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Let X be a Banach space and let G be a closed bounded subset of X. For (x1,x3,...,x,) € X™, we
set p(x1,x2,..., X, G) = sup{maxi<i<m||xi —y|| : y € G}. The set G is called simultaneously remotal
if, for any (x1, x2,...,x,) € X™, there exists g € G such that p(x1,x2, ..., Xm, G) = maxicicm||xi - g||-
In this paper, we show that if G is separable simultaneously remotal in X, then the set of co-
Bochner integrable functions, L* (I, G), is simultaneously remotal in L* (I, X). Some other results
are presented.

1. Introduction

Let X be a Banach space and G a bounded subset of X. For x € X, set p(x,G) = supf{|x -
vyl : y € G}. A point gy € G is called a farthest point of G if there exists x € X such that
llx — goll = p(x, G). For x € X, the farthest point map Fg(x) = {g € G : ||x - g|| = p(x,G)}, that
is, the set of points of G farthest from x. Note that this set may be empty. Let R(G, X) = {x €
X : Fg(x) #¢}. We call a closed bounded set G remotal if R(G, X) = X and densely remotal
if R(G, X) is a norm dense in X. The concept of remotal sets in Banach spaces goes back to
the sixties. However, almost all the results on remotal sets are concerned with the topological
properties of such sets, see [1-4]. Remotal sets in vector valued continuous functions was
considered in [5]. Related results on Bochner integrable function spaces, L (I, X), 1 < p < oo,
are given in [6-8].

The problem of approximating a set of points xi, xy, ..., X, simultaneously by a point
g (farthest point) in a subset G of X can be done in several ways, see [9]. Here, we will use
the following definition.
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Definition 1.1. Let G be a closed bounded subset of X. A point g € G is called a simultaneous
farthest point of (x1,xy, ..., x,) € X™ if

p(x1,%2, .., X, G) = itécplmggfn(llxi = hll) = max (||x; - g]])- (1.1)

We call a closed bounded set G of a Banach space X simultaneously remotal if each m-tuple
(x1,x2,...,%xm) € X™ admits a farthest point in G and simultaneously densely remotal if the
set of points R(G, X™) = {(x1,%x2,...,Xm) € X™ : Fg(x1,%2,...,%Xp) # ¢}, where

<i

Fo(x1,x2,...,%m) = {g €G:p(x1,x2,...,%m,G) = 1mz<nr>§l(||xl - g||)} (1.2)

is norm dense in X™.

Clearly, if m = 1, then simultaneously remotal is precisely remotal.

In this paper we consider the problem of simultaneous farthest point for bounded sets
of the form L* (I, G) in the Banach space L*(I, X), where X is a Banach space.

Throughout this paper, X is a Banach space, G is a closed bounded subset of X and
L*(I,X), the space of all X-valued essentially bounded functions on the unit interval I. For
f € L*(I,X), we set ||f||, = ess sup{|[f(s)|| : s € I}. For G C X, we set L*(I,G) = {f €
L*(1,X): f(s) € G,almostall s € I}.

2. Distance Formula

The farthest distance formula is important in the study of farthest point. In this section, we
compute the co-farthest distance from an element f € L* (I, X) to a bounded set L* (I, G). We
begin with the following proposition.

Proposition 2.1. Let f1, f2,..., fm, then maxici<nl| fill , = ess sup maxi<icm (|| fi(H)I])-

Proof. For1 <i<m,

[1£illo, = ess supl| fi®)]| < ess sup max (]| fi(®)[|) < max([|fill.,)- 2.1)

