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ABSTRACT. A perturbation theory for nth order differential operators is developed. For certain
classes of operators L, necessary and sufficient conditions are obtained for a perturbing operator B to
be relatively bounded or relatively compact with respect to L. These perturbation conditions involve
explicit integral averages of the coefficients of B. The proofs involve interpolation inequalities.
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INTRODUCTION AND MAIN RESULTS

We develop a perturbation theory for nth order differential operators. In the following, the
differential operator B will be regarded as a perturbation of a (typically) higher-order differential
operator L. For certain classes of operators L, we obtain necessary and sufficient conditions for B to
be L-bounded or L-compact. We employ the following terminology as given in Kato [5, pp. 190,
194].

DEFINITION A. B is relatively bounded with respect to L or simply L-bounded if D(L) < D(B)
and B is bounded on D(L) with respect to the graph norm | . |, of L defined by |y, = |yl + |y}

y € D(L), where D(L) denotes the domain of L. In other words, B is L-bounded if D(L) < D(B)
and there exist nonnegative constants & and f such that

IBA < @b + BILA, y € D(L).

The greatest lower bound f3, of all positive constants B for which this inequality holds is called the

relative bound of B with respect to L or simply the L-bound of B. In general, the constant o will
increase without bound as f is chosen closer to B, (so that the infimum S, need not be attained). A
sequence {y,} is said to be L-bounded if there exists K > 0 suchthat |y,|, < K, n 2 1.

B is called relatively compact with respect to L or simply L-compact if D(L) < D(B) and B
is compact on D(L) with respect to the L-norm, i.e., B takes every L-bounded sequence into a



48 T. G. ANDERSON

sequence which has a convergent subsequence. For example, if L is the identity map, then L-
boundedness (L-compactness) of B is equivalent to the usual operator norm boundedness
(compactness) of B.

The function space setting is the weighted Banach space Lf,(I), where 1 < p < o, Wisa
positive Lebesgue measurable function defined on an interval / of the real line, and L2,(I) denotes
the Lebesgue space of equivalence classes of complex-valued functions y with domain / such that
M = “’ Wy’ ]“p < e. If W= 1, we denote this space by L°(I). The space of complex-
valued functions y with domain 7 such that [|, = ess sup (1) < = is denoted by L™(I). A

local property is indicated by use of the subscript "loc," and AC is used to abbreviate absolutely
continuous. The space of all complex-valued, n times continuously differentiable functions on I is
denoted by C"(I); C](I) denotes the restriction of C"(I) to functions with compact support
contained in I; and C7(I) is the space of all complex-valued functions on / which are infinitely

differentiable and have compact support contained in the interior of I. We adopt the definitions of
maximal and minimal operators given in Goldberg [4, pp. 127-128, 135].

n

DEFINITION B. Let ! be a differential expression of the form [ = —%— 2 a(t) D'
W 4

1=0

(D = g-) where W is a positive Lebesgue measurable function defined on I and each q, is a

complex-valued function on I. Then the maximal operator L corresponding to ! has domain
DL) = {y € LD: y™ e AC,(D), Uyl € L,(I) } and action

Liy] = Iyl = 'vfll”-" Y a®y” (yeDL). Ifa e CU)for0<i<nanda, # 0onl,
=0

then the minimal operator L, corresponding to [ is defined to be the minimal closed extension of L

restricted to those y € D(L) which have compact support in the interior of /. In the Hilbert space

setting of I*(J), most of the smoothness requirements on the coefficients @, (0 < i < n) are not
needed, and the theory is developed in Naimark (7, sect. 17].

We consider perturbations
l n-1
B=W,,,,Zb,D’ (@ast< )
17=0

of the operators

T = P'r D"

WI/p
and

1 n
L= — a,P'? D'
w'? 2:,

in the setting of L}, (a, =), where 1 < p < o= and W is a positive Lebesgue measurable function
defined on (a, ). Definitions and conditions for P and P, are given in the hypotheses of Theorems

1.1 and 1.2, respectively. We give conditions on certain averages of the perturbation coefficients
b, (0 < j < n—1) which are sufficient and, in some cases necessary, for B to be T-bounded or 7-
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compact. These results rely heavily on Theorems A and B, which are special cases of Theorem 2.1 in
Brown and Hinton [3]. These two theorems give sufficient conditions for weighted interpolation
inequalities of the form: there exist £20, 71>0, K >0, and &, >0 such that for all € € (0, &)

