Hindawi Publishing Corporation

International Journal of Mathematics and Mathematical Sciences
Volume 2012, Article ID 104592, 15 pages

doi:10.1155/2012 /104592

Research Article

On Double Summability of Double Conjugate
Fourier Series

H. K. Nigam and Kusum Sharma

Department of Mathematics, Faculty of Engineering and Technology, Mody Institute of Technology
and Science, Deemed University, Laxmangarh 332311, Sikar, Rajasthan, India

Correspondence should be addressed to Kusum Sharma, kusum31sharma@rediffmail.com
Received 20 January 2012; Accepted 1 March 2012

Academic Editor: Ram U. Verma

Copyright © 2012 H. K. Nigam and K. Sharma. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and

reproduction in any medium, provided the original work is properly cited.

For the first time, a theorem on double matrix summability of double conjugate Fourier series is
established.

1. Introduction
The Fourier series of f(x) is given by

f(x)~ % +i(an cos nx + by, sin nx). (1.1)

n=1

Conjugate to the series (1.1) is given by

Z(an cos nx — b, sinnx) (1.2)

n=1

and is known as conjugate Fourier series. It is well known that the corresponding conjugate
function of (1.2) is defined as

— L (T flx+t)- flx—t)
fx) = }fo Tand/2f (13)

Let f(x,y) is integrable (L) over the square Q(-ur,—or; o, or) and is periodic with
period 2o in each variable.
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The double Fourier series of a function f(x,y) which is analogue for two variables of
the series (1.1), is given by

[ele] [o'e]
flx,y) = Z Z)Lm,n [0 COS MX COS MY + Prn SIN X COS MY + Yy, COS MX SIN MY

m=0 n=0

+6ym, SIN Mx Sin 1y | (1.4)
= Z Z)Lm,nAm,n (x/ ]/)/
m=0 n=0
1
U = — I f (x,y) cos mx cos nydxdy (1.5)
Q

with three similar expressions for m,n = 0,1,2,... and for B,., Ymnand 6., where Q

represents the fundamental square (-, —r; T, 7).
One can associate three conjugate series to the double Fourier series (1.4) in the
following way:

[e'e] [ee]
Z Z)‘m/" [—ﬁm,n COS X COS MY + @y n SIN MX COS NY — Oy, COS MX SIN MY + Yy, SIN 111X SIN ny] ,

(1.6)

[ elee]
Z Z)Lm,n [—Ym,n COS 11X COS Y — Oy SIN MX COS MY + Ay 5, COS MX SIN 1Y + P, SIN X SIN ny] p

(1.7)

[ee] [ee]
Z Z [6m,n COS 11X COS MY — Yim,n SIN MX COS MY — Py, » COS MX SINNY + Ay, SIN X SIN ny] ,

(1.8)

where My =1, Lo =X =1/2, myn>1, Agp =1/4.

The conjugate functions 7(1) (x,v), 7(2) (x,y) and 7(3) (x,y) corresponding to (1.7), and
(1.8) are defined as

7 ) :_%K flx+sy) - flx-sy) ,

f 2tan(1/2)s S
—@) (T fy+t) - fxy-t)
foey)=-2 L San(i/2r O

- 1 (7 (T flx+s,y+t)—f(x—s,y+t)—f(x+s,y—t) - f(x-s,y—t)
f(xy) ‘PL L[ 2tan(1/2)s 2tan(1/2)t ]ds‘”‘
(1.9)

We will consider the symmetric square partial sum of series (1.8).
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Let T = (ay,;) and S = (b,x) be two infinite triangular matrices. Let 317 o 3770 Piun
be a double series with s, = 371 3§y pjk as its (m, n)th partial sums. The double matrix
mean t,, , is given by

m n
tm,n = Z Zam,jbn,ksj,k/ (110)

The double series X7 37> pm,n With the sequence of (m, n)th partial sums (s,,,) is
said to summable by double matrix summability method or summable (T, S) if t,,, tends to
alimitsasm — ocoandn — co.

