p+1)} {25+1(s+1)} 47

x [{b“'”q s (201 -1) a0} T (2 - 1)pte e a<s_1>4}1/q].

In Theorem 2.8,
(i)if h=1/2,n>2and g > 1 then we get

)%[ZA(as, b*) + (n—2)A%(a,b)] - Li(a, b)|

2\ 1/p
g(b—a){w} (3.8)

2n?

1/q 1/q
x [{A;lb(s’l)q+i’22a(s’1)‘7} + A6 4 25, b1 ]

where

V= 2 (ns/2)+(n/2)—s-2
27y 2(s+1) (s +2) n2stl (s +1)(s +2) ’

(3.9)
2(n - 1) . (s-n+2)(251 +1) ~ 1

A, =
25 ps2(s+1)(s+2)  m25tl(s+1)(s+2) 252(s+2)’
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and
(ii)if h =1/2,n =6 and g > 1, then we have

|%{A(as, b%) +2A%(a,b)} — Li(a, b)‘

5\ 1P e e (3.10)
< (b-a) <ﬁ> [{xglb“-lm + Apat e g plea 4 4y p-Da) ]
where

v 2¥3M s+ )

2 65+2(s+1)(s+2) :
(3.11

J\” ~ 2. 55+2 + 3s+1 (25+1 _ Z)S _ 3s+1 (25+3 + 7)

22 .

65*2(s +1)(s +2)

(22)Letf:[ab] = R, (0<a<b), f(x)=1/x%s€(0,1].
(a) In Theorem 2.2,
(i)if h =1/2 and n > 2, then we get

‘% [2A(a™,b) + (n-2)A™(a,b)] - L~(a, b)‘

252(1 4+ (n—1)°"?) + 251051 (2 + 5 — n) — n5*2
< (b-a)2s ( ) (3.12)
ns+225+1 (g + 1) (s + 2)

% A<a—(s+1), b—(s+1)>,

and
(ii) if h = 1/2 and n = 6, then we have

% [A(a™,b) +2A(a,b)] - L=(a, b)'

2 1+5%2 +3(s - 4)6° — 352 (3.13)
S §(b _ a)s{ S ) }A(a—(s+1)/b_(s+1)>.

652(s +1)(5 + 2)

(b) In Theorem 2.4,
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(i)if h =1/2 and n > 2, then we get
'%[ZA(as,bs) +(n-2)A(a,b)] - L_S(a,b)'

+1) /P
S(b_a){1+((n/2)—1)p1} { 51 }W (3.14)

P (p+1) 2(s+1)

x [{A_(s”)q(a, b) + a—(s+1)q}1/t7 + {A—(s+l)q(a, b) + b—(s+1)q}1/q] ,

and
(ii) if h = 1/2 and n = 6, then we have

l% [A(a™,b) +2A47(a,b)] - L (a, b)‘

112t )P ( s1 Va 215
ool e -

x {Al/q <A‘(S+1)q(a, b), a—(S+1)q> + A4 <A‘(s+1)‘1(a,b), b—(5+1)q> }

(c) In Theorem 2.6,
(i)if h =1/2 and n > 2, then we get

‘ % [2A(a™,b) + (n-2)A™(a,b)] - L~(a, b)‘

1 Up q 1/q 1) 1/p
S e M e B R 61

X [{b*(sﬂ)q + (25+1 _ 1>a7(s+1)q}1/q + { <2s+1 _ 1>b7(5+1)q N a*(sﬂ)q}l/q] ,

and
(ii) if h =1/2 and n = 6, then we have

'% [A(a™,b) +2A(a,b)] - L=(a, b)‘

1eovt (P s Va
s (b_a){6p+1(p+1) } {25+1(s+1) } (317)

x [{b‘(”l)q + (25” - 1>a‘(5+1)‘7}1/q + { <2S+1 - 1>b—(5+1)q + a—(s+1)q}1/‘1] .
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(d) In Theorem 2.8,
(i)if h=1/2,n>2and q > 1 then we get

‘ % [2A(a%,b7) +27(n—2) A (hb, (1 - h)a)] - L:;(a,b)’

1/p
-2)%+4
<(b- a)s{%} (3.18)
8n
1/ 1/
x [{)ualb“-l)q + Aat i) . {A,b6 01 4 1y b1} q],
where
v 2 +—2—s+n/2+ns/2
7 s 2(s+1)(s+2)  n25*2(s+1)(s+2)
(3.19)
. 2(n - 1)+ (s-n+2)(21 +1) 1
= =+ — ,
25 s 2(s+1)(s+2)  m25tl(s+1)(s+2)  252(s+2)
and

(ii)if h =1/2,n =6 and g > 1, then we have
1 -5 1,-§ -s =S
’E[A(a b) +24 (a,b)]—L,s(a,b)|

1/p 1/ 1/
<(b- a)s{ %} x [{Aglbq“-l) At D L L pate D) gy e ) "], (3-20)

where

oo 12+ 35225 + 1)

7653 (s+1)(s+2)
(3.21)
2. 53+2 + 3s+1 (25+1 _ 4)5 + 3s+1 (1 _ 25+3)

.)L” — .

32 65+2(s +1)(s +2)
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