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ABSTRACT. Let X be an arbitrary set and £ a lattice of subsets of X such that §, X € £. A(L) is the
algebra generated by £ and I(L) consists of all zero-one valued finitely additive measures on A(L)

Various subsets of I(L) are considered and certain lattices are investigated as well as the topology of
closed sets generated by them. The lattices are investigated for normality, regularity, repleteness and
completeness. The topologies are similarly discussed for various properties such as 7, and Lindelof
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1. INTRODUCTION

Let X be an arbitrary set and £ a lattice of subsets of X such that @, X € L. A(L) is the algebra
generated by £ and I(L) denotes those non trivial, zero-one valued, finitely additive measures on A (L)

Various subsets of I(L) are considered and certain lattices in these subsets are investigated as well as
the topology of closed sets generated by them. The lattices are investigated for normality, regularity, and
for a variety of repleteness and completeness conditions. The topologies are similarly investigated for
various properties such as T, and Lindel6f. Necessary and sufficient conditions for these properties to
hold can effectively be given in terms of measure conditions on the original lattice.

Some investigations in these matters have been begun in [2], [3] and [8]. We go beyond these results,
and introduce new subsets of J(L) and their lattices to investigate.

We begin with some standard notations and terminology that will be used throughout the paper Our
notations and terminology is consistent with that in the literature (see e.g. [1],[2],[5] and [10]), and is
added mainly for the reader's convenience.

We then proceed in the subsequent sections to analyze in detail the lattice-topological structure of
various Wallman spaces as indicated above.

2. BACKGROUND AND NOTATIONS

Let X be an arbitrary nonempty set, and £ a lattice of subsets of X. It is assumed throughout the
paper that §, X € L.

We adhere to the customary lattice-topological definitions which can be found for example in
[11,[21,[4],[7] and [10]. Here, we just note some of the measure theoretic equivalents. For this purpose
we introduce the following notations: .A(L) denotes the algebra generated by £, and I(L) the set of



26 C VLAD

non-trivial zero-one valued finitely additive measures on A(L) Ir(L) the set of L-regular measures
of I(L), where p € I(L) is L-regular if for any A€ A(L)p(A)=sup{u(Ll)/LC A,L € L}
sequences {L,} of sets of £ with L, | ¢, u(L,) — 0. I°(L) the set of o-smooth measures of I(L) on
L, where p € I(L) is o-smooth on L if for all of o-smooth measures on A(L) of I(L) I§(L) the set of
L-regular measures of I°(L). m(L) = {II, defined on L, non-trivia, monotone, and
II(ANB) =TI(A)II(B), A, B € L} the set of all premeasures on L 7,(L) is the set of all pre-
measures on £ which are o-smooth on £
Note that there exists a one-to-one correspondence between:
L-filters F and elements of (L) givenby II(L) = 1 iff L € F.
L-filters with countable intersection property and 7, (L).
All elements of I(L) and all prime £-filters, given by:
for any p € I(L) we associate the prime L-filter given by

F={A€Ll/uA) =1}

All elements of Ir(L) and all L-ultrafilters, given by the following rule. with each L-ultrafilter 7 we
associate the zero-one valued measure defined on A(L) by:

E) = 1 ifthereexists A€ F, ACE
wE) = 0 ifthere exists A € F, AC E'

The support of u € I(L) is S(u) = N{L € L/u(L) = 1}. With this notation, we now note’ L is
compact iff S(u) # @ for every pu € Ig(L). L is countably compact iff Ig(L) = I(L). L is normal iff
for each € I(L), there exists a unique v € Ig(L) such that u < v(L) ie. u(L) <v(L)forall L€ L
L is regular iff whenever u;, uo € I(L) and py < po(L), then S(u;) = S(ue). L is replete iff for any
p € IZ(L), S(u) # 8. L is prime-complete iff for any p € I, (L), S(u) # @. L is Lindelof iff for any
Il € m,(L), S(TI) # @. Finally, if u, is the measure concentrated at z € X then u, € Ir(L), for all
z € X, iff £ is disjunctive.

For further results and related matters see [6], [8] and [9].

3. THE SPACES I%(L),I,(L£) AND THE LATTICES W, (L), V,(L)

We consider in this section the important space I%(L); for A € A(L) define

Wo(A) = {u € Ix(L) |p(A) = 1}.

