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Diffusion models have been used extensively in many applications. These models, such as
those used in the financial engineering, usually contain unknown parameters which we wish to
determine. One way is to use the maximum likelihood method with discrete samplings to devise
statistics for unknown parameters. In general, the maximum likelihood functions for diffusion
models are not available, hence it is difficult to derive the exact maximum likelihood estimator
(MLE). There are many different approaches proposed by various authors over the past years, see,
for example, the excellent books and Kutoyants (2004), Liptser and Shiryayev (1977), Kushner and
Dupuis (2002), and Prakasa Rao (1999), and also the recent works by Ait-Sahalia (1999), (2004),
(2002), and so forth. Shoji and Ozaki (1998; see also Shoji and Ozaki (1995) and Shoji and Ozaki
(1997)) proposed a simple local linear approximation. In this paper, among other things, we show
that Shoji’s local linear Gaussian approximation indeed yields a good MLE.

1. Introduction

Diffusion processes are used as theoretical models in analyzing random phenomena evolved
in continuous time. These models may be described in terms of Itd’s type stochastic dif-
ferential equations

dX; = A(X;, 0)dt + o(X;, 0)dW,, (1.1)

where (W}),, is a Brownian motion, with some unknown parameters 6 to be determined in
rational ways.
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It is, however, difficulty to derive the maximum likelihood estimator for 6 if the
diffusion coefficient (i.e., the volatility) o is unknown. On the other hand, in practice, the
volatility is determined first by using the fact that

n
0*T =lim Y (X(-11/n = Xj1/n)°  in prob. (1.2)
j=1

when o is a constant. Therefore we will limit ourselves on diffusion models with constant
volatility:

dX; = A(X;,0)dt + dW,. (1.3)

Since there is no much difference at technical level, we will consider one-dimensional models
only. That is, we will assume throughout the paper that W is a one-dimensional Brownian
motion, and X is real valued.

The distribution yif of (X;),5, over a finite time interval [0, T] has a density with respect
to the Wiener measure y}” (the law of the Brownian motion W), given by the Cameron-Martin
formula:

dpf

dpur’

T T
= exp UO A(Xy,0)dX, - % jo A(Xt,G)zdt], (1.4)

which is in turn the likelihood function with continuous observation. In practice, only discrete
values Xy, ..., X;, may be observed over the duration [0, T], where 0 = fo <t; <--- <t, =T
and t; — t; 1 = 6. The corresponding likelihood function L(6) is the conditional expectation
under Wiener measure:

H?ﬂpe <5, th,l ’ Xt]->
TG (6,X,,,,X,)

E{i(e) | Xto,...,th} - (1.5)

where pg(t, x,y) is the conditional probability density function of X; given X, = x, and
G(t, x,y) is the Gaussian density 1/v/2xtexp{-|x — y|*/2t} (see [1]). Since the denominator
of (1.5) does not depend on 6, we may simply consider the numerator

L(thr Ry Xt,,) = HPG (6/ th,lr Xt]->/ (16)
j=1

as a likelihood function. Therefore, the MLE for 6 under a discrete observation may be found
by solving either explicitly if possible or numerically the likelihood equation

VL(X,,...,X;) =0. (1.7)

The difficulty with this approach is that, unless for a very special drift vector field A, an
explicit formula for py(t, x, y) is not known. To overcome this difficulty, many approximation
methods have been proposed in the literature by various authors. The idea is to replace
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the diffusion model (1.3) by an approximation model for which an explicit formula for the
likelihood function is available. One possible candidate is of course the Euler-Maruyama
approximation

Xy - Xy, = A(Xi,,,0)8 + V6, (1.8)

where {{;} is an i.i.d. sequence with standard normal distribution N(0,1) and Xo = Xo.
However, the likelihood function L (Xo, . . ., X;,) for this model is not, in general, close enough
to that of the diffusion model if measured in terms of the ratio of their corresponding
likelihood functions

L(thl .- -IXt )
) 1.9
Li( Xy, ..., Xt,) (19)
The second approach is to discretize the likelihood function dp /dp}Y for continuous
observations. In order to utilize this likelihood function, we need to handle the Ito integral
f()T A(X;,0)dX; which is defined only in probability sense. If A = Vf (where f is a C!-
function) is a gradient field, then, according to It6’s formula,

dpi

duy’

T
= oxp [f(XTﬁ) - (3@nekm0)+ Jac, 9>|2>dt], (1.10)

0

here the right-hand side involves only the sample X. This idea to get rid of Itd’s integral and
replace it by an ordinary one has far-reaching consequences, see the interesting paper [2] for
some applications.

One can also use approximations to the probability density function pg(t, x, y) and
construct functions which are close to the maximum likelihood function. There are a great
number of articles devoted to this approach, such as [3-5], for example. The difficulty,
however, is that even f (¢, x, y) is a uniform approximation of pe(t, x, v), there is no guarantee
that the approximate likelihood function Hi f(t,xj-1,xj) would tend to ]_[j po(t, xj-1,x;)
whenn — co.

