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ABSTRACT. The multiple Hermite series in R" are investigated by the Riesz summability
method of order a > (n— 1)/2. More precisely, localization theorems for some classes of functions
are proved and sharp sufficient conditions are given. Thus the classical Szego results are extended
to the n—dimensional case. In particular, for these classes of functions the localization principle
and summability on the Lebesgue set are established.
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1 Statement of the main results

Let f be locally in L}*(R™),n > 2, and consider the multiple Hermite series
f@) ~ S hePR)  f= [ f@e By,

where Hi(y) = fIk, (1)...Hy, (¥n), k = (K1, ...,kn), k. > 0,4 = (y1,..,%n), is a product of the nor-
malized Hermitian polynomials. Here and later on y? stands for the scalar product (y,y) in R®
and for simplicity we shall write zy instead of (z,y). The corresponding spherical partial sum has
the form

Exf(y) = Y fede(v),

He<A

where py = 2|k| +n and ¢¢(z) = e"*"/2H,(z) are the eigenvalues and orthonormalized eigenfunc-
tions of the operator A = —A + z2 in L2(R™). Let

ESf(w) = 3 (1 - me/N)*fedr(y)

Be<A

be the corresponding Riesz means of order @ > 0.We shall prove the convergence

R B3 i) - [

- Ef(z)I“e()\,z,y)dz = o(1), (1.1)

as A — +00, locally uniformly with respect to y, where § > 0 and

A
Ie(hz,y) = [ (1= /N de(p,z,y) (L2)

is the Riesz kernel, under some conditions at infinity for the function f, including a system of
sharp sufficient conditions. Thus the classical Szego results [18] are extended to the n-dimensional
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case. In particular, for these classes of functions the localization principle and summability on the
Lebesgue set are established. For other results see, for example, [1]-(4], [6]-[8], [10]-[19] and the
bibliography in [15], [19]. Here
e\ 1,9) = D d(z)n(y)
Be<XA
is the spectral function of A.

In stating the main results we use the following notations. Let a(),z) be the characteristic
function of the set {z € R : 4 < 22 < A — A3} and b(), z) - the characteristic function of the
set {z € R™: |22 — A| < AY/3+¢} for some small € > 0 and large A > 0.

Theorem 1. If @ > (n—1)/2 and

S 8N )L = 22/ |2 f @) g = oA/~ (#)

b 2)If(@)lde = o(xe), (Hy)
then the convergence relation (1.1) is fulfilled.

Remark 1. The condition (H;) is exact. Namely, it is satisfied by the function f(z) =
|z, B > 0 for every § < 2a — n + 2, but not for 8 > 2a — n + 2. On the other hand, R$f(0) is
divergent if 2 2a —n+2,0> (n—1)/2.

For the functions which are differentiable at infinity we can improve the condition (H;).

Theorem 2 Let the function f be differentiable at infinity and satisfy for @ > (n — 1)/2 the
condition f(z) = O(|z|?) as |z| — oo for B < 2a —~n + 2 and

S @O 2)(1 = 2/ X) |22 f @)l dg = o(a2 D), (H)

Then the convergence relation (1.1) is valid.

Corollary 1. Let the function f be differentiable at infinity and f, Vf = O(|z|?) as |z| — oo,
where § < 2a —n + 2,a > (n — 1)/2. Then the relation (1.1) is true.

It is natural to "interpolate” between conditions (H;) and (H|) . Define

Wiz, f) = 3" supoen<ilf (e + H) - f(z + Hl,

=1
where H = (h,l, .oy hn), H, = (hl, .y h,,_.l, 0, h,+1, ey hn)
Theorem 3. Let the function f satisfy for @ > (n — 1)/2 the condition f(z) = O(|z|) as
|z] = oo for B < 20 —n + 2 and

[, 60 @) (1 = /) 4|2z, fde = ofxe/ D), (H)

Then the convergence relation (1.1) is fulfilled.

Remark 2. The conditions of theorem 3 are satisfied by the function f(z) = |z|?,8 > 0, if
B < 2a —n + 2, and they are not satisfied if § > 2a — n + 2. Therefore, according to remark 1,
theorem 3 provides a system of sharp sufficient conditions.

Corollary 2 (localization principle). Let y € R*, 6 > 0 be fixed. Then under the conditions
of theorems 1,2,3 respectively we have

E$f(y) — 0if f(z) =0for |z —y| < 6.

As a consequence of theorems 1,2,3,4 and corollary 4.16 [16] we obtain

Corollary 3. Under the conditions of theorems 1,2,3 respectively we have E¥ f(y) — f(y) on
the Lebesgue set of the function f.