The regularity conditions of double matrix summability means are given by

m n
ZZa by —1 asm— oo, n — oo,
=0 k=0

n
lrlnlfil kZ:;)|am,jbn,k| =0 foreachj=1,23,..., (1.11)

lrlrgll go|am,]~bn,k| =0 foreachk=1,23,...

We write

p(xy) =@ yst)=fx+s,y+t) - f(x—s,y+t) - f(x+s,y—t)+ f(x—s,y—t),
Xy
¥(x,y) = Jo fo lg(s,t)|ds dt,

¥y (x,t) = fo lg(s,t)|ds,

y
W, (s,y) = fo lr(s, )|,

= (7
= (S

1
= integral part of — e

m Cos(]+(1/2))s
Z sin(s/2) '

j=0

1

> integral part of >
— 1
Kon(s) = 5

cos(k+ (1/2))t
Ku(t) = kz: sin(t/2)

(1.12)

Important particular cases of the double matrix summability method are

(i) (C,1,1) summability mean ([1]) if a,,; = 1/(m + 1)for all m and b,x = (1/(n +
1)) for all n;
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(ii) (H,1,1) summability mean ([5]) if a;,j =1/(m—j+1)logmand byx =1/(n -k +
1) logn;

(iii) (N, pm, qn) summability mean ([2]) if @, = pm-j/ P and by x = qn-r/Qy, provided
Py = Z;'nzop]'#oand Qn = X0k #0.

Double matrix summability method (T, S) is assumed to be regular throughout this
paper.

2. Main Theorem

Rajagopal [1] previously proved a theorem on the Norlund summability of Fourier series.
Result of Rajagopal [1] contained various results due to Hardy [2], Hirokowa [3], Hirokowa
and Kayashima [4], Pati [5], Siddiqui [6], and Singh [7]. Thereafter Sharma [8] proved
a theorem dealing with the harmonic summability of double Fourier series. The result of
Sharma [8] is a generalization of the theorem due to Hille and Tamarkin [9] for double Fourier
series and also is analogous to the theorem of Chow [10] for summability (C,1,1) of the
double Fourier series. The theorem of Sharma [8] was generalized by Mishra [11] for double
Norlund summability. The result Mishra [11] was generalized by Okuyama and Miyamoto
[12]. But nothing seems to have been done so far to study double matrix summability of
conjugate Fourier series. Therefore, the purpose of this paper is to establish the following
theorem.

Theorem 2.1. Let (am,]-);.":0 and (by) o be two real nonnegative and nondecreasing sequences with
j <mand k < n, respectively.
Let T = (am,;) and S = (byx) be two infinite triangular matrices with

am,j 2 0/ am,j = O/ ] > ml
bn,k 2 0/ bn,k = Or k > nl

o T
Am,a = Zam,j; Bn,'r = an,k;
=0 k=0

Amm=1 Ym>0; By,=1 ¥n>0.

(2.1)

If the conditions

Xy
¥(x,y) = fo fo lg(s,t) |ds dt

(2.2)
—ol* . _Y
Eegtmt!

f:"”(x’”dt: ol si7m J

’[: w2(s,y)ds = O{

y (2.3)
x(1/y) }
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hold, then the double conjugate Fourier series (1.8) is double matrix (T,S) summable to, f(x,y),
where

- 1 z 1
foy) = _m,”() tan(1/2)s tan(1/2)tds dt 24

at every point where these integrals exist provided ¢(x) and y(y) are two positive monotonic
increasing functions of x and y such that {(m) — oo, as m — oo and y(n) — oo, as n — oo,

" Ams
f ~ds=0(1), m— oo,

! ns’ifst) (2.5)
L tX%dt =0(1), n— co.
3. Lemmas
Lemma 3.1. One has
Kom(s) =o<§) for0<s< % (3.1)

Proof. For 0 < s <1/m,sin(t/2) > t/xr and |cosmt| < 1,

m cos(j+(1/2))s
Zam’j sin(s/2)

_ 1
[Rnte)] <312

Jeos(j +(1/2))s]

1 m
sz{;oam,, |sin(s/2)| } (3.2)

T m
<— Am,j
- o(1>. 0
s
Lemma 3.2. One has
— 1 1

O

Proof. This can be proved similar to Lemma 3.1.