Then, assuming L is disjunctive, W, (L) = {W,(L)/L € L} is a lattice in I%(L) isomorphic to L,
under the map L — W, (L), L € £, and A(W,(L)) = W,(A(L)). Also, the map p — p', where
' (Wy(A)) = u(A), A € A(L) is a bijection between I%(L) and I5(W,(L)). It is well known that
W, (L) is replete and is a basis for the closed sets 7W, (C),all arbitrary intersections of sets of W, (L) It
is this topological space I%(L), TW, (L), and lattice W, (L) which we will consider here and subsequent
sections. Analogously, we also consider I,(L) and V,(L); here we do not need the assumption of
disjunctiveness on £, and V, (L) = {V,(L)/L € L} where V,(A) = {u € I,(L)/u(A) =1}, A € A(L).
V,(L) is prime complete, and is a base for the closed sets 7V, (L) of I,(L). A few of the properties to
be considered have been investigated in [3], we give slightly different proofs, and include some of them
for completeness.

THEOREM 3.1 a) Consider I3(L) and W, (L) with £ disjunctive. W, (L) is regular iff for all
p1,p2 € I(L) and v € TZ(L), if p1 < p2(L) and py < v(£) then py < v(L)

b) The topological space I%(L), TW, (L) with L disjunctive is considered Then the space is T iff
for p € I(L) and p < v1(L), p < vo (L) where vy, vy € IE(L) it follows that vy = v,.

c) Consider I,(£) and V,(L). V,(L) is regular iff for all u;,pe € I(L) and v € I,(L) if
p1 < p2(L) and p1 < v(L) then pp < v(L).
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d) Consider the topological space I,(L), TV,(L). This space is Tp iff for p € I(C) with
u < v(L) and p < vo(L) where vy, 1, € I,(L), it follows vy = v

PROOF. The proofs for a) and c¢) and for b) and d) are similar. We just prove a) and b)

a) Let pi,p9 € I(L) such that p; < pe(L)  Then there exist uf,ps € I(W,(L)) and
W (Wo(L)) = pr(L), y(Wo(L)) = pa(L) for all LEL. pa(L) < pa(L) = i < iy on Wi(L)
Suppose W, (L) is regular Then S(u}) = S(uj) where

et AL V) i P =l ),

Let now v € I3(L) with uy <v. We have v € IZ(W(L)) and pj </ on W,(L), therefore
S@') € S(uy) = S(ug); hence py < v/ on Wy(L)ie. pa < vonL. Conversely, let uy,us € I(L) and
v € If(L) such that if p; < po(L) and gy < v(L) then pg < v(L). Let now Aq, Ap € I(W, (L)) and
assume Ay < Ay on Wy(L). Then Ay = pj and Ay = uj where py, puy € I(L) and pf < uh(W,(L)) ie
#1 < p2(L). Now S(up) C S(uy). If A € S(u)), then clearly A € I$(L) and uy < A(C) Hence by the
assumption py < A(L) which implies A € S(u3).

b) Suppose IZ(L), TW,(L) is Tp which implies that W,(L) is Ty, and let u, vy, vy as
above. Then p' <v; on W,(L)where u' € I(W,(L)) and v} € IZ(W,(L)), which implies
v € S(vy) C S('). Also u' <vy on W,(L) where ;€ Ig(W,(L)), which implies
vy € S(vy) C S(i’) Recall that £ is T iff for each p € I(C), S(u) = @ or a singleton, hence since
W,(C) if T3 it follows vy = vo. Conversely, assume that for u € I(L) and vy, vy € I§(L), if p < 11 (L)
and p < ve(L) then v = vy, Suppose S(u') # @, where p € I(C), A € IW,(L)) and A =’ If
vi,vp € S(u') then p < 11 (L) and p < vo(L) i e. v; = vy. Therefore W, (L) is T and thus TW, (L) is
T,.

We now show that the assumption of regularity for V(L) in I,(C) is very strong.

THEOREM 3.2 Consider I, (L) and V,(L). V,(L) is regular iff I, (L) = I§(L)

PROOF. Suppose I,(L) = IZ(L) Then V,(L) =W,(L) Now let py,p2 € I(C), v € I,(L)
and p; < po(L), p1 Sv(L). Then, since I,(L) =IZ(L), p1 € IF(L) so p1 =y and py =v
Conversely, suppose V, (L) is regular and let u € I,(L); there exists v € Iz(L) such that u < v(L) i.e
' <V (V,(L)), where p', V' € I,(V,(L)) But S(p') = S(V/') since V, (L) is regular. Hence pu € S(v/')
ie. v < p(L). It follows 4 = v and then p € I{(L).