The further organisation of the paper is as follows. The results about the asymptotics of
the Riesz kernels are formulated in section 2, while the proofs are given in sections 7-10. These
asymptotics are used to prove theorems 1-3 in sections 3-5 respectively. Finally, remark 1 is proved
in section 6.
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2 Asymptotics of Riesz kernels

Here we state the uniform asymptotics of the Riesz kernels which we need. Since
B3f(y) = [ I"e(\2,9)f(@)dz, a >0, @.1)

we have to find the asymptotics or bounds for the Riesz kernels I*e(), £, y) asA — oo, which must
be uniform with respect to the parameters r € R",y? < A. It is convenient to consider also the
functions

ea(\ z,y) = A°I%(\ 2,y), Ea(A z,9) = ea(A, VAz, V). (2.2)

Theorem 4. If 22 + y? < A and a > (n — 1)/2 then
II%e(A, z,y) — I%€°(\, 2,9)| < A D2G,(VAlz - o), (23)
where
Gals) = (1 +s)~ (/22 s >0 e°(\, 1,y) = (2#)‘"/ et=-vige
€25
and for dg = (21)""/22°T(a + 1),
1*(\,2,y) = A2 Fa(VAlz = y) , Fals) = das™* *Jnj24a(s).

Theorem 5. Let A/X <22 < 1-6, |y| < €|z| and @ > 0. Then for every small § > 0,¢ > 0
and A > 0 we have the uniform asymptotics

4
Eo(Xz,y) = A2 Y bi(A z,y, @)e?VE 4 2|72 04,

k=1
where
Ibkl < Clzl_(n+1)/2—a7 'vzbk' < clzl—-(n-&-l)/Z—a—l (24)
and
Ve = 1= 22 |Age* < (1 = 2%~ (2.5)

Theorem 6. There exist § > 0,€ > 0 such that the uniform asymptotics

00

Ea()‘v Z, y) = z(alk(’\a z, y)A—k_I/:’ + blk()‘v z, y)A—'k—2/3) (26)
k=0

holds if |72 — 1| < 8, |y| < €|z|, where
aye = (axe* + bre ) Ai(X¥°B), by = (cee™ + dre™*4) Ai' (A/°B)

and the functions A — ax, b, cx, dk, or their derivatives with respect to r are bounded. Here
Ai is the Airy function and the smooth functions A = A(z,y), B = B(z,y) have the following
properties: Re A =0, Im B = 0. Moreover, let z = |z|w and

a® = (1-9*)(1 - (wy))™" 2.7)

Then
B(z,y) < 0if z% < a?, (2.8)
B(z,y) ~ c(y,w)(z® — a?) as 22 — a2, c(y,w) > 0. (2.9)

From theorem 6, the asymptotics of the Airy function and (2.8),(2.9) it follows
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Corollary 4. There exists § > 0 such that
4
Ea(X,2,y) = X2 3 (ax(a® — )74 + be(a® — 2%)*) exp idii + (a® — 2%)'O(A7Y),
k=1

uniformly with respect to z,yif 1 —§ < 22 < 1— X "%/3+¢ 42 < A/2) where € > 0, A > 0 are fixed
The functions A — ax, bx and their derivatives over z are bounded and ¥ satisfy (2.5).
Theorem 7. Let 22 > 1 + 6,4% < €. Then we have the uniform estimate

lEa(A,.’l‘, y)l < 0(1’2 - 1)—1/4A~1/2 exp(—c&A(x2 - 1)1/2)7

where c is a positive constant.
As a consequence of theorems 6 and 7 it follows
Corollary 5. If 22 > X\ + M\1/3+¢ ¢ > 0, 42 < A, then

[I%e(\, 7, y)| < A" Y3exp (—eAV/3(22 /A — 1)V/2).

3 Proof of theorem 1
Let y2 < A/2,6 > 0,0 > (n— 1)/2,n > 2, According to (1.1) and (2.1)

@)= |

lz—yI>

Ef(:r)I"e(/\,z,y)d:r.
From theorem 4 and the asymptotics of the Bessel functions it follows
B3I = [, f@)Ie(\z,9)dz +o(1). (3.1
Therefore it is sufficient to prove the relations
Ki(\y) = /Rn a,(\, ) f(z)[%e(), z,y)dz = o(1), (3.2)

for 1 < j < 4,92 < A/2,a > (n—1)/2,n > 2, where a;(\, ) is the characteristic function
of the set {z € R* : A < 22 < M1 — 8)} , az(\ z)— the characteristic function of the set
{z € R*: (1 = 6)X < 22 < X = A\/3+} g4(\,z) = b()\,z) and ag(),x) is the characteristic
function of the set {z € R™ : 22 > X + AY/3*¢} for some small € > 0,6 > 0.

a. Estimate of K. It is not hard to see that theorem 5 implies the bound

|2€(3,2,)| < o1 = 2%/X)"Aja|~(+D/3-eyn-/iers (33)

if A<z?< (1-6)A\y? < A/2,a > 0. So the hypothesis (H;) gives (3.2) for K.