In this paper we consider the linear diffusion approximation proposed by Shoji and
Ozaki [6] to the diffusion model (1.3), which leads to the following approximation of the
likelihood function L(Xy,, ..., X4,):

Ly(Xyy, - Xe) = [ [1 (6,Xt,.,1,th), (1.11)
j=1

where t; = jT/n so that X;, is a sample with fixed duration 6 = t; - t;-1 over [0,T], and
hj(t, x,y) is the probability transition density of the following linear diffusion model

dX; = (A <Xt._1, 9) + A (Xt._l, e) (Xt - Xt],_l>>dt +dw,, (1.12)

7 7

whent; ; <t <t;and )A(tH =Xt 4-
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The approximation (1.12) is called the local linearization of the diffusion model (1.3),
which has been studied in Shoji and Ozaki [6]. Shoji has showed numerically that the local
linearizations do yield better estimates. Shoji's approximation was revisited in Prakasa Rao
[7], without a definite conclusion.

The main goal of the paper is to prove Theorem 3.1 which implies that the local linear
approximations (1.12) is efficient for the propose of deriving MLE with discrete samples.

The paper is organized as follows. In Section 2, we present the MLE for linear models
such as (1.12). In Section 3, we state our main result for Shoji’s local linear approximation,
and give some comments about the conditions on the sampling data. Our main theorem
provides a deterministic convergence rate for the likelihood functions. In Section 4, we prove
that the likelihood function for the local linear approximation converges to the Cameron-
Martin density but only in probability sense. Sections 5, 6, and 7 are devoted to the proof of
our main result. In Section 5, we state the main tool, a representation formula for diffusions,
established by Qian and Zheng [8]. In Section 6, we develop the main technical estimates
in order to prove Theorem 3.1, whose proof is completed in Section 7. Section 8 contains a
discussion about the Euler-Maruyama approximation which concludes the paper.

2. Linear Diffusions

Let us begin with the MLE of parameters a, b, and o > 0 for the linear diffusion model (Mishra
and Bishwal [9] discussed a similar model):

dX; = (b - aX)dt + odW,, (2.1)

whose finite-dimensional distributions are Gaussian, determined through the probability
transition function h(t, x, y). Fortunately we have an explicit formula for h. Indeed the linear
equation (2.1) may be solved explicitly and its solution is given by the formula

b t
Xi=e"Xo+ - (1-e™) + of e = dwy, (2.2)
0

(formula (6.8) of Karatzas and Shreve [10], page 354), and therefore

1 a a  |ly-etx—(b/a)(1-e)|
h(t,x,y) = \/50'1 / T P [—1 — = . (2.3)

Suppose we have a discrete sample observed over the equal time scale during the
period [0, T], Xir/n, i =0,...,n. According to the Markov property, their joint distribution, or
the maximum likelihood function

L(a/ b/ O;X0,+-+, le) = ﬂ(XO)Hh((S, xj—ll x]')/ (24)
j=1
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where 6 = T/n, and p(x) is the probability density function of the initial distribution.
Therefore the logarithmic of the maximum likelihood function

é 1
I(a,b,0; {xi}) = log p(xo) + Z logh(E,xj,l,x,)

=1
_ _ E _ E _ E _ ,=2aT/n
= log p(xp) 5 logor —nlogo + 5 loga > log<1 e ) (2.5)
na 1 & b b\ _ur/n 2
_—1_3—2aT/no-2_TZ<xj_E_ <x]'_1—E>e > .

j=1

The maximum likelihood estimates for a, b, and o are the stationary points of I, that is
solutions to the equation VI = 0. Set p = e™*T/". Then a = —~(n/T) logp and = b/a.

Proposition 2.1. The maximum likelihood estimates for the linear diffusion model (2.1) with discrete
observations are given by

2
n o Zax - W/m (I xa)

ﬁ = —10 7 n n 7
T8 21 Xjxj — (1/m) 3 xj1 305 X
18 1 p
- T - 2.6
ﬂ njglx] + n 1 _ﬁ(xn X()), ( )

As an interesting consequence we have the following.

Corollary 2.2. The maximum likelihood estimators (a, 5,6') to the linear diffusion model (2.1) are
not sufficient statistics while (a, b, &, Xo, X,,) are sufficient.

3. Diffusion Models

We consider the diffusion model (1.3). Our approach and our conclusions are applicable
to multidimensional cases as long as the diffusion coefficients are constant. For simplicity,
we only consider one-dimensional case. The question is to estimate 6 under a discrete
observation {xo, ..., x,} over the time scale 6 in the time interval [0, T]. Then, up to a constant
factor, its maximum likelihood function

L(.X'O,...,xn) = HP(6/xj—1/xj); (31)
j=1
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where p(t, z,y) is the transition probability density of (X;) (we have dropped the subscript
0 for simplicity). The approximation maximum likelihood function, proposed in [6], is given

by

Ly(xo,...,xn) = th(6/xj—1/xj)/ (3.2)
j=1

where h;(t, x, ) is the transition density function to the linear diffusion model
dXt = (A(x]'_l, 9) + A (x]‘_l, 9) (Xt - X]'_l))dt + th, (33)

which is the first-order approximation to (1.3).
In what follows we assume that A has bounded first and second derivatives and

|A'(x,0)],  |A"(x,0)] <2C, (3.4)

for some constant Cy > 0 independent of parameters 6.
The main result of the paper is follows.