4. ON NORMAL, SLIGHTLY NORMAL, MILDLY NORMAL

AND LINDELOF LATTICES

In this section we wish to consider normality and related questions as well as Lindelof properties
concerning the lattices W, (L) in I§(L) and V(L) in I,(L). Related details on normality can be found in
[4], [7] and [9]. We recall some definitions.

DEFINITION 4.1

a) L is slightly normal if for all 4 € I,(L’), there exists a unique v € Ig(L) such that u < v(L)

b) L is mildly normal if for all 1 € I,(L), there exists a unique v € Ir(L) such that p < v(L)

c) L is almost countably compact if u € Ip(L’) implies p € I,(L).

THEOREM 4.1 Suppose L is disjunctive. Then

a) Consider I§(L) and W, (L) and suppose £ is Lindelof and satisfies the condition: for all
p1,p2 € I(L) and v € I§(L), if p1 < pa(L) and py < v(L), then py < v(L) Then W, (L) is slightly
and mildly normal.

b) If L is complement generated then W, (L) is slightly normal.

c) If L is almost countably compact and mildly normal then W, (L) is normal.

PROOF. a) C is disjunctive and Lindelof implies W, (L) Lindelsf. Also, by Theorem 3.1 it follows
that W, (L) is regular. Then W, (L) is slightly and mildly normal (see [4])
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b) L is complement generated implies L = ﬁ L,Land L, € L, alln
1

W, (L) = W, (ﬁ L;) = W) = (Y Wa (L)
1 1 1

Hence W, (L) complement generated which implies W, (L) slightly normal (see [4])

c) By the assumption, for any u € Ir(L’) it follows u € I,(L£) and then there exists a unique
v € Ig(L) such that p < v(L). Let p € I(L) such that u < A(L') with u € Ig(L') Also A € I, (L)
and A <pu<vy, on £ with vy € Ig(L), unique. Therefore if p < vo(L) with v € Ig(L) then
A < p £ ve(L), and so vy = v,. Hence L is normal and also W, (L) is normal.

REMARK. Consider I,(£) and V,(£) with £ Lindelof If for all yy,up € I(L) and v € I, (L)
such that if p; < pe(L) and p; < v(L) it follows that us < v(C), then V,(L) is slightly and mildly
normal.

PROOF. Similar to a) of Theorem 4.1.

We next consider the following condition:

(¢)) For any IT € n, (L), there exists v € I,(L) such that IT < v(L)

THEOREM 4.2.

a) If condition (1) is satisfies and if £ is prime complete then L is Lindelof.

b) If £ is Lindelof then condition (1) holds.

¢) L satisfies condition (1) iff I, (L), TV, (L) is Lindelof.

PROOF. a) Let II € 7,(L) be an L-filter with the countable intersection property By condition
(1) there exists v € I, (L) and IT < v(£). £ prime complete implies S(v) # @ and then S(II) # @

b) Let IT € m,(L). Since £ is Lindelof, S(II) # @ and therefore there exists z € X such that
z € S(II) ThenII < p, (L) and pu, € I,(L).

c) Suppose that L satisfies condition (1). Let II' € m,(V,(L)) and define =(L) = IT'(V,(L)),
Lel YL,|® L,eL thenV,(L,) | @and II(L,) = ITI'(V,(L,)) — 0,ie Il € m,(L) By condition
(1), there exists v € I,(C) such that IT < v(L). Hence v/ € I,(V,(L)) and IT' < ¢/ on V,(L), where

V' (V,(L)) = v(L), L € L. Therefore V,(L) satisfies condition (1). Next, we show that V(L) is prime
complete.  For this, let S(V/) =N {Vo(La)/V' (Vo(La)) =1,L, € L}, But V'(V,(L)) =1 iff

acA

v(L) =1,iffv e V,(L) = {p € I,(L)/u(L) = 1,L € L}. Hence V,(L) # @ which implies S(”) # @
Now, V,(L) satisfies condition (1) and prime complete implies V,(L) Lindelof and then
TV,(L) is Lindelof Conversely, let (I,(L),7V,(L)) be Lindelof Let II € 7,(L£) and define
'(V,(L)) =II(L),L € L. Then V,(L,) | § implies L, | @ and II(L,) = IT"(V,(L,)) — O, hence
II' € m,(V,(L)). 7V,(L) Lindelof implies V, (L) Lindelof and then V, (L) satisfies condition (1), hence
there exists v/ € I,(V,(L)) such that II' < v/ (V,(L)), where v'(V,(L)) =v(L),Le L T(L)=1
implies IT"(V, (L)) = 1 and then v/(V,(L)) = lie. v(L) =1, L € L. Hence Il < v(L).