Lemma 3.3 (see [2]). If (am) is non-negative and non-decreasing with u, then, for 0 < a < b <
oo, 0< s <arandanym,

b
2 amm-ye "
p=a

=0(Amo)- (3.4)
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Lemma 3.4. If (b,,) is non-negative and non-decreasing with v, then, for0 < a<b< oo, 0 <t <o

and any n,

b

an n_vei(nfv)t

v=a

= O(Bn,T)-

Proof. This is similar to Lemma 3.3.

Lemma 3.5. One has

T Amo
Km(s)=O< > for0<l<s§Jr.
s m

Proof. Since 1/m < s < ar,sin(s/2) > s/,

.cos(j +(1/2))s

_ 1|
|Km(s)' “or ;am’] sin(s/2)

IA
&l

m
Zam m—j Re{ei(m—f+(1/2))s }
j=1

IN
&=

m . .
D amm-jRe el
j=1

£i(s/2) |

m
Re Zam,m_j elm=ps
j=1

&)=

O<Am,0')'
S

Lemma 3.6. One has

— B
K,(t) = o< > for 0 < 1, .
t n
Proof. It can be proved similar to Lemma 3.5 but using Lemma 3.4.

4, Proof of The Theorem

The (j, k)th partial sums 5;x(x, y) of the series (1.8) is given by

O<§> -O(Ams) by Lemma 3.3

Sik(oy) - fey) = 1

L (" cos(j+(1/2))s cos(k + (1/2))t
fo J‘o S ) sin(t/2)

(3.5)

(3.6)

(3.7)

(3.8)

(4.1)
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Then,
> X bu {54 (x ) - F(x) |
=0 k=0
1 (T G, cos(j+(1/2)s cos(k + (1/2))t
“wl ), P02 2t bk 72 sint/2) %
or

i (%, 1) — f(x, y) = .[.[o @ (5, ) Kpn(s) K, (t)ds dt

(L ) v

=1 +I2+I3+I4 (say).

We consider

1/m pl/n v 1/n 1/m v Ui _ _
I<f f f f f f f f >'¢<s,t>1<m<s>1<n<t>dsdt
0 0 1/mJ0 0 1/n 1/mJ1/n

=ha+ho+hs+ha (say),

where s <v, t < 77and (2.2) holds.
Now consider

1/m 1/n
I —f (s, DK (s) K, (t)ds dt

= ()U‘l/m Jl/n< ) < >q;(s,t)ds dt] by Lemma 3.1 and 3.2
1/m «1/n

= O(mn) lfo fo (s, t)ds dt]

-otms(2 1)

= O(mn)o{ by (2.2)

)
mng(m) x(n)

=o0(l), asm— oo, n — 0.

(4.2)

(4.3)

(4.4)

(4.5)
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Now,

15| gr fl/no|q;(s,t)||fm(s)||En(t)|dsdt
1/mJ0

1/n v
< fo |I<n<t>|dtf (s, ] 2

= {f:/n(%>dtf:/m|¢(5,t)l$ds} by Lemma 3.2 w6
= 0(n) U:/ Amf1/s g1 (v, t)dt] +O(mn) (A m) U:/ 1 <%,t>dt]
+0(n) U:m dtf:/m %(A Sl/s >| (s, t)|ds]

=hai+ha2+ Doz (say).