Theorem 3.1. Assume that A'(-,0) and A”(-,0) are bounded uniformly in 0. Let T > 0 be a fixed
time and C > 0 be a constant. Suppose {x;‘}jgn (n=1,2,...) is a family of discrete samples such that

|-, [ <com), | < (35)

for all pair (j,n) such that j <n,n=1,2,..., where 6(n) = T/n. Then

L(xt, ..., x"
limM=L (3.6)
n—wLy(xf,...,x%)

where L and L, are defined in (3.1) and (3.2) with 6 = 6(n) =T/n.

The convergence in (3.6) happens in a deterministic sense, and therefore conditions
such as |x;1 —x;’_l |> < C6(n) and |x;’| < C are reasonable. The first condition, that is |x]’.’ —x;’_l |> <
C6(n), just says the “variance” of the sample cannot be too big. Since

Z | Xi7/n — X(]-_l)T/n|2 — T in probability, (3.7)
i

so that on average we should have |x;? - Jc7_1|2 < C6(n). Since (X;) has continuous sample
paths, so that {X(w), : t € [0,T]} for a fixed sample point w is bounded. Since xJ’.’ are sampled
from the fixed duration [0, T], thus we can assume that {x]’.‘} is bounded, though here we
have a countable many samples. It is possible to relax this constraint, for example, we may
impose that |x;7| < Cn* with a < 1/2, but for simplicity we only consider the bounded case.
This condition is placed as a kind of “integrability” condition on the samples.
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From the asymptotic of the transition density function p(t, x, y), it is easy to see that

i PO X1 X5)

=1, 3.8
6=0h;(8, %1, %)) &)

for each j, while, as our observation {xo,...,x,} happens over a fixed time interval [0, T],
the ratio (3.6) as n — oo is really an infinite product, its behavior thus depends on the
global behavior of p(t, x,y). Although there are many results about bounds of p(t, x, y) in
the literature (see [2, 11] e.g.), the best we could find are those which yield (3.8) uniformly
in x;, none of them yields the precise limit (3.6). In fact, the proof of (3.6) depends on careful
estimates on p(t, x, y) through a representation formula established in [8].

4. Linear Diffusion Approximations

Without losing generality, we may assume that T = 1. Let X/, be a discrete observation of the
diffusion model (1.3) att; = j/n (j = 0,...,n). For simplicity, write X/, as X; if no confusion
may arise. Consider the family of linear diffusions

dX] = (A(Xj-1,0) + A'(X;1,0) (X] = Xj1) )t + AW, (4.1)
with X[, = X; 1. Let
bj = A(Xj1,0) - A'(Xj-1,0) X, 12)
aj = A'(X;1,0).
Then
X] = e4ttiIX; ) + ea"(t_t;#b,- + f e =9 dW, (4.3)
] tji1
so that

(6, X1, %) = BP(X] = X; | X] | = X;1)

5 (4.4)
. . . 2
_ a; 1 e—(a]-/(e2“76—1))(X]-—Xl-,l—((eufﬁ—l)/a,-)(b]-+a]-X]-,1)) )

\/ e*%% — 12

where 6 = 1/n. The approximating likelihood function is

Ly(6) = ﬁhj(a, X1, X;). (4.5)

j=1
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We need to compare this function to the likelihood function with continuous observation—
the Cameron-Martin density, which, however, should be discounted with respect to the
Wiener measure. Thus we have to renormalize L, (6) against the discrete version of Brownian
motion, which is given by

2y (6,X11,%))

Ly(6) = St e O 4.6
2(6) QG((S X0 X)) (4.6)

where

2
1 [x -yl
G(6,x,y) = = exp <— 5% > (4.7)
Hence its logarithmic
~ 26a;
L(6) = Zl 08 2i6 1 o275 _ : 6Z|X X]1|
(4.8)
1 2!1]' 1 ?
— E;—eza]ﬁ 1 X] - X]-_l - (b] + an]-_l) .
Proposition 4.1. One has
%ﬂ)l L(6)=1 (4.9)

uniformly in 0, in probability with respect to the Wiener measure, where 1 is the log of the Cameron-
Martin density (1.4).