REMARK. If £ is disjunctive and if for each I € m, (L), there exists a v € (L) such that
II < v(L) then Ig(L), TW, (L) is Lindelof. This result is known and appears e.g. in [8].

5. ON PRIME COMPLETE AND COUNTABLY COMPACT LATTICES

In this section we investigate the equivalence and consequences of stronger lattice completeness
assumption.

THEOREM 5.1 Let £ be a disjunctive lattice W, (L) is prime complete iff for p € I,(L) there
exists v € I (L) such that 4 < v(L).

PROOF. Let u € I, (L) and the associated p' € I,(W,(L)) defined by p'(W, (L)) = u(L),L € L
If W,(L) is prime complete, S(u') # @ and then there exists v € S(u'), v € I3(L) and it follows
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that 4 < v(L). Conversely, let ' € I,(W,(L)) and consider the associated u € I, (L) such that
W (Wo(L)) = u(L). For pe€I,(L), there exists v € I(L) such that u < wv(L). Therefore
V' € Ig(W,(L)) and p' </ (W,(L)) which implies S(v/) C S(u’) and since W, (L) is replete,
SW) #9

THEOREM 5.2

a) Let £ be disjunctive, almost countably compact and mildly normal and let W, (L) be prime
complete. Then L is countably compact.

b) Let £ be disjunctive, regular, Lindelof, almost countably compact and let W, (L) be prime
complete. Then L is countably compact.

PROOF. a) Must show that Ip(L) =I%(L). Let p€ Ig(L);, we have pu < v(L') where
v € Ip(L'). Since L is almost countably compact we have v < u(L) with u € Iz(L) and v € I, (L)
But W, (L) is prime complete and by Theorem 5.1 there exists p € I§(L) such that v < p(£) L almost
countably compact and mildly normal implies £ normal (see [4]). By the normality of £ the C-regular
measure g such that v < u must be unique, hence . = p € I§(L).

b) £ regular and Lindelof implies £ mildly normal and by the above result, it follows that £ is
countably compact.

THEOREM 5.3 Suppose I, (L), V,(L) is Ty and L disjunctive and W, (L) prime complete Then
L(£) = IZ(£)

PROOF. Since I,(L), V,(L) is Ti, given pq # po with uq, ps € I,(L), there exist Ly, Ly € £ such
that py € Vo(Ly), 2 ¢ Vo(LY) and py € Vo (Ly), p1 € Vo(Ly). Therefore (L) =1, po(Ly) =0 or
pi(L1) =0, po(L1) =1 and po(Ly) =1, pu1(Ly) =0 or pp(Le) =0, p1(Le) =1. Since W,(L)
prime complete, given u € I, (L) there exists v € I§(L) with p < v(L). If u # v, by above there exists
L e Lsuchthaty(L) =0and u(L) =1

This is a contradiction, hence . = v, and I, (L) = I§(L).

REMARK. The converse of Theorem 5.3 is true i.e. if I, (L) = I§(L) then V, (L) = W, (L) is T}
and since V, (L) is prime complete, then W, (L) is prime complete.

DEFINITION 5.1 Let s € I(£), E C X and define

4(E) = inf{Zp(L:),E clJLi,Le c} = inf{u(L'),EC L',L €L}
1=1 1=1
DEFINITION 5.2 Let u € I,(L), E C X and define

™)
W' (E) = inf{f: wmL),Ec|JL, L e c}.
=1 =1

Clearly, v’ is a finitely subadditive outer measure and " is an outer measure (see [7]). Let 3, be the
set of u”-measurable sets, where E is measurable with respect to wp” if for any A C X,
p'(A) =u"(ANE)+p"(ANE").

We give now a condition when for a given pu € I, (L) there exists a v € I3(L) such that u < v(£)
i e. the condition of Theorem 5.1.

THEOREM 5.4 Let p € I,(L). Suppose L C L,» and L semiseparates 6(L) Then u < pu”(L)
and "] 4c) € I§(L).