b. Estimate of K,. Now we can use corollary 4. Since a® — z2/X > (1 — z2/X)/2 for large A we
see that the estimate (3.3) is fulfilled if (1 — §)A < 22 < X — A/3+¢ 42 < A/2. Thus (H,) shows
(3.2) for K.

c. Estimate of K3. From theorem 6 and (H) we get (3.2) for K.

d. Estimate of K. Using corollary 5 we obtain

[I%e(\, z,y)| < A" Y3 exp(—cA/?) if 22 > A + A1/3+¢ (3.4)

[I%e(\, z,y)| < eA™* 3 exp(—c|z|/?) if z2 > A2 (3.5)

On the other hand (H,) gives [, |z|=N|f(z)|dz < oo for large N, so the last three estimates
and (H,) imply (3.2) for K4. Theorem 1 is proved.
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4 Proof of theorem 2

As in the proof of theorem 1 we have to estimate the integrals K,(),y) given by (3.2) for
y? < A/2. It is clear that the estimate (3.2) for K5 and K, are valid again. Thus it remains to
bound K and K. Consider also the integrals (j = 1,2) :

B,(\y) = X2 [ 0,0, vXe)f(Vz) Balh 2, y)de.

a. Estimate of K. According to theorem 5 we have the following asymptotics for a > 0

4
Ea(/\,:c,y) — /\—1/2 z bkeu\wk + 'Il_("+1)/2—aO(A_l),
k=1

uniformly in the domain {z,y € R*: A/A < 2% < 1 -6, y? < A/2)}, where b, satisfy (2.4).
Using the estimate f(z) = O(|z]?), 8 > 0 as |z| — oo, we obtain for & > (n —1)/2 :

4
Bi(\y) = X0/2a Y [ ey f(vAz)da+ (4.1)
k=1/R"

O(/\ﬁ/2+n/2—a—llog/\ + /\—1/2)‘

Let I()\) be the integral in (4.1) together with the factor A(*~1)/2-% We shall integrate by parts
using the operator L, where its transpose is given by 3 81| Vx| 28;,1 < j < n, and 9, = 8/0x,.
Taking into account (2.5) we get

1) = X 0/4e/2( [ oy (3, 2)lal~ "+ |V f(2)ldz + AV2B)+ (4.2)
R‘n
0()‘-1/2 +)‘;3/2+n/2—a—3/2)’

where

B= [ ahaal "+ f(z)ldz = (43)
-
O(Aﬁ/2+(n— 1)/4-a/2-1/2 log /\)

Since § < 2a + 2 —n, (4.1)-(4.3) and (H,) give K; = o(1).
b. Estimate of K,. Using corollary 4 and 1 — 24/) < a? < 1 for y2 < A/2) and large A we
obtain:

By(\,y) = A(n-D/2-e 24: /R" e*ray (N, VAz)ge f(VAz)dz+ (4.4)
k=1

O(,\/S/2+n/2-a—l log )\),

where gi = ax(\, 7,y)(a® — 22) V4 4 b (), 7, y)(a® — 2%)*/%. Integrating by parts as at the estimate
of K, and taking into account (2.5), (H,) we get

Ky = I+ O(\P/3n/2-a-1) 4 (1), (4.5)

where

I = / ag(/\,:v)(l - 5'32/)‘)_7/4|f(a:)[d:1: O(A-a—3/2)’
Rn
Since (1 - 2 /A)"¥4 < AY2 in the integral I and f(z) = O(|z|?) as |z| — oo we find
[ = O(N/#+n/2=2 Y og )). (4.6)

Hence (4.5), (4.6) imply K> = o(1) since § < 2a + 2 — n. Theorem 2 is proved.
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5 Proof of theorem 3

As in the proof of theorems 1 and 2 it is sufficient to estimate the integrals K, = K;(f),1 <
J < 4. For j = 3,4 we have the bound (3.2). Further let

5@ = [ [ 1@+ dh, fo(e) = @) - flz).
Then f,(z) = O(|z|?) as |z| — oo for 8 < 2a — n + 2 and
IVAi(z)| < w(z, f),|fo(z)] < w(z, f),

therefore fo satisfies (H;) and f; satisfies (H;). Evidently, K,(f) = K,(fo) + K,(f1),j = 1,2. As
in the proof of theorems 1 and 2 we obtain K;(f) = o(1),j = 1,2. Thus theorem 3 is proved.