1<i<m

Hence, maxi<j<ml| fill, = ess sup maxi<i<m (|| fi ()]) o

Theorem 2.2. Let X be a Banach space and let G be a closed bounded subset of X. If a function
@ : I — Rdefined by O(t) = p(f1(t), f2(t),..., fu(t),G), where fi1, fa,..., fm € L*(I,X), then
® e L*(I) and

p(fufor s fu L2, G)) = | @, = sup max(||fi-gll..)- (2.2)

su ;
geL=(1,G)1sism

Proof. Let fi, fa,..., fm € L*(I, X). Being strongly measurable, there exist m sequences of
simple functions (fi,), 1 < i < m such that || fi,(t) — fi(t)] — 0asn — oo for almost all
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t € I. We may write fj, = :11(1") XAmX (] ) . Since p(x1,x2,...,%m,, G) is a continuous function

of (x1,x2,...,x,) € X™, the inequality

|P(f1n(t)/f2n(t)/---rfmn(t)/G) _P(fl(t)/fZ(t)r---/fm(t)/G)l < 11’2127);(1||fm(t) _fl(t)” —0
(2.3)

implies that
|P(f1n(t)rf2n(t)/‘ . -/fmn(t)rG) _P(fl(t)rf2(t)/- . /fm(t)/G)| — 0. (24)
Set @, (t) = P(fln(t)rf2n(t)/ ‘.- /fmn(t)r G). Then,

@, () = zt;g@iﬁ(llfkn(t) -glD

m(n)

; XAm(t)< xy) - >H (2.5)

= sup max
g€G 1<k<m

m(n)

= Z XA, () sup max

G 1<ksm

]|
So @, is a simple function for each n and Lim,, _, o, ||®,, (t) - D(t)|| = O for almost all ¢ € I. Hence

@ is measurable. Furthermore, for each w € L*(I,G),

max || f; - w||_, = = max ess sup(]| fi(t) —w®)||)

1<i<m

= ess sup max (|| fi(®) = w( Proposition 2.1

< ess sup supmax (|| fi(t) - g|) (2.6)
3G 1<i<m

= lp(A®), f2(), f3(8), -, fn (), G) ||,
= [|D]|,.

Thus,
1Dl > p(f1, f2r-- s f, L2 (1, G)). (2.7)

To prove the reverse inequality. Let ¢ > 0 be given, since countably valued functions are
dense in L*(I, X), there exist countably valued functions y1, 7z, ..., ¥m in L*(I, X) such that
lfi—=vill <e,1<i<m. Wemaywritey; = 37 xa, x(]),as in [10]. We may assume ., x4, = 1,
u(A;) > 0 for all i. For each i, Choose h; € G such that

max
1<k<m

—h ” > p( =) 1(2), ..,xl.(m),G> —e. (2.8)
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Now, set g € L*(I,G) as g(s) = X721 X, (s)h;. The inequality

i =8l < llvi = fillo + 1fi - 8l (2.9)
implies

max|ly; - gll,, < e+ max]|f; - g]l... (2.10)
Further,

max||f; - gll., > max]ly; - gll,, -

= 1r?jag(n(ess sup([|y;(H) - g®)[])) — €

= ess sup max —¢€, Proposition 2.1
1<j<m

S (x - hi)’
i=1

0
()
: -] -
ess sup 1%?7,(1 1=21 Xa @) |[x; il —€ (2.11)
_ S v (1 W _pll -
= ess sup Z XA )1r£1ja<i<n X; il|—€
i=1 ==

[e'e]
> ess sup Z XAi(t)p<x§1),x§2),. ..,xEm),G> —2¢
i1

— ess sup p(1i (1), (), - (1), G) - 2.
For1<j<mand a € G, the inequality
1£i® —all <[ f;®) = v; O + [[; ®) - all (2.12)
implies

i), f2), -, fun(®), G) < max||fi(®) | + p (i (), 12(B), - Y8, G)- - (213)

Therefore,

1<j<m

p(fi(t), fo(t), ..., fm(D), G)
sl sl zess e ey - o)) 7%

(2.14)
2 [|®ll, —ess sup max ly; (1) - f; (1) - 2¢

2 (| D], - 3e.
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Hence, p(fi1, fo,--, fm,L*(I,G)) + 3¢ > |®|. Since € was arbitrary, we have ||®|_ =
p(f1, fa, oo fm, L% (1, G)). O

Corollary 2.3. Let g be a strongly measurable function from I to a closed bounded subset G of
a Banach space X, and f1, f2,..., fm € L%, X). If g(t) is a simultaneous farthest point of
f1(t), fo(t), ..., fm(t) in G, then g is a simultaneous farthest point of f1, fa,..., fm in L% (I, G).