PROOF. Let p € I,(L). Thenwe have u < p"(C) and £ C £, which is closed under complement
and countable unions (see [7]). Therefore A(L) C Jun. p”|ac) is then a measure on A(L) "
countably additive implies p”|4c) € I°(C) To show that p”|4) € Ir(L), assume p”(A’) =1,
A€ L. Then there exist {L,},L, € C such that A’ D (L, and u(L,)=1 for all n (For if

ADNLn,u(L,) =1 then A’ c L, u(L,) =0, contradiction) But (L, € 6(L) and A
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(ﬂ Ln) =@. Hence by semiseparation there exists L € £ such that ANL = (or A C A’) and
L,CL May assume L, | and then p”((\L,) =1. We then have ()L, C L C A’ which implies
B"(L) =1 ie p"|ac) € Ir(L)

THEOREM 5.5 Let £ be a disjunctive lattice and assume that L C () J, and that £
nely(L)
semiseparates 6(£) Then W, (L) is prime complete.

PROOF. W,(L) is prime complete iff for any p € I,(L), there exists v € I§(L) such that
1 < v(L), by Theorem 5 1. Now use Theorem 5 4 with v = p”| 4(¢).

6. STRONGLY o-SMOOTH MEASURES

Here we consider another Wallman space and analyze the relevant lattice in detail.

DEFINITION 6.1 A measure p € I(L) is strongly o-smooth on £ iff for any sequence {L,},
L,el,L,|,if(L, €L then u(NL,)=infu(L,) =,.l_i,’f.’°“(l’")' We denote J(L) the set of
strongly o-smooth ‘nontrivial zero-one valued measures onL.

DEFINITION 6.2 The lattice £ is weakly prime complete if for u € J(L), S(u) # @.

Now define the following condition:

(03 For any IT € m,(L) there exists v € J(L) such that IT < v(L).

We summarize a few facts on o-smoothness that will be used throughout this section for the reader's
convenience (see [6])

a) I°(L)c J(L) c I, (L).

b) £ normal and complement generated implies J (L) C I§(L).

c¢) pe€l,(L)and p' = p"(L) implies u € J(L).

d) Since p € I3(L) implies p' = p"" (L"), it follows that u € J (L) and then I (L) C J(L).

Analogously to Theorem 4.2 we have

THEOREM 6.1

a) If condition (2) holds and if £ is weakly prime complete then £ is Lindelof.

b) If L is Lindelof then condition (2) holds.

PROOF. Omitted.

THEOREM 6.2 Define V;(L) = {V;(L)/L € L} where V;(L) = {u € J(L)/u(L) =1,L € L}
Then L satisfies condition (2) iff J (L), 7V, (L) is Lindelof.

PROOF. Suppose L satisfies condition (2), we show that V; (L) satisfies condition (2) For this, let
Il € 7,(V;(L)) and define TI(L) =II'(Vy(L)),L€ L. If Lo |@ L,€L then V;(L,) | @ and
li’l;n I(L,) = li;n II'(Vy(L,)) = 0, hence I € m,(L). By condition (2) there exists v € J(L) such that
I <v(L). Hence v/ € J(V;(L)) and II' < v'on V;(L) where ' (V;(L)) =v(L), Le L. For
I’ € m,(V;(L)), there exists ' € J(V;(L)) such that IT' < v/ on V;(L).

Next we show that V;(L) is weakly prime complete; let S(v/) = ﬂA{VJ Lo)/V (Vi(La))=1,Lae L}.

a€

V(ViL) =1 iff v(L)=1 if veVy(L)={peJJ(L)/u(L)=1,LeL}. Hence Vj(L)#@
implies S(v') # @. Therefore V(L) is Lindelof, and then 7V;(L) is Lindelof. Conversely, assume
(J(L), TV;(L)) is Lindelof and let IT € 7,(C). Define IT'(V;(L)) =II(L),L € L. Then V;(L,) | @
which implies L,, | @ and li'r'nl'I(L,,) = li'IPH' (Vy(L,)) =0ie II' € m,(Vs(L)). TVs(L) Lindelof, then
V;(L) Lindelof, then V; (L) satisfies condition (2). Hence there exists ' € J(V;(L)) such that IT" < v/
on V;(L), where v/(V;(L)) = v(L), L € L. Therefore Il < v(L).