'}
where 0 < j < n—land1l £ p < oo,
Theorem 1.1 gives integral average conditions on b, (0 < j < n—1) which are necessary

and y in a class D of functions,

L"le(/)lp < K{E-E J:WMP + & .[:'P Iy(n)

and sufficient for B to be T-bounded or T-compact in the case when 1 < p < oo and P and W satisfy
the conditions in Theorem 5 in Kwong and Zettl [6]. When W = 1, these conditions imply that the
coefficients of T are bounded above by the corresponding coefficients of an Euler operator.
Furthermore, the perturbation conditions for T-compactness of B are sufficient for the essential
spectrum and Fredholm index to be invariant under perturbations of T by B.

By definition (Goldberg [4, pp. 162-163]), the essential spectrum of T, written o,(T), is the
set of all complex numbers A such that the range R(AI — T) of AI — T is not closed. The
essential resolvent of T, written p,(T), is the complement of this set. By definition (Goldberg 4, p.
102)), the Fredholm index x(T) is given by x(T) = a(T) — B(T), where a(T) is the dimension of
the null space of T and B(T) is the dimension of L, (I)\ R(T). o(T) is called the kernel index of T,
and B(T) is called the deficiency index of T.

In Theorem 1.2, the results in Theorem 1.1 for the single-term operator T are extended to the
multi-term operator L. An nth order perturbation of L is considered in Corollary 1.1. Sufficient
conditions are given for invariance of the essential spectrum and Fredholm index of L under such
perturbations.

Theorems 1.1 and 1.2 and Corollary 1.1 provide generalizations of results of Balslev and
Gamelin [2] as presented in Goldberg [4, pp. 166-175]. Their work deals with bounded coefficient
and Euler operators in the unweighted setting of L°(a, ) for 1 < p < oo,

In Theorem 2.1, the sufficiency conditions in Theorem 1.1 are generalized for operators T

with arbitrarily large coefficients. Again, these conditions involve integral averages of the
perturbation coefficients b, (0 < j < n—1). Theorem 2.2 gives pointwise conditions on

b, (0 < j < n-1) under which the conclusions of Theorem 2.1 hold. The case in which p = 11is

covered by Theorem 2.2. Also, perturbation conditions which are sufficient for L-boundedness or L-
compactness of B are obtained for the case p = 1 and the case in which the coefficients of L are
arbitrarily large. These theorems rely heavily on investigations by Brown and Hinton [3] on
sufficient conditions for interpolation inequalities. Examples of each theorem are presented and
contrasted for the situation in which the coefficient in T is an exponential function.

The final theorem, Theorem 3.1, deals exclusively with the case p = 1. Sufficient, integral
average conditions are given for T-boundedness of B.

1. INTEGRAL AVERAGE CONDITIONS FOR EULER-LIKE OPERATORS

In this section we consider operators whose coefficients are powers of a fixed function s times a
weight function w and a bounded function. In the simplest case, i.e., w(f) = s(¢f) = 1, Theorem 1.2
gives Theorem VI1.8.1 of [4]. For a = 0, w(t) = 1, and s(¢) = ¢, the sufficiency condition of part
(ii) of Theorem 1.2 yields Corollary VI.8.4 of [4] for perturbations of the Euler operator. Since we
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do not require w(t) = 1 or & = 0, we refer to the unperturbed operator of Theorem 1.2 as Euler-
like.

THEOREM 1.1. Letl < p < o and I =[a, ). Let s and w be positive, AC,(I) functions such
that |s'(t)] < N, and |s() w'(t)] < M, w(1) a.e. on I for some constants N, and M,. Let a €R,
W=ws", and P=ws*"?. LetT B: L(a, ) = L(a, =) be the maximal operators

corresponding to the differential expressions T = W}” P'? D" ( = %) and
n=1

v = Wlw Zobj D', respectively, where each b, € L, (I). For 0 < j < n—1and & >0, define
Py

(t _ 148 5(1) Ibl(f)lp
00, o

Then the following hold:
(i) B is T-bounded if and only if b, € L} _(I) and

sup g, 5(1) < o (0<j<sn-1) (1.1)
astSoe

for some & € ( 0, 1/(2N,) ) When (1.1) holds, the relative bound for B is 0. Furthermore,

the maximal operator corresponding tot+vis T,,, = T + B.
(ii)  Bis T-compact ifand only if b, € L} (I) and
lim g (1) = 0 O<jsn-D (1.2)

for some &€ (0,1/(2N,)). When (1.2) holds, T and T,,, have the same essential
spectrum and A€ p(T) = «k(U-T)= x(MA-T,,), where p,(T) is the
essential resolvent of T and x(T) is the Fredholm index of T.