PVOOf. Let D] = X] - Xj—l' Then

- 26a; )
12(6) Zl & a5 1 2a6 262( Za] 1>DI

zef -1

(4.10)

_Z o1/ (b+‘11 Xj-1)

aj

+ZZ T (b +a;Xj-1)Dj.
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Since bj = A(Xj-1,0) — a;X;1 and a; = A'(X;_1,0), so that

N 2611] 1 26a]~ )
12(6) = Z log — 5~ 02ai6 _ *35 <1 Q246 _ 1 >D]'

-1
- S AKX 1,9)26] (4.11)
i€
2 A X D;.
+ Z e (Xj1,6)
However,
lim?2 A(X; D;=| A(X;0)dX
im ;eu] (X;1,0) f (X, 0)dX;,
lim ——A(X; 9) =1f1 |A[*(X;,0)dt
510 ;6 1 j=1s 2 0 tr 7
. (4.12)
26a] 1 ,
léﬂ)l Z og a5 =3 J.O A'(Xy,0)dt
1 26(1] , 1 1 ,
%{5%; <1 g 1>D7. =5 L A (X;,0)dt
in probability. The claim thus follows immediately. O

5. A Representation Formula

From this section, we develop necessary estimates in order to prove Theorem 3.1. In this
section, we recall the main tool in our proof, a representation formula proved by Qian and
Zheng [8]. Based on this formula, we prove the main estimate (6.65), which has independent
interest, in the next section. We conclude the proof of Theorem 3.1 in Section 7.

Let x € R. Consider the linear diffusion

dX; = (A(x,0) + A'(x,0)(X; - x))dt + dW,, (5.1)

whose probability transition function is also denoted by h(t, z, v). Recall that p(t, z, y) is the
probability transition function of the diffusion defined by (1.3). The strong solution of (5.1)
is given by

t
X; = Xo + o(a,t)*(aXo + b) +f e =9 dw, (5.2)
0
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so that

1 1
exp{ -
V2mro(2a,t) p{ 20(2a,t)

h(t,z,y) = 2<y—z—o(a,t)2(b+¢:lz)>2}, (5.3)

where b = A(x,0) — xA'(x,0), a= A'(x,0) and o(a,t) = /(e -1)/a.

Observe that for any a € R, t — o(a, t) is increasing, and

lim—a(a' H

= =1 for any a. (5.4)

We will also use the fact that

2at _ at
o(2a,t) = \/e o ! = \/e 2+ 10'(a, t). (5.5)

Lemma 5.1. For x € R, and C(z) = A(z,0) — A(x,0) — A'(x,0)(z — x). Then

IC(z)| < Comin{2|z—x|,%|z—x|2}. (5.6)

Our main tool is a representation formula (5.7) discovered in [8]. Let (X, P*) be the
solution to the linear stochastic differential equation (5.1).

Proposition 5.2. For x,y € Rand T > 0 one has

p(TLxy) - ("o« Vh(T -t,X1,y)
h(T,x,y) 1+-[0 ¢ {utc(xt) h(T,x,y) }dt’ 57)
where
t t
u; = exp{fo C(Xs)dW; - % 4[0 |C|2(Xs)d5}r (5.8)

which is a martingale under the probability P*.

To prove (3.6), we need to estimate the double integral appearing on the right-hand
side of (5.7), which requires a precise estimate for

(5.9)

Vh(T -t X,,
1t=PX{utC(Xt)M},

h(T,x,y)

which can be achieved since we know the precise form h(T, x, y). Of course, if we knew the
joint distribution of (U, X;), our task would be easy, but unfortunately it is rarely the case.
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Our arguments are based on the fact that (U;) is a martingale under P*, together with some
delicate estimates for the functional integral

w{

which will be done in the next section.

P
Vh(T—t,Xt,y> ' }’ (510)

h(T,x,y)

6. Main Estimates

We use the notations established in the previous section. Let T > 0, x, y e Rand d = y — x.
Then

Vzh(T - t/ z, y) _ Zaea(T_t)
h(T -t,z,y)  e2a(T-t) _

- (y-e"Tz-0(a,T-1), 6.1)

and therefore

V.h(T -t,X;,y) _ 2ge?T ) h(T -t,X:,y)
h(T,x,y) ©e2a(T-t) _ 1 h(T,x,vy)

x <y —eT™X, — 5(a,T - t)2b>

o(2a,T)e® T 0(1/202aTP)S(T)? (6.2)
o(2a,T-1)°

x <y —eTX, — 5(a,T - t)2b>

y e—(l/Za(Za,T—t)z)\y—e“‘T")Xt—a(a,T—t)2b|2,

where

S(T) = y—x—o(a,T)z(ax+b)|. (6.3)

Fort e (0,T) and p > 1 we set

a
o= \/P(em ~1) - (p-1) (0 -1) [ota 1+ a) ~dl,
(64)

eZu(T—t) -1

0=\ sy Gy

for simplicity.
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Lemma 6.1. For any p > 1 one has