2 ds by Lemma 3.5

Then,
1/n 1/n
Lo +11.242=O(n)|: . ¢1(V,t)dt]+0(mn)[fo qf1<%,t>dt:|
_O(n)‘P<v,1>+O( n)‘P(% %) 4.7)
3 v 1/n 1/mn
=0mo( 5777 i) * O gt )
=o0(l), asm — oo, n — 0.
Next,
1/n v 1/n v
Hay=00) [ ar | wisn2lase o0 [ Car[ O (A
v /n
=O(n)U <1 wl(s,t)dt>%ds]
1/m 0
v 1/n 1d
+0O(n) I:L/m < . 11'1(3/15)> Sds (Am,[l/s])ds]
_ Y 1\ Am1/s] v 1d
mom | n(oq) e om [ Sg Auvds
_ v S . 1 Am,[l/s]
=0 | o7 )

+0n) me (s ﬁﬁé(’*“““l)%]
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[x(n)]Ul/,, sé(s) ] [ n)” v §(s)d (Ams)ds

‘O[m]"m“’[m] [Ama]

=0(l), asm-— oo, n — co.

(4.8)
Thus,
Li;=0(), asm— o0, n — oo. (4.9)
Similarly
Lis=0(1), asm— o0, n — 0. (4.10)
Now,

|Il.4|= [-[ j |lP‘( t)| m[l/s ) Ut]dtd]
1/mJ1/n
O[ n [1/11]Am [1/V]1P(v 71) mBn, 1/71]Am,mlp<1/m/7’l):|
B

Y/

n,[ v m,[1/s] annA 1/,,11’(’1) 1/”)
n -[1 (S n)d< s )ds v

v Am S
+mn BnnAmm‘P< 1 1> +an,nf ‘P(s l>i<¢>ds
m'n 1m ds s
A (7 d /By ¢ 1 >d /1
d Wi(s,t)— dt - mA . — dt
Ty 1/m 15 )dt< t ) ") 2( d < t )

v 1 Amy/s B,
1/mJ1/n ds S dt t

=ha1+has+has+haa+has+hae+ a7+ has+Lao (say).

(4.11)

Then,

Bn,[l/nJAm,[l/vl‘P(M) mBu1/y) Amm‘P(l/m,rz)]
1]

o Bu,11/n1 Am,[1/v] ‘o i
a(1/v)p(1/7) g mé(m) x(l/n)

_ | BriymAmpn/v 1
- O[é(l/v)x(l/n)] +O[B" Wil e(m x(l/n)

Lig1+ 1140 = O[

—_
S
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o(1) +o(1) [g(l_m)]

o(1), as m — oo, n — oo by the regularity of (T,S),

B v
Lz = _ el Y(s, )— (—Us] >ds
Tl 1/m

—Bn'[l/q] > J‘v s 1 (Am,[l/s] >
) d
O< 1 m\6(1/s)  x(1/n) s? °
Bnil/n])fv s 1 1d
’ 3 Am s d
e < m \$(1/s) x(1/n) sds( 11/5))ds
1/n Am,[1/5] Bu,11/m1 J“’ 1 4
(1/11> 1/m Sg(l/s)ds+o< (1/TZ)> 1/m §(1/5) s (Ami/s1)ds

n,[1/1 Ams B”«S/’l " -
<x<w>> e 55() *°<x<1/n>>fw i) ")
o(1),

— a[x:)) o G )t

as m — oo, 1 —> 0.

(4.12)
Thus, we get
Lisz=0(1), asm— oo, n — 0. (4.13)
Similarly
Lsa=0(1), asm-— o0, n— 0. (4.14)
Now,
11
Lias =mnB,,An m‘P(— —>
m’'n
_ o(man,n Am,m;> (4.15)
mné(m) y(n)

=o0(l), asm— oo, n — 0.
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Consider

v
Lise =nBy, ‘P<s, —> i < m /] )ds
1/m n/ds s
1

Y 1/51 v 1\1d
B v B ¥ —)-—(A
" n'nj1/m <S’ ) T dstm nnfl/m <S’n>5d5( mi1/5))ds

Ay ml/s]

"B fum <§(1/S) "X('Z)> s? (4.16)
v 1d
+ an,n Jl/m <§(1/S)nx(1/l) > sds ( m,[l/S])dS

) °<:f<n¥zn>> J :/m ngl[l//S dst O<x(1n)> f :/m §<1l/s> s (Amin/s1)ds

=o0(l), asm— oo, n — 0.