6 Proof of remark 1

It is not hard to see that for & > (n—1)/2 remark 1 will follow from (1.1), theorem 4, corollary
4.16 [16] and the asymptotics

ESf(0) = A2 =1(g(X) + O(A7Y)) + O(AF/2), (6.1)
where f(z) = |z|%, @ > 0,6 > 0,n > 2 and a(}) = a,(A) + a_(X) + ao(N),

ax(A) =c Y (=) £ n/4 + kn|~* ' sin(Ar(k + 1/4) = (a + n/2)7/2),
k>1
ao(A) = ¢(m/4)~* Lsin(Ar/4 — (@ + n/2)7/2),
¢ being a positive constant.
To prove (6.1) we shall use the formula

ea(A,3,9) = Do+ 1)(2m)™* [ &V (p,7,9)Ha(A +n,p)dp, 6.2)

where S = (6 — i /2,6 + im/2),6 > 0,a > 0 and the function s — H,(s,p) is 2-periodic,

400
Ha(s,p) = Y e*(p+ikm)™ !, pe S,a >0
k=-00
For proving (6.2) we notice that p~®~!T'(ae + 1)V (p, z, y) is the Laplace transform of the function
A — eq(A, z,y), where -
Vip,z,y) = / e *de(), z,y), Rep > 0,
0

in particular, V(p+ikm,z,y) = e*V(p, z,y). Applying the inverse Laplace formula we get (6.2).
Since (see, for example, 18], [19])

2 4 2
— . -n/2 _.’L‘ + Yy Ty 6 3
V(p,z,y) = (27 sinh 2p) ™™ * exp ( 5 coth 2p + e 2p), (6.3)

we can write
E3f(0) = Tla+1)(2mi) A [ eHo (A + n,plu(p, 0)dp, (6.4

where
u(p,0) = (2m sinh 2p)'"/2/ |z|# exp (=212 coth 2p) dz, Rep > 0.
R'\
The integrand in (6.4) has singularities only at the points p = 0,%i7/2 and p = *in/4. To find
the asymptotics of the function (6.4) we shall apply the method of the stationary phase. Let
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1 = g1(p) + g2(p) + gs(p) for p € S, where g, € C* and supp g, C {p . |Imp| < w/4}, supp g2 C
{p:0 < [Imp| < m/2}, g3 being im—periodic function. Then

ESf(0) = Lis(A) + I2s(A) + Ias(N), (6.5)
L,s(\) = \"*T(a+ 1)(2mi) ™ [ e7Ha(A+n, p)u(p, 0)g,dp,
where 5} = S; = 5,53 = (6 +10,6 +1i7),g, € C°(S5,),5 = 1,2,3. In obtaining the third integral
we have used the periodicity of the integrand in (6.4). Since

u(p, 0) = cg(p~! sinh 2p)?/?(cosh 2p)~#/2~"/2ph/2

we have
Lis(2) = \~¢ Ap, —a—1+5/2 Ap,.B/2 )
15(X) (/Sle P (p)dp+/sle ?"*q2(p)dp), (6.6)

where g, € C§°(5)).
On the other hand, we obtain

Inp(3) = N2+8/2a [ 296)q(p, 0)dpdo + ¥O(A~) (6.7)

where g € C5°(S; x (0,00)),¢(p,0) = p — 27102 coth 2p. Here we have integrated by parts and
used the bound |3,¢] > ¢ > 0 for ¢ ~ 0 or ¢ ~ 0. Consequently (6.5)-(6.7) give

EXf(0) = I(X) + O(X#/2), (6.8)

where
I = )\"/2+ﬁ/2‘“/e’x"("”)q(t, o)dtdo, ¢(t,0) =t + 2 1o cot 2t,

q(t,0) = 272072 /T (n/2 — 1/2) Ha(X + n,1t)g2(it) (i sin 2t) 26" 1+ (o),

and g € C§°(0, c0).
Now the method of the stationary phase implies

I(X) = AM/2+8/2=a=1(g(}) 4+ O(A7Y)). (6.9)

Evidently (6.1) follows from (6.8), (6.9).

7 Proof of theorem 4

Starting with the formula (6.2) and having in mind the singularities at the points p = 0,p =
+im /2, we write

A z y) ZGJ >‘ T y’ 7 (71)

where
&0 2,9,8) = b [ €7V (p,7,9) HalA + . P)g, (P)d, (7.2

g, are C* functions, g,(p) +92(p) +93(p) = 1 forp € S, supp g; C {p € S : |[Imp| < €}, suppgs C
{p€ S:|Imp| > m/2—¢} for some small € > 0, and g; is im— periodic. Here b = I'(a + 1)(27i)~".
If 7 = 1 we shall use the representations:

V(pz,y) = a(p,z,y) [ exp (=& +ilz - y)§)de (2m)", Rep >0,
where a(0,z,y) = 1, p — a(p,z,y) is smooth for p € S and

/2 e P’'n*dn = 7T(a + 1)p >}, Rep > 0.
R
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Since
Ho(A+n,p) =p ! + ha(A + n,p) (7.3)

and h, has no singularities on S, we have

€1 (’\717 yyé) = ’\n/2+a+lll + /\n/212’ (74)
where
I = =iy / =822z (p, 2, y)g, (P> *dpdédn, (7.5)
SxR"xR?
b= [ 0w,z y)ho(r+ n,p)gy(p)dpe, (76)
X n

¢; = (2r)™" 77! and ¢, is a constant.