1 ) eZaT_l )
\/;|o(a,T) (b+ax)—d|g\/ . ﬂp(t)§|o(a,T) (b + ax) - d|,

(6.5)
1 [e2aT-H _q e2a(T-t) _ 1
I; e2aT _ 1 Sap(t) < e2al _1 7
forallt € [0,T].
Proof. The two inequalities follow from the fact that
eZaT -1
V@ o0
assumes its maximum 1 and minimum /1/p. O
Since
ﬂp (t) a 2
o~ Vamr |o(a,T) (b +ax)—d|,
(6.7)
2a(T=0 _ 1 By, (t)° a 2 2
= ,T) (b + -d|,
ST 1 gy (1) T -1 |0(a )"(b + ax)
so that
V(T =6 X0 y) _  0Qa,T) (@ur0-1) /@ -0) oy 0y 0 (Tt
h(T,x,y) o(2a,T - t)°
x (y -e*TIX, —o(a,T - t)2b> (6.8)
« e—(l/20(2u,T—t)2)|y—e“(r’”Xt—a(a,T—t)zblz/
which yield, together with (5.7), the following.
Lemma 6.2. One has
rTxy) o, J‘ T 2ae" T | T 10y 1))y 0y 0
h(T, X, y) 0 e2a(T-t) _ 1 | g2a(T-t) _ 1 (69)

x PX{U,C(X)K (1) )dt,
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where

Let

a(T-t) _
K(t) = <y—e“(T"t)Xt— R - 1b>

% e_(u/(EZa(Tft)_1))ly_ea(T—t)Xt_((eu(Tft)_1)/a)b|2 ’

J(p), = {B*(IKOF)

D(p), = Z(/I[Dx (cCr/CrDI P C () 7))

Lemma 6.3. Choose ¢ > 0 such that

Pexp <§sup |Wt|2> = < +oo.
[01]

Then for any T > 0 and A > 0, such that

one has

Proof. Let

Then

and therefore

4)LCO €2aT -1
eal a

<,
P* (eA o |C|2<x5>ds> <c Vi<T

Y, =X, —x—o(a,t)*(ax +b)
t
= I et qw,.
0
|CP*(Xs) < 4Co| X, — x*

2
<4Co|Ys + o(a,s)*(ax +b)

< 4Cyo(a, s)*|(ax + b)|* +4CCaY,[%,

P (exjg \C|2(X5)ds) < e4AC00(a,t)4|(ax+b)\thx <e4)lc0 [ |Y5|2ds>'

13

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)
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On the other hand

so that Mg = e”*Y; is a martingale with

S eZas -1

M) = —2urd —
(M), = [ = S

Thus M; is a time change of a standard Brownian motion, and
M = B(e2as_1/24),
for some standard Brownian motion (B;);. Since

1 e2 1
20Cp— ——— < ¢,
Oeat " 2g <6

so we have

t
Px{e4)LC0 J'é ea5|Ms|2ds} — ]P’exp <4)LC0 f % |B(e2“5—1)/2g |2d5>
0

(e2-1)/2a s )
=Pexp( 4\C f ———|B,|"ds
p< ’ 0 \/2a5+1| ol >

2
2at _
<Pexp <4)LCO$<Q - 1> sup
[

0((e1-1) /20)]

=Pexp| 4\C ! ezut_lsu |B,J*
B P Vet " 2g [0,1}]) °

Corollary 6.4. Forp > 1and T > 0 to be such that

16pCy 1 > -1
2p—1el  2a

<é

one has

]px{ ep/@p-1) fy \C|2<xs>ds} <c V<T.

|Bs|2>

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)
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In what follows, we always assume that T > 0 is chosen such that the condition (6.23)

is satisfied. Next we estimate D(p),, which is provided in the following.

Lemma 6.5. Let p > 1. Then
D(p), <C <0(2a, 12+ o(a,t)*(ax + b)2>,

where the positive constant Cy depends only on p, ¢, and Cy.

Proof. Let

F(t) = P¥ <e(2p/(2p—1))fl; |C|2(Xs)dS|C(Xt)|2P>'
Then, by the Holder inequality

F(t) =\/ et/ Gp0; \Cl2<Xs>dS)\/ <(lcxor)
< VG [P (JCxa*).

Next we estimate the expectation P*|C(X}) |*”. Since

C
ICXDI < P IXe -

< ColYil + Coo(a, T)?(ax +b)?,

so that
ICX)[P <297 1CF Y + 2% CF o (a, T) (ax + b)™.
On the other hand
PX|Y,[% = m f || exp <_0'(|ZZT|,2t)2>dZ
=0(2a,t)%,
so that

X/PrIC (X[ < 24 D/%Coo(2a,t)” + 24D/ Coo(a, t)* (ax + b).

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

O



16 International Journal of Mathematics and Mathematical Sciences

Lemma 6.6. Let T > 0 satisfy condition (6.23), x, y € R, and p > 1 and q > 1 such that (1/p) +
(1/q) =1. Then

T, x, 2a(T—t) _ £2
p(T,x,y) <1+exp<3 1 Pop(t) >

h(T,x,y) ~ e =1 g (t)? 632)

J‘T 2ae?(T-1) e2aT _q

o e2aT-H _ 1 | p2a(T-t) _ 1 D(P)J@P)t””'

Proof. Since
. t t
<ute—((q—1)/2) jo |C\2(X5)ds>q _ exp{f qC(Xs)dWs _ %qz J‘ |C|2 (Xs)ds} (633)
0 0

is a martingale under P*, so that
B (e DI (634)
By the Holder inequality we deduce that
IP*(UC(X)K(1))| < D(p),] (2p),- (6.35)

Equation (6.32), follows from the representation (6.9). O

Lemma 6.7. Let p > 1. Then

J(p), < V2 lay (1) /PPy

eZaT _ eZu(T—t) eZa(T—t) -1 (636)
x {/a 2a + a ﬂP (t) .

