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ABSTRACT. The generalized nearly concentric Korteweg-de Vries equation [u+u/(2nHu"ugtugeel,
+ ugg/m* = 0 is considered. The author converts the equation into the power Kadomtsev-Petviashvili
equation [u; + u"Uz + Uggg]z + Uy, = 0.  Solitary wave solutions and cnoidal wave solutions are
obtained The cnoidal wave solutions are shown to be representable as infinite sums of solitons by using
Fourier series expansions and Poisson's summation formula
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1. INTRODUCTION
The concentric Korteweg-de Vries equation (also called cylindrical Korteweg-de Vries equation),

up +u/(2n) + uug +uge =0, (OW))]

was first derived by Maxon and Viecelli in 1974 from the study of propagation of radically ingoing
acoustic waves in cylindrical geometry [1]. In the equation, u =u(¢,n),n = €/?wt, and
&= — €'2(r/Ap +w,t), where ¢ is the expansion parameter, Ap the Debye length, w, the ion plasma
frequency, r the radial distance, and ¢ the time.

As the one-dimensional Korteweg-de Vries equation (KdV equation for short) can be extended to
the two-dimensional KdV equation, so the concentric KdV equation can be generalized to some higher
dimensional equations. Considering the nearly straight wave propagation which varies in a very small
angular region, Johnson derived the following nearly concentric KdV equation which is one of the
generalized equations from Eq. (1.1)

[un +u/(2n) +uu5+u§5¢]§+u”/n2 =0, (12)
where u = u(n, £, 0) and 8 is the angular variable which varies in a small region [2,3].
In this paper, the author considers the power nearly concentric KdV equation of the form
[ug +u/(2n) + v u¢ +“5¢5]5+‘“09/772 =0, (1.3)
where n is a positive integer. Eq. (1.3) is converted to the power Kadomtsev-Petviashvili equation (KP

equation for short). Chen and Wen's method [4] is applied to the power KP equation to obtain ordinary
differential equations  The solitary wave solutions and cnoidal wave solutions can be expressed as sums



184 YUNKAI CHEN

of infinite number of solitons by using Fourier series expansions and Poisson's summation formula. The
author has also established a criterion for the existence of a single soliton solution, it is C > 0, where
= (aw — b?)/a? (see Section 3).
2. FORMULATION OF THE PROBLEM
We start from the power nearly concentric K4V equation

(g +u/(2n) + u"ug + uggel +uos/m" =0, @1

where n is a positive integer. Eq. (2.1) reduces to the usual nearly concentric KdV equation whenn =1
Considering that Eq. (2.1) is more analogous to the two-dimensional case and motivated by the results
obtained by Chen and Wen [5] and Johnson [2,3,6], the author introduces the transformations 7 = ¢,
€ =z +1y%/(4t), and = y/t. One can argue that since tan § = y/z and 8 is the variable in a very small
angular sector, 6 can be used to approximate y/z. Thus when x and ¢ are large and of the same order, it
seems to be reasonable to assume § = y/t. Therefore, u(¢,n,0) = u(z,y,t), and

¥
Ute = Ung = g Uets (u'us), = (uug),
ra 1 1
Uggrz = Ugeee, Uy = 41’2 Uge + “E += ,72

Hence Eq. (2.1) can be converted to the power KP equation
['U't + unuz + u:zz]z + Uyy = 0’ (2 2)

where n is a positive integer [7].

We now look for the real-valued traveling wave solution of the form U(z) = u(z,y,t) with
z = az + by — wt, where a, b, and w are real constants. Without loss of generality we assume a > 0.
Substitution into Eq. (2.2) yields the fourth order nonlinear ordinary differential equation of U

— (aw = B} U" + 2 (UU") +a'UW = 0. (23)
Integrating Eq. (2.3) twice with respect to = yields the second order equation:

— (aw bz)U+ —— U"+1+a‘U"—Az+Ba 249

where A and B are integration constants.

3. SOLITARY WAVE SOLUTIONS

For the existence of solitary wave solution, we impose the boundary conditions U, U’, U”,U" — 0
when 2z — £ 0o. These conditions imply A = B = 0 in Eq. (2.4). Using the fact U"” = d(U")?/(2dU),
we can obtain from Eq. (2.4)

1. 1 _,
—U’=§U[

2

¢ v } G.1)

2 (n+)(n+2))
where C = (aw — b%)/a?. It can be verified that when C < 0, solutions to Eq. (3.1) exist only when n is

odd and these solutions are unbounded. Therefore, they are not of much physical interest. Eq. (3.1) has
nontrivial solitary wave solution when C' > 0, and the solitary wave solution is

U(z)={6'(Ll)(niZ_ h2("\/_(z_ ))} , (.2)

2

where 7 is an integration constant Since sech?X = 1/cosh?X = 4/(eX + e~X)?, the solitary wave
described by the solution decays exponentially for z — =+ oo Furthermore, we note that C > 0 gives a
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condition under which a nontrivial solitary wave solution exists. This condition indicates a relationship
that must be satisfied by the three constants a, b, and w, namely, aw > b?>. On the other hand, if
aw < b2, either no real solution exists or the solutions are unbounded.

4. CNOIDAL WAVE SOLUTIONWHEN# =1

For the existence of bounded solutions we assume A = 0, and hence when n = 1 we obtain from
Eq (24)

2_ 1 s 2 =1
U -w( U® +3CU +GBU+D)_3a2 FU), @@n

where C = (aw —b%)/a®, D is an integration constant, and F(U) is the cubic function
- U3 +3CU?+6BU + D.