Proof. By assumption, maxi<i<m (|| fi(t) — g®)|) = p(f1(t), f2(), ..., fm(t), G) for almost t € I.
Since G is bounded, it follows that g € L*(I, G) and

ess sup max (|[fi(t) - g)]]) = ess sup p(Fi(0), fo(0)-, fu(®,G).  (215)

Theorem 2.2 and Proposition 2.1 implies that

max (|1fi - g1L..) = ess sup max (i) - s ) = p(fu for - s I7(LG)) (216

1<i<m

and g is a simultaneous farthest point of fi, f,..., fn in L*(I, G). O

3. Remotal Sets in L (I, X)

In this section, we raise the question: if G is a simultaneously remotal set in X, is L*(I, G)
simultaneously remotal in L*(I, X)? We get a positive answer to this question in the case
that G is a separable simultaneously remotal subset of X or in the case that Span G is finite
dimensional subspace of X. We begin with the following theorem.

Theorem 3.1. If G is simultaneously densely remotal in X, then L* (I, G) is simultaneously densely
remotal in L= (I, X).

Proof. Let f1, fa,..., fm € L*(I,X). Then, there exist yi, y2, . .., ym simple functions such that
Ilfi = yill, < €/2,1<i< m.Now, we can write without lost of generality, y; = >;_; xAkxl(cl)'
Since G is simultaneously densely remotal, then there exist an m-tuple (y,(cl),y,(cz), .. .,y,(cm))

and gx € G such that maxlsismﬂxfj) - y,((i) || <e/2and

(@) 1 @) (m)
|ykl _gk” :p(yk Yyl ,G) = sug{nax
g€

<i<m

v - gl (3.1)

max
1<i<m

Setp =D xagkand b = 37, XAkyz(j)- Then,

max [ - ¢, = max ess sup][i(t) ~ p(0)

1<i<m

= ess sup max , Proposition 2.1
1<i<m

S a0 )
k=1
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S (@)
= ess sup max t ” Y- “
P max ; Xa ) ||y — 8

n 3
e s 3 a0 o]
- k=1

(3.2)
for every g € G. In particular, for any w € L* (I, G), using Proposition 2.1,
R > . -
{nﬁgﬁllhl ¢||, > ess sup max||h;(t) - w(®)|
(3.3)
> () — - _
2 max ess sup||i(t) —w(b)|| = max||h; - wl,,
Hence, ¢ is a farthest point from the m-tuple (hy, hy, ..., hy). But
S M _ 0
_ iy (G
ol = axesssup 3o (o -57)|
S M _ 0
— 1 _ 1
= {ngizi(ness sup é XAV — Xk H
(3.4)
n
_ (@) (i) e
= ess sup 1rn927>7<l kzz; XAy — X “, Proposition 2.1
S W _ @ €
1 1
= ess sup é XAklrngigr)fi |yk - X ” < 5
Hence,
€ €
max | fi = hil|,, < max || fi —yil| + max|lyi ~hil| < 5+ 5 =e. (35)
This complete the proof of the theorem. O
For a remotal set G C X, the map T : X — 2¢ defined by
T(x1,%x2,...,%Xm) = F(x1,x0,..., %1, G)
(3.6)
= {g €G:p(x1,x2,...,%m, G) = max||x; —g||}
1<i<m

is a multivalued map in general. Hence for any f € L*(I, X), the map T o f is a multivalued
map from I into G.