In both integrals I, I; we can suppose that the integration with respect to (£,7) or € is taken
over a ball, the rest being estimated with O(e®®** A=), ¢ > 0.

To represent e, we first use im— periodicity of the integrand in (7.2) and conclude that we can
suppose gz € C5°, suppgs C {p = 6+t : |t — n/2| < €}. The translation p — p + i7/2 finally
gives

ahz,y.6)=b [ T (ptin/2,2,y)Ha(r +n,p + im/2):(p)dp,
+1

where g2 € C§°, suppgs C {p=6+1it: |t| < e€}.
According to (6.3)

7% + y?

V(p+in/2,z,y) = (—27sinh 2p) ™% exp (—

whence
Vip+in/2,2,y) = b(p,c,y) [ exp(~Ep+ilz +y))dE, Rep >0
and b(0,z,y) = (21r)"™"2e~*"/2, Thus

a0z, ) = NV [ NIy p 7, y)apde, (r.7)

g2 = csb(p, 7, y) Ha(X + n, p + im/2)ga(p)e™™/

for some constant c;.

Analogously,

ea(hz,y,8) = X2 [ 20wty p, 7, y)dpde, (78)
SxR"

g3 = csa(p, z,y) Ha(X + n, p)g3(p).

Since the functions p — ¢, are C§° we can integrate by parts in the integrals e,,j = 2,3. So
the integration with respect to £ is over a ball, the rest being estimated with O(e=***1~>), ¢ > 0.
Now letting § — 0 in (7.1), (7.4)-(7.8) we obtain

3

ea(AT,9) = Y €i(A,7,y) + O(A™™), (7.9)
Jj=1

ey = AMFerL 4 2L, (7.10)

I = /R e & P audtdean, (7.11)

L= /R et (7.12)

where ¢; = (1=62=n)t+A"3(z—y)¢, ¢2 = (1-E)t+X"/*(z~y)€ and ¢ = c1a(it, z,y)g: (it)g (&, 7),
g being a cutoff function, and ¢; € C§°.



MULTIPLE HERMITE SERIES 69

Notice that e,(),z,y),j = 2,3 have the same form as A/2[,()\, z,y), therefore it suffices to
find the asymptotics of the integrals I,,j = 1,2.

To find the asymptotics of J; we use polar coordinates (£,1) = o(w,8),w € R", ¢ >0, w? +
6% = 1 and the equality

Lo €0 82d(0,0) = o(v 3z = y10) ™/ o o (VA2 ~ yl0),
¢ = (2m)™22%+ 17 (a 4 1). Therefore
I, = (\/XII - y,)—n/2—a /l;l/‘x’ 61,\(1—02)tan/2+a+1Jn/2+a(\/xlz _ le)thdU, (713)
0

where
t — g€ Cg° and ¢(0,1) = (2m)™™/2712¢* 1 (a + 1). (7.14)

Integrating by parts in the integral (7.13) with respect to ¢t when ¢ is close to zero, we can
suppose that g(t, o) has a compact support in R x (0, 00), the rest being estimated with O(A~>).
Let VX|z — y| > 1. Then we shall use the formula [20, p. 168].

njara(r) =172 f(r) + € f(r)), T >0 (7.15)

and the bound
|95 (VAlz - ylo)| < ck if VAlz —y| > 1, 0<a <o <b.

Consider the phase function ¥ :
W(t,o,z,y) = (1 — o)t + |z — y|A V20 (7.16)
The critical points (t,1) are nondegenerate and
a(t, 1) = g(0,1) + |z — ylO(A~/2). (7.17)
Hence the method of the stationary phase implies for vA|lz —y| > 1:
I = (Vg = y) ™2 (de X" Jnjzea(VAIZ = yl) + |z — 3] 20(A""14), (7.18)
where do = (27)""/22°T(a + 1).
Consider now the case v/A|z — y| < 1. Then we can write

I =/ /00 eX1-g(¢ 5, \)dtdo,
R Jo

g(t,o,)) =c ./‘.ﬂ+92—1 e"/x(’_y)“"'Ghd(w,G) o™ty (t, 0).