For the existence of periodic traveling wave solution, the cubic function F(U) in the right-hand side
of Eq. (4 1) plays an important role. It is shown in Reference [4] that a cnoidal wave solution exists
only if F(U) has three distinct real simple zeros Uj, U, and Us such that Uz < U, < U; and
Uy < U(2) < U; In this case, we can write Eq. (4.1) as the following by separating variables

U qu

1
\/ga(zl_z)= v VFU)
b au

"l VO -0)U-0,)(U -Us)’

42

where 2, is a value at which U(2;) = U;. The period T in z is given by

U dUu
T= zﬁ“/u, JO 0T -0 05 “3)

Eq (4.2) can also be expressed in terms of elliptic and trigonometric functions as

= —=——sn"I(sing, k) = 2

1 2
E (Zl - 2) m \/ﬁ F(d” k),

where ¢ = sin™!\/([U; — U)/(U; - Uy), k* = (Uy — U)/(Uy — Us), and F(¢,k) = sn™'(sing, k) is
the normal elliptic integral of the first kind with modulus k [8].
Denote F(¢, k) by v, we then have

1
v=2—J—3—;le—U3(21—Z),

44

sn(v, k) =sing = /(U - U)/(Ur - Uy),
and hence the cnoidal wave solution is obtained

U(z) = Uy — (U — Up)sn®(v, k)
= Uy + (U — Up)en?(v, k)
=Us + (Uy — Us)dn®(v, k)

=Us + (U; —U3)dn2(2\/1§a VU, - Us (z—zl),k), 45)

where cn(v, k) = cos ¢ and dn(v,) = /1 — k?sin¢.

It should be noted that for the existence of cnoidal wave solution there is no restriction on C which
can be positive, zero or negative as long as C = } (Uy + Uz + Us).

Using the Fourier series expansion of dn?(v, k) [9] and the Poisson's summation formula [10], we
have
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E ™ & T
dnz(v, k’) = E - W + m z sech2 [ﬁ (‘U bt 2mK)], (46)

m=-00

where K = fo" 2 df/+/1 — k2sin26 is the complete elliptic integral of the first kind with modulus k;
K = 0"/ 2 df//1 - k/?sin2@ is the complete elliptic integral of the first kind with modulus
K=+v1-k?and E= [ 2 \/1 = k2sin?6 d6 is the complete elliptic integral of the second kind with

modulus k. Therefore, the cnoidal wave solution U (2) in Eq. (4.5) can be expressed as

U)=P+Q i sech’R(z — 2, + mT), @7

m=—00

where

P=Us+ (- 0|5 - 5

T 2KK'
2
Q=U-Us) K7
T= _4_2_}:*(,7/2, k) = M,
VUL = Us VUL = Us
- K
T 2K'T’

In Eq. (4.7), U is clearly a periodic function of 2 with period T, and each term in the infinite series is a
soliton. This gives a representation of a periodic function by an infinite number of solitons.
It should be mentioned that

en(v, k) = cosv + k2[v — (sinv)(cosv)](sinv)/4
when k < 1 [8]. Thus under the limiting case of k — 0%, ie. U; — Uz, we have
U(z) = Uy + (Uy — Uy)cos®v
=U; + % Uy — U3)(1 + cos2v), when U; — Us.

And hence
U(z) = Ap + BycosCp(z — 21), when U; — Up,

where Ag=Us, By=(U; — U,)/2, and Cy = /U1 —Us/(\/3a). The function Ag+ By cos Co(z—21)
is a solution for infinitesimal waves.
Under the limiting case k — 17, i.e. Uy — Us, since cn(v, k) = sechv, we shall obtain
U(2) = Up + (U; — Uz) sech®
=A1+B; sech2 Cl(z - 21), when U, — Us,

where A, = Up, By = U — Uy, and C; = /T; - Us/(2/3a).

5. CNOIDAL WAVE SOLUTION WHEN n = 2
When n = 2 we assume A = 0 and obtain Eq. (2.4)

12 L 74 2 = L
U” = 70 (-U*+6CU* +12BU + D) = 62 F(U), ;.1)
where D is an integration constant.
Suppose that we choose the constants B, C, and D so that the function F(U) in the right-hand side
of Eq. (5.1) has four distinct simple real zeros Uy > Uy > Uz > Uy with Uy = — Uy, Uz = — Uy, and
U, < U < U;. From Eq. (5.1) we can derive the cnoidal wave solution
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1/2

U(z) = [Uf - (U} - U3)sn® (v, k)]
[U2 + (U2 - U)en? (v, k)] /2

= Uydn(v, k)

=U1dn<\;%a(z—zl),k>, (52

where U(z) = U, v= — (U1/(v/6a)) (2~ ), and k? = (U? -~ UZ)/UZ. This solution is a
periodic function with the period T in z given by

T =2v/6a ’ au . (5.3)
wn V(U - U (U2 -U5) '

I

Using the Fourier series expansion of dn(v, k) and the Poisson's summation formula we can express
the cnoidal wave solution as

o
U(z)=Q Y sechR(z -z +mT), (54)
m=-00
where Q = Uyn/(2K'), T =24/6aK/U;, and R = K7 /(K'T) K and K’ are defined following Eq.
(4.6).
There are also two limiting cases of k for the cnoidal wave solution given in Eq (5.2) When
k — 0%, ie. U; — U, we have

U(z) = As + BycosCy(2z — 21),

where Ay = Uy, By = (U — U2)/(4U,), and C; = 2U,/(v/64a).
When k — 17, i.e U; — 0, we have

U(z) =~ U sechC3(z — 21),

where C3 = U;/(1/64)

It should be mentioned that we can also obtain the cnoidal solution for Eq. (2.4) when n = 4 [7].
However the author has not been able to establish the conjecture that the cnoidal solution can also be
represented by an infinite sum of solitons
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