Before proceeding we remind the reader for some facts regarding mult-valued maps.
For a Banach space X and a measurable space I a function f : I — X is said to be strongly
measurable if it is the pointwise limit of a sequence of simple functions almost everywhere.
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On the other hand f is said to measurable in the classical sense if f~'(K) is measurable in I
for any closed set K in X, see [10]. A multivalued function T : I — X is said to measurable
in the classical sense if T~} (K) is measurable in I for any closed set K in X, here T"}(K) = {t €
I:T(t)NnK#¢}. A measurable in the classical sense g may be extracted from a measurable
multivalued function T : I — X where X is a separable Banach space provided that T(t) is a
closed subset of X for each t € I and such that g(t) € T(t) for each t € I, see [11, page 289].

Theorem 3.2. Let G be a closed bounded simultaneously remotal in X such that span(G) is finite
dimensional subspace of X, then L* (1, G) is simultaneously remotal in L= (I, X).

Proof. First, we will prove that T is a closed valued map. If T(x1,x2,...,x,,) is finite set,
then it is closed. If T(x1,xy,...,%y,) is not finite, let y € T(x1,x2,...,%y,), then there exists
Yn € T(x1,x2,...,%y) such that y, — y. This implies

max |[xi - g|| < max||x; — |, (37)

for every ¢ € G. Taking the limit as n — oo, we get max||x; — g|| < max ||x; — y|| for every
g € G, and this implies that y € T(x1,x2,...,x,,) and T is a closed multivalued map.

To prove that T is measurable in the classical sense let B be any closed subset of G.
If (x1,x2,...,%y) € T1(B), then there exists (xi"),xén),...,x,(,'f)) € T7Y(B) that converges to

(x1,x2,...,%y). Since (xi"),xén), ... ,xf,':)) € T7Y(B), then T(xi"),xén), .. .,xi,rll)) N B #¢. Choose

Yn € T(xi"),xén),. ..,xﬁ,?)) N B. Then, y, has a convergent subsequence y,x — Yy being a

sequence in a bounded closed subset of a finite dimensional space. But

X\ — ynk“ > max

max i
1<i<m

1<i<m

| - | (3.8)
for every g € G. Taking the limit as ny — oo, we get

max |[|x; - y|| > max||x; - g| (3.9)

1<i<m 1<i<m

for every ¢ € G. Hence y € T(x1,x2,...,%Xn) N B#0. Therefore (x1,x2,...,Xm) € T~'(B) and
T-!(B) is closed. Hence, T is measurable and if y is the vector valued map y : [ — X™,
y(t) = (f1(t), f2(t),..., fm(t)), then T oy is a measurable closed multivalued map. By Theorem
6.6.4in [11, page 289], T o y has a measurable selection say g. Further,

max || fi(t) = g(1)[| = max||fi(t) = (D], (3.10)
for every h € L*(I,G) and so

ess sup max | fi(t) - g(#)|| = max ess sup|| fi(t) - g(1)|
o o (3.11)
> maxess sup|| fi(t) = h(t)]].
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Hence,
max||fi - gll, = max||fi - k., (3.12)
for every h € L*(I,G) and L*(I, G) is remotal in L*(I, X). O

Finally, following the steps in the prove of Theorem 3.6 in [6], we proof the following
main result in the paper.

Theorem 3.3. Let G be a separable simultaneously remotal subset of X. Then L*(I,G) is
simultaneously remotal in L= (I, X).