The method of the stationary phase shows that

L = me At / eVAE-vwglag(y, 6) + O(A~2),
w2+62=1

whence
I = do(VAlZ = 9)) ™2 Jpj24a(VAlZ — y[)A71 + O(X72) (7.19)
if Vlz -yl < 1.
On the other hand, in polar coordinates £ = ow,
I, = A ep\(l—a"’)tﬂﬁ(z—y)waan—1q2(t, o)dtdadw,

whence the stationary phase method gives
L =00™"). (7.20)

Thus (2.2), (7.9), (7.10), (7.18)-(7.20) imply (2.3) for a > (n — 1)/2. Theorem 4 is proved.
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8 Proof of theorem 5

Starting with (6.2),(6.3) we see that the phase function p — ¢(p, z,y), given by
é(p,z,y) = p— 27} (2* + y*) coth 2p + zy(sinh 2p) ~*, (8.1)

has the critical points p; = ity and p., where cos2ty = zy Fd and d? = (zy)? + 1 — 2% — 2
If z = y then p. = 0 and the integrand in (6.2) is not holomorphic function in a neighborhood
of the critical points. So we have to expand the singularities. Analogously to (7.1), (7.2) we can

write 3
oA, T,y) = ZE, Az,y,6

=1

where
= (2m) 'T(a + 1) /S eV (p, vz, V3y) Ha (X + n, p)g; (p)dp. (8.2)
Further,
2, .2 2
Vip,z,y) = 2n)™" «/R" exp (_a: ; y tanhp — %sinh 2p + i(x — y)&)dE,

and for Rep > 0, .
1 = cq(sinh 2p)>*+! /R , n* exp (— 5172 sinh 2p)dn.

Analogously to (7.3) we have
El(’\7 z,y, 5) ~ An/2+a+111 (/\7 z,Y, 5) + IZ(AY z,Y, 6)7 (83)

where now

L= f *1qdédndp, (8.4)

R"xR2xS

¢1=p—27(€ +7°)sinh2p - 27(2* + y*) tanh p + i(z — y)§,
= (p/ sinh 2p)~*"*g(&,m)n>*g:(p) and
L=x" [  gdedp, (8.5)
R"xS
¢ =p—271€%sinh 2p — 271(z% + y®) tanhp + i(z — Y)¢,
g2 = ho(X,p)g(€)g1(p) for some cutoff function g.

To represent E, we use the periodicity of the integrand in (6.2) and the formula

2
Vip+ ig—,x,y) = a(p)/l; exp(—%tanh?p-{— zytanh +zrytanhp + i(z + y)€)dE.

where a(p) = (42 cosh 2p) /2. Thus
~ A/ i 8.6
By(\w,y,8) ~ X2 [ e dedp, (86)
¥ =p— 2" tanh 2p + zy tanhp + i(z + y)¢,
q = (cosh2p) 2 Ha(A + 1, p + im/2)g(€)g2(p + i /2)e”™/2.
Therefore letting § — 0 we obtain from (8.3)-(8.6)

Ea()\vrv y) = ZEj(/\,I,y) + O(’\_w)) (87)

where
E1 — An/2+°+111 + An/212’ (88)
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the integrals I, being given by (7.11), (7.12), but now
¢1 =t =271 +n?)sin2t — 271(z? + y?) tant + (z — y)¢,
¢ =t —271¢%sin2t — 271(2? + y?) tant + (z — y)¢,

g = (t/sin2t)"*"1g(&,mn**91(it), g2 = (cos 2t)™2hq(A, it)g(€) gy (it).

Further, E, is analogous to I, and
E; = /Re"\‘”qut, @3 =t +271(z? + y?) cot 2t — zy(sin 2t) 7,

@ = (27) ' (@ + 1)(2misin 2t) "2 H, (A + n,it)ga(it).

To find the uniform asymptotics of the integrals E, in the domain {r,y € R" : 4/) < 7% <
1 -6, |y| < €|z|} we shall apply the method of the stationary phase.
a. Asymptotics of I;. Analogously to (7.13) we have

I = (e = yl) /2 [ [T edegn/zteriy, o (e - ylog(t, 0)dtdo,

where Yo =t — 2 10%sin 2t — 271 (22 + y?) tant, g € C°(R x (0, 00)). Here we have integrated by
parts using the estimate |8;%),] > ¢ > 0 if o is close to zero.
-1/2

Since |z — y| > clz| > cA we have for s = A|z — y|o

2
Inj2+als) = Z s7Y2 k¢ cos(s + be) + |z| "2 O(A72),
k=0

where by is a constant. Therefore

2
I = Z(/\I‘T - yl)—(n+l)/2—a—kMk + (,\'1;|)'('""'1)/2—(:IzO()\—3/2)7

k=0

where o
My = /R /0 eMgmiD/2reke, (¢, 0)dtdo, g € CF,

Y=t—2"'o%sin2t ~ 27} (2% + y*) tant + |z — ylo.
The critical points (t,,0,) of ¢ satisfy
cos2t, = zy + (=1)71d (j = 1,2), t3 = —ty, ta = —t3, 0jsih 2, = |z — Y|,
where d? = (zy)? + 1 — 2% — 2. Since 22 < 1 —§, |y| < €|z| for small § > 0,¢ > 0 and the support

of t — gx(t, o) is small enough, we have d > ¢ > 0, det ¥" = +4d for the Hessian 9" in the critical
points. Therefore the critical points are nondegenerate. Thus the stationary phase method implies

4
Il — /\—(n+l)/2-ck—l z el/\‘l[}, b]gl (‘I:tj) + (’\III)—(n+1)/2_aO(’\_3/2) (89)
i=1

and b,, 1, have the properties (2.4), (2.5) respectively.
b. Asymptotics of I. In polar coordinates £ = ow, 0 > 0 we have

1=//°°/ M(t, 0)dtdodw, g € C,
2= L |w|=le q(t, o)dtdo g€y

¥ =t—2"10%sin2t — 27} (z? + y?) tant + (z — y)wo.