As similar to I 43,

Liazy=0(1), asm— oo, n— oo. (4.17)

As similar to I 4,

Liss =0(l), asm— oo, n— co. (4.18)

Now,

n Ampnss)\ 1 d B, /a ,
I Y(s,t d ——(Amn/s . 4 B, dtd
149= O[{fl/m o (s, )( 2 >+sds( 1/ ])} { P2 tdt( J[1/1] )} 5]

=T491+ 1402+ T1a93+ 1404 (say).

(4.19)

Then,

B
11491+11492—OU IP(S,t){M- n’[zl/t]}dtds]
1/mJ1/n s? t

v n Am s 1 d
f qr(s,t){ s[zl/ 1 (B, [m])}dtds]

1/mJ1/n t

v s t Am1/s] Bui/n
=0 . - ————dtd
Ul/mfl/no{ga/s) x(l/t)} 2 e 0

+0
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s T T s
ol [, s e
ol ). s Bt
| el
+0 U:v %ds JTM ﬁ % (Bn,[l/t])dt]

=0 +o | O G(Bun)at

=o0(l), asm— oo, 1 — 0.

(4.20)

Similarly,

Loz =0(1), asm-— oo, n— co. (4.21)

Now,

g
=
©
=
|
[r—

n
j Y(s t) ( 1/5])tdt(B 1/t)dtd5]

v 71 t 1d 1 d
=0 J‘l/m fl/n( ¢(1/s) : X(l/t))g%(Am’ 1/5])? : E(Bn,ll/t])dtds]
1
=0 f/m L/n<§(1/s) X(l/t))ds( m[ 1/s])dt(Bn,[1/t])dtdS] w22)

- L/m am i) Sf/nma( i) ]

- 1 d
=0 J‘ O(l)g(Am,[l/s])dS Il/n O(l)E(Bn,[l/t]>d:|

L) 1/m

=o0(l), asm— oo, n — 0.

Hence,

Lis=0(), asm— o0, n — co. (4.23)
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Therefore,
L =0(1), asm— o0, n— oo.

Now, 1/m <v <, 1/n <1 <, thus we obtain

v

T 1/n T
IMSIKMM%I s, 1) || K (8) |t + WMM%f
v 0 v 1/n

=131+ 13, (say).

Using Lemma 3.2 and Lemma 3.5, we have

T 1/n
13,1=f A’S""’dsf |(p(s,t)|—dt

v

JT 1/n
= O(n)f m’adsj lg(s, t)|dt
Y s 0

=0(n) Jj ¥, <s, %)ds
“(5)

=o0(l), asm— oo, n — co.

Using Lemma 3.5 and Lemma 3.6,

JT
A
13‘2 — O m,c

dsf lg(s, b)] nmdt]
1/

/.7
o[ (s
J,

=0

lgs (s, 1) || K (t)|dt

n n d /B,

D) [ weng (S
1/n 1/n dt
dS{qIZ(S % 1P2< i)an,n}]

13

(4.24)

(4.25)

(4.26)
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7 K d [ By
d P t)— . dt
4[1; ° 1/n 2(5, )dt< t ) ]

= O[ j‘l‘z(s, q)yds] +0O(n) U‘: Y, <s, %)ds]

7 1 d Bn,[T]
L ds 1/n1P2(S't)E<_t >dt]

=0(1) + o(1) + o(1) (similar to I 49)

+

+0

=o0(l), asm — oo, n — oo.

(4.27)
Hence,
I;=0(1), asm— o0, n — oo. (4.28)
Similarly,
I, =0(1), asm— o0, n— oo. (4.29)

By the regularity conditions of matrix method and Riemann-Lebesgue theorem,
I, =0(1), asm— o0, n — oo. (4.30)

Therefore,
tmn(x,y) = f(x,y) = 0(1) (4.31)

This completes the proof of the theorem.
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