Proof. We have

PH{IK (B}

<

ea(T—t) -1 (637)

b

p
y - eI, - » e—(pa/(ewf>—1>>|y—e”<“>xt—<<ea<ff>—1>/a>b2}
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Under the probability P*,

t
7 = T <Xt —ety — e’ a_ 1 b)

t
([ eraw,
0

is a central normal distribution with variance

eZa(T—s) ds =

Jd eZaT _ e2a(T—t)
0 2a

Intermsof Z;and d =y — x

al _ P
¢ Ll an—d

Zt+

P{IK®)I"} SlP’x{

~(pa/ (TN -1))|Z;+((eT 1)/ a) (b+ax)—d|’
e

Making change of variable

2a
N = \l o2aT _ o2a(T—) Z.

Then, under P*, N has the standard normal distribution N (0, 1), so that

P
2aT 2a(T-t) aT
—e e
N +

e —
2a a

1(b+ax)—d

P*|IK(H) < ]P{

we—(pal (@ T-1) <<e2ﬂT—e2u<Tf>)/2u>N+<(eﬂT—1)/a><b+ax>—d|2}

.y

P
eZaT _ eZu(T—t) eaT
z+

-1
7 - (b+ax)-d

« o~ (Pa/ (@ T0-1)) | /(T —TD) /2a)2+((eT 1)/ a) (b+ax) ] ~(2/2) }dz.

17

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)



18 International Journal of Mathematics and Mathematical Sciences

Let us simplify the last integral. Indeed, set

\/PeZaT _ (p _ 1)e2a(T—t) -1
‘}’l =

e2a(T-t) _ 1 Z
eZaT _ eZu(T—t) eaT -1
Ei=2p 2 (D - 1) a (b+ax)-d (6.43)

a
x \/pe2aT —(p-1)eTH 1’

Then we rewrite the term appearing in the exponential in the last line of (6.42)

2

pa e2aT _ eZa(T—t) euT -1
= a7 7 z+ - (b+ax)-d
1/ pa el -1 ’ (6.44)
= —§<71 + 2Et71> © g2a(T-H) _ 1 < a (b+ax) - d>

2
1 2 1., pa e T -1
__E(q+Et) +§Et_eza(T—t)_1< p (b+ax)-d ),

together with

2
1, pa el -1
EEt T a1 < - b+ ax) - d>
(6.45)
pa e T -1 ?
= T~ (p - 1)1 < - (b+ax) - d>
the inequality (6.42) may be rewritten as follows:
1 _ 2aT _ (1, 1\p2a(T—t) _ aT _ _?
PXK (B < — e~(Pa/ (T ~(p-D)e2T-1)) (7 -1)/a) (b+ax)-d)
[K ()] o
P
2aT _ J2a(T-t) aT _ 1
XJ' e S T hrax)-d (6.46)
R 2a a

x e~ (1/DE) g7
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Making change of variable in the last integral

2aT _ _ 2a(T-t) _
_ _qpe = (p-1e 1
v—11+Et—\/ 2D ] z+E,,

so that
2a(T—t) 1
dz = \ e2aT — (p—1)e2eT) — 1dv
eZuT _ e2u(T—t) eaT -1 (€2a(T t) _ 1) (e2aT _ e2a(T t))
7 Z+ Z (b+ax)-d= \ 20 (pT — (p — Ty D — 1)

19

(6.47)

e2a(T-t) _ 1 el _1
+pe2“T—(p—1)e2“(T‘t)—1 - (b+ax)-4d ).

Thus (6.46) yields that

p+l
T—
prp < (Yt 2
- 2a pe2uT _ (p _ 1)e2a(T—t) -1

o~ (pa/ (pe - (p-1) *10-1))(((e"-1)/ a) (b+ax)~ -dy’ Qt/

where

Qi =

eZaT 2a(T-t)
R pe2aT _ (P _ 1)e2a(T—t) -1 z

\/Za(eza(T H-1)(((eT-1)/a)(b+ ax) - d) o (1/2)22

peZaT (P 1)e2a(T 1 \/T

dz

P

1 eZaT 2a(T-t)
<2 €p 2aT 2a(T-t)
pe*l — (p-1)exH -1

| V2T (@ 1) @)+ ax) - a) ’
o

eZaT <p 1)e2u (T-t) — 1

|z[Pe= (/22 4z,

gp:\/ﬁfﬂ{

(6.48)

(6.49)