Since the support of ¢ — g¢(t,o) is small, the critical points (t,0) of ¢ are nondegenerate if
12 < 1-6, |y| < €|z| for small § > 0,e > 0. Hence for large M,

L=Y" ,\"‘/ e ay,(\ 7, y,w)dw + O(AM™1),

lwi=1
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where 1 <k < M, 1<j <4and ¢, = (z — y)wa,(z,y, w), a,(z,7,w) = (1 — 22)V2.
Since Alz — y| > ¢V/X the method of the stationary phase gives

4
I = XN e Mp g, (i) + 2]~ D20 (A (3/2), (8.10)
1=1

Notice that F; has the same asymptotics (8.10), where g; is replaced by g..

c. Asymptotics of E3. The critical points t, of the phase function ¢; satisfy cos2t, = zy +
(=1)*'d and ¢4(t,,z,y) = (—1)"*'4d(sin2t,)"!, 1 < j < 4. Therefore the stationary phase
method implies

4
E3 = X723 be™rga(it,) + O(A7/?). (8.11)

J=1

Evidently, theorem 5 follows from (8.7)-(8.11).

9 Proof of theorem 6
Starting with (6.2), (2.2), we can write
E.(\ = 2 qd .
(A z,y) /se qdp, (9.1)
where the function ¢ is given by (8.1) and
q(p) = (e + 1)(2mi) (27 sinh 2p) ™2 Ho (A + n, p).

Now the problem is to find the uniform asymptotics of the integral (9.1) as A — oo. The critical
points of the phase function p — ¢(p,z,y) satisfy the relation cosh2p = zy + d, where d% =
(zy)® + 1 — 22 — 4% Let £ = rw, |w| = 1. Then the critical points degenerate if 7 = a, where
a = a(y,w) is given by (2.7). We have two degenerate critical points: pp and po, where py = ity
and cos2ty = awy, to > 0. In particular, ¢y < 7/2 if |y| is sufficiently small. Thus if |12 — 1| <
6, |y| < €|z| for some small § > 0, e > 0 there are only four critical points p., f+, where

py =ity, cos2ty =zy+d, 0 <ty <m/2if 22 < a?,

ps = £6 + it, cosh26 cos2t = zy, 0 < t < 7/2if % > a?,

and 2cos? 2t = 22 + ¢ — ((z% + y?)% — 4(zy)?) /2

Near these critical points the integrand in (9.1) is a holomorphic function and 8°¢/8p® =
bi(y,w), 8%¢/8pdr = —be(y,w) for p = po or p = Py, where by (0,w) = 8, bz(0,w) = 2. Therefore
we can apply Lemma 2.3 in [5], p.343 and conclude that there exists a holomorphic change of
variables p = p(z,z,y), defined in a neighborhood of the points z = 0, r = a such that

¢(p(z,z,y),7,y) = A(z,y) — B(z,y) z + 2°/3, p(0,aw,y) = po, (9.2)

for every fixed w,y. In addition, the coeflicients A, B are given by

A= %(d}(p.'.,l‘, y) + ¢-)I) y))’

8= C6pn2.9) - 91,97,

and p(+VB, z,y) = ps.
To use this change of variables in the integral (9.1), we notice first that

Ea(\2,9) ~ [ edp, L= LU Ly, 93)
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where L, is the segment (6+%(to—26, 6+i(to+26)) and Lo— the segment (§—i(to+26), 6+i(—to+26))
for 6 > 0 small enough. The equivalence relation "a(), z,y) ~ b(\, z,y)” here means that a — b =
O(e™*),c > 0. Indeed, it is sufficient to notice the bound Re¢(p,z,y) < —c < 0for p € S\ L,
which follows from the definition (8.1) if § > 0 is small enough.

Now (9.1)-(9.3) yield

2
E.(\z,y) ~ Ze’\AJ/L HCBHE g (2 N)dz, (9.4)
=1 ?

where A; = A, Az = A, qi(2,)) = q(p(z,7,y)) Op/02, ¢(z,)) = q((Z,z,y)) x 85/dz, Ly, being
the image of the segment L,. Notice that L;; C {z : Rez > 0} and that the end points a,,b, of
L, satisfy arga, € (—7/2,—7/6),
argb, € (m/6,7/2).