Proof. Let (fi1, fa, ..., fm) € (L=(I,X))™. Using Corollary 2.3, it is sufficient to show that there

exists a measurable function g defined on I such that g(t) is a simultaneous farthest point of
(f1(t), f2(t),..., fm(t)) in G. Since f1, fo, ..., fm are strongly measurable. We may assume that
fiD), fo(I),..., fm(I) are separable sets in X. So there exist {I, },-;a countable partition of I
such that diam(f;(1,,)) < 1/2, for each i, 1 <i < m, for all n; where

diam(S) = sup{||x - y| : x,y € S}. (3.13)

Consider the partition Ix,,.k, = Nit; Ir,, where (Ix,, Ix,, ..., Ix,) € [T {1y}, for1 < n < oo.
Then diam( f; (Ix,ky--k,,)) < 1/2. For simplicity write Iy k,..k,, as {In}se. For each t € I, let g(t)
be a simultaneous farthest point from (f1(t), f2(t), ..., fm(t)) in G. Define the map gp from I
into G by go(t) is a simultaneous farthest point from (fi(t), f2(f),..., fu(t)). Apply Lemma
3.1in [6] with e = 1/2 and I = I, = A, we get countable partitions in each I,, and therefore
countable partition in the whole of I in measurable sets {E,},.; and a sequence of subsets

{An};2, such that

A, CE,, ,u*(An) = ﬂ(En)r
(3.14)

diam(go(A,)) < % and diam(f;(E,)) < %, 1<i<m.

Repeat the same argument in each E, withe =1/ 22 ] =E, and A = A,,. For each n, we geta
countable partition {E,x) : 1 < k < oo} of E, in measurable sets and a sequence {Ax) : 1 <
k < oo} of subsets of I such that

Awk) € Ewi N A, 1 (Awp) = #(Ewb),
. 1 . 1 (3.15)
diam (go(Ami))) < 7 and diam(f;(E@mk))) < = 1,2,...,m.

Now, we will use mathematical induction for each n; let A, be the set of n-tuples of natural
numbers and A = [J{A, : 1 < n < oo}. On this A consider the partial order defined by
(my,my,...,m;) < (n,ny,...,n;) if and only if i < j and my = ng, k = 1,2,...,i. Then by
induction for each n, we can find a countable partition {E, : « € A,} of I of measurable sets
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and a collection { A, : a € A, } of subsets of I such that:

(1) Ag € Eq and p*(Aq) = p(Es),

(2) Eg CE, andAﬂ CAifa<p,

(3) diam(fi(Es)) <1/2" fori=1,2,...,mand diam(gy(A)) <1/2" for a € A,,.

We may assume A, # ¢, for all a. For each a € A, let t, € A, and define g, from I into
Gby gn(t) = X sen, XE.(H)Q0(ts). Then, for each t € I and n < m, we have

llgn(®) = gm(®)|| = || 3 xE.(B)g0(ta) = D x, (D)g0(tp)

acl, pedm
< ﬁeZAMXEﬁ(t) (80(ta) — g0 (tp)) (3.16)
< ﬁZA | (0(ta) = g0 (t6)) Il .,
1
< —.
< on

Hence, (g4(t)) is a Cauchy sequence in G for all t € I. Therefore (g,(t)) is a convergent
sequence. Let g : I — G be defined to be the pointwise limit of (g,). Since g, is strongly
measurable for each 1, we have g is strongly measurable. Further for t € I, 1 < n < oo, and
t € E, for some a € A,, we have

max || fi(t) ~ gu(D)]| = max||fi(t) - o(ta) |

1<i<m

> max| | fi(t) ~ go(ta) | = [Lfi(®) = fitta)l]

1 (3.17)
2 max|||fi(ta) ~ go(ta)[| - 55
> p(fi(ta), fo(ta), ..., fm(ta), G) — 217
For 1 <i < m, the inequality
1£:8) = all < [l fi(®) = filt) || + | filta) = a < 21 + || filta) - all (3.18)

implies that

p(fit), fa(t), ..., fm(t),G) < 21_n +p(filta), fota), -, fu(ta), G). (3.19)
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Therefore,

max || fi(t) = gu(®)]| 2 p(fi(t), folb), -, fin(£), G) - 21—1 (3.20)

Taking limit as n — oo, we get

pUFIO), Fo0), ., fu(),G) = max||fit) = g G21)

This completes the proof of the theorem. O
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