(6.50)
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Therefore

e2a(T-t) _ 1 +/p 2 1/(2p)
< - -
](P)t = 2a pe2al — (P 1)e2a(T )1

x e*(a/(iﬂez“T*(P*l)ez“a’”*l))(((8”71)/a)(bmx)*d)2

2aT _ 2a(T—t) (6.51)
-1 €
X { V2 e \J pe2aT — (p—1)e2a— — 1
|| 2T el =)/ ran) -df |
eZaT (P 1)e2a(T t 1 eZaT (p 1)e2a (T-t) — 1
which is equivalent to the required inequality. O
Lemma 6.8. Let
2D 1 foy ()
H = 2p),. 52
(P)t exp( eaT_l azp(t)z ]( p)t (65 )
Then
P(T/ x, y) T 2ae?T-1) e2al _
M) <1t ], e\ s DEH ) (©53)

H (P)t < 2</ 22P—1a2p(t)1+(1/2p) e—(Zp—l)((e“T—eZW**))2/(e“(“)—1)(e2aT—1))pzp(t)2

p2a(T- t) p2a(T-1) _ | (6.54)
‘{/7 a ﬂZp(t) .

Proof. Indeed, by Lemma 6.7 we have

H(p), < %z‘pflazp(t)1+<1/2p>e—ﬂ%p+<<e2“<”>—1>/<e2“—1>><ﬂzp<t>2/azp<t>2>

o2a(T-1) Q2a(T-) _ 1 (6.55)
Vel S + —(0) -

On the other hand

_ﬂ . e2a(T—t) -1 ﬁZP (t)2 ~ ( B 1)[3 (t)Z 2aT _ e2a(T—t)
¥7 T 1 g, (1) p 2 e2al _1 ’
P

(6.56)
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thus

H(p)t < W“zp (t)1+(1/2]9)e(pfl)ﬂzp(t>2((e2aTieza(T—l))/(eZaTil))

Za(T t) 2a(T-t) _
{{/»\/ \/e a lﬂzp(t)}'

Let

B(p), = elP D7 (&= /(@ -1)

Za(T t) 2a(T—t) _
{(/»\/ \/e a lpZP(t)}-

Then (6.53) and (6.54) imply that

p(T,x,y) 1+ Y221 J‘ 2204
h(T,x,y) ~ (eZ“T—l)M” (e2a(T-1) — 1)1 (1/4p)

Lemma 6.9. One has

B(p), < elp D0 (=200 /(@7-1)

— p2a(T- t) e2a(T-H _ 1
g/E a1 S0

In particular

eZaT _ 1
B(p), < /&5\| —55— +S(T),

P(T X, ]/) Zp 22P

h(Tix,y) sh+ (e2aT — 1/4p {f/i + S(T)}

T 5 2 (T=1) p(p=1)fap (02 (T =20 / (4T 1))
X
4[0 (eZa(T—t) _ 1)1—(1/4?7)

Proof. Let

2ae? T

G(p)t - e2a(T-H) _ 1 eZa(T H _

W[X (t 1+(1/2P)

D(p),B(p),dt.

D(p),dt.

21

(6.57)

(6.58)

(6.59)

(6.60)

(6.61)

(6.62)
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Then
p(T,x,y) !
nTxy) <1 F), CPIDE)B(p)dt (6.63)
Since
2ae*T-1) v/
= p_l
G(p), (e2aT) _ 1)1—(1/4p) (o2 1)1/4p 2
1+(1/2p)
2aT _
x e -1 (6.64)
Zp(ezaT _ 1) _ (2P _ 1) (GZa(T—t) _ 1)
2ae®T-t) F/22p-1
<
- (EZa(T—t) _ 1)1*(1/4117) (ezaT _ 1)1/4;9 4
which implies the required estimate. O

By collecting all estimates we have established, we may obtain the following.

Proposition 6.10. There is a constant C, > 0 depending only on { and C4 such that

T
PLXY) 1, T oD/ @)y <% T (ax+ b)2>

h(T,x,y) ~
(6.65)
aT _ 2aTl _
€ - 1<%‘/e - 1+S(T)>,
where
T -1
S(T) = (b+ax)-(y-x)| (6.66)

Proof. Indeed

-1/4p
P(T/ X, y) (p-1 2aT _ 2 eZ”T -1 eZ“T -1
NI« p-D(a/(e-1SM)~( =~ T
T a ¥/ \| =5 +S(T)

T 2a(T-t) _ (1/4p)-1
% J‘ eu(T—t) <€—> (O'(Zal t)z + O‘(a, t)z(ax + b)2>dt
0

a
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2aT 2 e2“T -1 s eZaT -1
<1+ Celp~Da/ (e -1))S(T) — /ep 5 +S(T)

aT al _ T 2a(T—t) _ (1/4p)-1
X <e 1 + (ax + b)2> X uj‘ e <¥> dt.
2 a 0 a

(6.67)
While,
T a(T—t) (eZ“T—l)/Za 1 1
e
J T at = j 1-(1/4p) ds
0 ((e2aT-) — 1) /2q)' "1/ 0 s1-(/4) \/T 4 2gs
(6.68)
2aT 1/4p
< 4pelal” £ !
—_ Za 4
and it thus yields our key estimate (6.65). O
Similarly we have a lower bound
aTl
p(T,x,y) > 1 — CaeldTep-Di@/ @T-1)say (€ +1 + (ax +b)>
h(T,x,y) 2
(6.69)

eaT_l eZaT_l
x— (Vzp\/ F +S(T)>,

where C3 depends only on ¢ and C.