Again, analogous to our previous work we have:

THEOREM 6.3 Consider J(£) and V;(L). V;(L) is regular iff for all uq,ue € I(£) and
v € J(L),if p1 < pa(L) and py < v(L) then pg < v(L).
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PROOF. For pyip € I(L) we have pi,up € I(W,(L)) and then pui,uh € I(V;(L)),
W(Va(L) = (L) and ps(Vi(L) = pa(L). If Vi(L) is regular then S(u}) = S(up), where
S(u) = N{Vs(L) e Vs(L)/my(Vs(L)=1,L € L} Letve J(L); v € J(Vs(L)) and pf < v/ on
V;(L) Thenv € S(uy)ie ps < v(L). Conversely, suppose uy,u2 € I(L) and v € J(L) such that if
p1 < p2(L) and py < v(L) then py < v(L) Let Ay, A2 € I(V;(L)) and Ay < Ag on V(L) Then
A1 = pj and Ap = pp with py, pg € I(L). Thus pj < ph on V(L) which implies 1 < uo on £, hence
S(uy) C S(py). If A € S(u)) then clearly A € J(L) and p; < A(L). By the condition of the statement,
po < A(L) and then A € S(up). Hence S(uj) = S(u}) and V(L) is regular

THEOREM 6.4 Consider J(£L), V;(L). If V;(L) is regular, then J(L) = I%(L)

PROOF. Let o € J(L). Then there exists v € Ig(L) such that u < v(L), hence g’ < v/ on V; (L),
where p' € J(V;(L)) and V' € Ig(V;(L)). V(L) regular implies S(¢') = S('), therefore v < u(L)
Then p=v(L) and since v € Ir(L), J(L) C I,(L) it follows that u € Ir(L), I,(L) and then p € I§(L).
Thus J (L) = I§(L).

THEOREM 6.5 Consider J(L) and V; (L), with £ Lindelof. If for all u;,us € I(£) andv € J(L)
such that if gy < po(L) and pq < v(L) then py < v(L) it follows that V(L) is slightly and mildly
normal

PROOF. By Theorem 6.3 V(L) is regular. We show as in the Remark of Theorem 4 1 that V(L)
is Lindel6f and then, V; (L) being regular and Lindelof, it follows that it is also slightly and mildly normal

THEOREM 6.6 V;(L) is prime complete iff for u € I,(L) there exists v € J(L) such that
p<v(L).

Let p € I,(L) such that there exists v € J(L) and p < v(L). Consider the corresponding
p' € I,(V; (L)) and V' € J(V;(L)) for which g’ < v/ holds on V(L) V;(L) weakly prime complete
implies S(v') # @ and since p’ < v/ it follows S(u’) # @, so that V(L) is prime complete. Conversely,
suppose V;(L) prime complete and let p € I,(L). Consider the corresponding p' € I,(V;(L)), for
which S(u') # @, so there exists v € S(u') and u < v on V;(L) Hencev € J(L).

We can now return to I%(£) and the lattice W, (L), where L is disjunctive, and can ask when this
lattice is weakly prime complete.

THEOREM 6.7 Let £ be a disjunctive lattice and consider I§(L). W, (L) is weakly prime
complete iff for u € J(L) there exists v € I (L) such that u < v(L).

PROOF. Let p € J(L) and consider the associated p’ € J(W, (L)) defined by p' (W, (L)) = u(L),
LeLl W,(L) prime complete implies S(u') # @, and then there exists v € S(p’) and p < v(L),
v e I{(L)

Conversely, let u’ € J(W,(L)) and consider the associated u € J(L) such that u'(W, (L)) = u(L),
L e L Assume now that there exists v € I§(L) such that p < v(L). Then v/ € IZ(W,(£)) and
i < V' onW,(L). Hence S(') C S(u') and since W, (L) is replete, S(+') # .

We finally note that the conditions of Theorem 5.4 that £ € J is very strong if 4 € J(L), namely.

THEOREM 6.8 Let u € J(L) and assume that £ C J,» Then if there exists v € I}(£) such that
p<v(l)thenpy =v

PROOF. Suppose there exists L € £ such that u(L) =0and »(L) =1 Nowpu< v =" < u"(L),
therefore p”(L) =1, and since £ C J,» we get u”(L') =0. But pe€ J(L) iff p=p' =p"(L)
Therefore u(L') = 0 which implies (X)) = 0, contradiction. It follows that u = v
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