Using the Weierstrass preparation theorem [9]:

q,(z, A) = T+ T2+ (22 - B)qu(z>’\)
and the following representation of the Airy function
Ai(s) = (2mi)"! / e+ B4y M = M, U M,,
M

M;: z=re® r € (+00,0), 0 € (=7/2,—7/6), My : z =re¥, r € (0,4+0c0), § € (1/6,7/2), in
the integral (9.4), we obtain the uniform asymptotics (2.6), the rest being estimated as in [5], p.
348.

10 Proof of theorem 7

Now we use the formula (6.2) with § = 6(z,y) > O such that 2cosh® 26 = z? + y? +
((z + y?)? — 4(zy)?)Y/2. The critical points p(z,y) = § + it and p(z,y) are nondegenerate and
Re¢(p,z,y) < Red(p(z,y),7,y)if 0 < Imp < /2, p # p(z,y); Red(p,z,y) < Reg(p(z,y),2,y)
if —=m/2 < Imp < 0, p # p(z,y). In addition, 8%¢/0p*(p(z,y),,y) = 4d/sinh 2p(z,y) and
Red(p(z,y),z,y) = 27 (arcoshB — B+/B% — 1), B = cosh 26. Since 32— 1 > c(z?> — 1), ¢ > 0 and
Bv/B% —1— arcoshB > vv/B% — 1 if B2 —1 > +, for some 0 < 7y < 1, one obtains theorem 7 by the
saddle-point method.

Acknowledgement. The authors would like to thank the referee for various suggestions which

improved the paper.

REFERENCES

(1) ASKEY, R. and WAINGER, S., Means convergence of expansions in Laguerre and Hermite
series, Amer. J. Math., 87 (1965), 695-708.

[2] BERARD, P. H., Riesz means on Riemannian manifolds, Proc. Symp. Pure Math., 36
(1980), 1-12.

[3] CHRIST, F. M., C. D. Sogge, The weak type L' convergence of eigenfunction expansions
for pseudodifferential operators, Invent. Math., 94 (1988), 421-453.

[4) COLZANI, L. and TRAVAGLINI, G., Estimates for Riesz kernels of eigenfunction expansions
of elliptic differential operators on compact manifolds, J. Funct. Anal., 96 (1991), 1-30.

[5] FEDORJUK, M., Method Perevala, Nauka, Moscow, 1977.



74 G. E. KARADZHOV AND E. E. EL-ADAD

[6] GURARIE, D., Kernels of elliptic operators: bounds and summability, J. Differential Equa-
tions, 55 (1984), 1-29.

(7] HORMANDER, L., On the Riesz means of spectral functions and eigenfunction expansions
for elliptic differential operators, in Some Recent Advances in the Basic Sciences. 155-202,
Yeshiva University, New York, 1966.

8] HOI;I\/%ANDER, L., The spectral function of an elliptic operator, Acta Math.. 121 (1968),
193-218.

[9) HORMANDER, L., The Analysis of Linear Partial Differential Operators I, Springer. New
York, 1983.

[10] KARADZHOV, G. E., Equiconvergence theorems for Laguerre series, Banach Center Publ..
27 (1992), 207-220.

[11] KON, M,, RAPHAEL, L. and YOUNG, J., Kernels and equisummation properties of uni-
formly elliptic operators, J. Differential Equations, 67 (1987), 256-268.

[12] KON, M., Summation and spectral theory of eigenfunction expansions, in Discourses n
Math. and its apphcations, 1 (1991), Dept. of Math., Texas AM University, College Station,
49-76.

[13] MUCKENHOUPT, B., Mean convergence of Hermite and Laguerre series, Trans. Amer.
Math. Soc., 147 (1970), 419-460.

[14] POIANI, E. L., Mean Cesaro summability of Laguerre and Hermite series, Trans. Amer.
Math. Soc., 173 (1972), 1-31.

[15] SOGGE, C. D., Fourier integrals in classical analysis, Cambridge Tracts w Math., 105,
Cambridge Univ. Press, 1993.

[16] STEIN, E. M. and WEISS, G., Introduction to Fourier Analysis on Euclidean Spaces, Prince-
ton Univ. Press, 1971.

[17] STRICHARTZ, R., Harmonic analysis as spectral theory of Laplacians, J. Funct. Anal., 87
(1989), 51-148.

(18] SZEGO, G., Orthogonal polynomials, Amer. Math. Soc. Collog. Publ., Vol. 23, Amer.
Math. Soc., Providence, RI, 1959.

[19] THANGAVELU, S. , Lectures on Hermite and Laguerre expansions, Math. Notes, 42,
Princeton Univ. Press, 1993.

[20] WATSON, G., A Treatise on the Theory of Bessel Functions, Cambridge Univ. Press, 1966.