7. Proof of Theorem 3.1

We are now in a position to prove Theorem 3.1. We may assume that T = 1, so that 6(n) = 1/n.
Let x]’.’ (j =0,1,...,n) be discrete samplings with time scale 6 = 6(n) = 1/n on [0,1]. By our
assumptions, |x;’ - x;’_1|2 < Cé6(n), and |x7| < C for all pair (j,n) such that 0 < j <nand n > 1.
For simplicity we write x; for x7 if no confusion may arise.

In the proof below, we will use C; to denote nonnegative constants which may depend
on C, T(= 1) and the bounds of A’ and A” appearing in our diffusion model (1.3), but
independent of n.

Recall that hj(t, x, y) is the probability transition density function of the diffusion (3.3),
that is,

dX; = (b; + a;X;)dt + dW,, (7.1)

where

bi = A(x]-,l,G) - x,-,lA'(xj,l,G), a]' = A’(x,-,l,e). (72)
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According to (6.65) we have

6 x X N a;6
POx1,%) <1+ Cyeltle@a/e@ -5+ 1, (ajxj1 +bj)°
h;i (6, xj-1,x;)) 2

(7.3)
efj 16 1 e2aj,16 -1
-~ +S: ),
x aj <4</‘§ 2a]~_1 + ]>
where
e -1
Sj= (bj +ajxj1) — (xj — xj-1) (7.4)
Since a; and x; are bounded,
aixi_1+bi|= A(x~_1,9) §C4(1+ Xi1 )
a1+ = 1A Gt1,6)| < €1+ .
S C9/
so that
e%% — 1
Sj < ——=—Cob+ CVE < CoV&. (7.6)
j
Thus
-1)a; 1a
b Vg e DY,
e® -1 e™i® - (7.7)
e%% +1
5 + (ajx]-_l + b])z < C12-
Therefore
6,x.7 L Xi et 16 _ Za 16 _
—p< 1 ]) S1+C13 - (/E " 5 \/54-5
h;(6,xj1,xj) aj- 15 V200 (7.8)
<1+C14W6—1+C14 3/2,
where we have used (7.6). It follows that
O,xi_1,xX; n
hml—-[M < lim (1 + C143L/2>
6071 hj (6, xj-1, %)) ~n—e n (7.9)

=1.
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Similarly we have

PO

hm (7.10)
e L )
Therefore
L(x(,..., x}
fim L0070 %5) (7.11)
n—ooLy(xfy,...,x0%)
and the proof of Theorem 3.1 is complete.
8. The Euler-Maruyama Approximation
Recall that the Euler-Maruyama approximation to (1.3) is a Markov chain given by
X]' = X]',l + A(Q, Xj,1)6 + 57\/5, (81)

where {¢;} is an ii.d. random sequence, with standard normal N(0,1). The conditional
distribution of X; given X; 1 = x;; is Gaussian with mean x;1 + A(6,x;-1)6 and variance
6 so that the likelihood function is given as

- Xj-1— A(G,x-,1)6|2
Li(xo, ..., Xn - o 5)n/zH p{ B S _ (8.2)

Applying the representation formula (5.7) we have the following.

Proposition 8.1. It holds that

L(xO/‘..,Xn) _ as /Zﬁj ) ) j W, +a; —(Wota;)2/2(6-5)
Ll(xo,...,xn) a H<1 \fe 0 u](S)C]<X519> (6—5)3/28 i ds ),

j

(8.3)
where (W) 5 is the standard Brownian motion, Xé =xj1+Ajas+ W,
' (x (2
U;(t) = exp Uo ¢;(X1,0)aW, - 5 L |/ (Xs,e)ds], (8.4)
Aj=A(xj1,0), aj =1j16 — xj + xj_1, and
cj(z,0) = A(z,0) - A(xj-1,0). (8.5)

From which we may deduce the following estimate.
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Proposition 8.2. If A(x, 0) is bounded and Lipschitz continuous, uniformly in 0, then the maximum
likelihood function with discrete sampling is stable, in the sense that

H(l - C015e“/2'/26> < Lo, %) H(l + cozée“?/25), (8.6)
j

f _Ll(xo,...,xn)

for some constant Co1 and Copp, where aj = A(xj-1,0)0 — (xj — xj-1).

However, this estimate does not lead to the same result as for the local linear
approximation. It is not known (to our best knowledge) whether

lim L(xg,...,x;)

= 8.7
n—ooLy(xf,...,x%) 87

holds or not under similar conditions in Theorem 3.1.
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