The following theorem is part of Theorem 2.1 in Brown and Hinton [3]. It gives sufficient
conditions for weighted interpolation inequalities.

THEOREM A. Let 1 £ p <o, I=[a,), and 0 < j < n—1. Let N, W, and P be positive
weasurakle functions such thar N & L (I for p >3 Wr PP o L (1 ke

1, é =1; for p =1, W', P are locally essentially bounded on I. Suppose there exists

& > 0 and a positive continuous function f = f(t) on I such that

SI(S) = sup {f(n-l)p T;c(P) I:é‘[uefN]} < oo

tel

and

tel

S,(€) = sup {f’”’ T, (W) [;l}- IMIN]} < oo
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forall € € (0, &), where

"P—I"-_ 1t r+ef1’ p = 1

I;E(P) = 1 preer Pl
—\| TPy, l<p<o
ef

with similar definitions for T, (W). Then there exists K > O such that for all € € (0, €,) and
y € D,

Ille(J)lp < K{s"’ sz(s)LwlylP + gop s'(e)“'lply(n)l"}’

where D = {y: Y € AC(D), [ WP < =, and [ P

Yl < oo}.

PROOF OF THEOREM 1.1.
@) Sufficiency. Suppose (1.1) holds for some & € ( 0, 1/(2N,) ) We will show that

Theorem A applies to the choices f = s, N = |bl.r, € = &8,and Wand P as in Theorem 1.1. Basic

estimates are obtained from the following lemma in [3, pp. 575-576]).

LEMMA A. Let s and w be as in Theorem 1.1. Then for fixed t € I, 0 < € < 1/N,, and
t< 1< t+es@), we have that (1-&N,) s(0) < s(7) < (1+&N,)s(r) and

exp(_%) w(t) S w(T) < ex %J w(r).

[ [}

This implies that both positive and negative powers of s(t) and w(t) are essentially constant for
t < T < t+¢€s(t) and fixed r. By Lemma A and the definitions of P and W,

plq
T (P) = [ssL(t) IO w(ry® s(r) @9 dr] < G w7 sy (1.3)

and similarly

T (W) £ Cw(t)” s(e)™" (1.4)

1,

forall t € I and € € (0, 8), where C, and C, are independent of t and £. Using Lemma A again,
we obtain for a constant C;,

ef(t) es(t)
< % w(t) s(t) " g, (1)

: t+€5(1) 4
1 +ef() 1 Jo:um) 'b |,, < C, w(t) s(™? 1 J' lbjl
| £ -

i € s(t) w sl@rop

1

forall t € I, € € (0, §). Hence, by (1.1), there is a constant C > 0 such that
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1 1+ef (1) E (@ p
0 j N < = wso) (1.5)

forallt € I, € € (0, §). Thus

S,(e) < sup {s(t)""”" C, w(t)™ s(r)y@mr % w(r) s(r)@+P }

tel

so that

S, (e) < % 0<e<é. (1.6)
Similarly,

S,(e) < E—:—’ 0<ec<é. (1.7)

Hence, by Theorem A, there is a constant K such that forall y € D = I(T),
p}
Use of the elementary inequality (a” + b”)”p <a+b (a, b 2 0) gives

| 1 .
W”p b, y(l)

forall y € D(T), 0 < j < n—1, where K, = K''”. Restrict £ < 1. Then the right side can be
bounded above independently of j, and the triangle inequality gives

‘“b/ y(nlps K{e'“"' j le'p + gne-l J Ply(n)
1 1 T

< KI e(‘l-”l’) ly" + K, glr=1=11p) HT«V'I

1B < K, e ] + K, 47Ty (1.8)

for all y € D(T). Since p > 1, it follows that B is T-bounded with relative bound 0. The result
T.,, = T + B follows by an argument given on pp. 169-170 in Goldberg [4].

T+V

Necessity. Suppose B is T-bounded. Let ¢ be a function in Cg(R) such that ¢ = 1 on [0, 1]
and support(¢) = [-2, 2]. Fix § € ( 0, 1/(2N,) ) For each r > a, define

t—r
9.(1) = O(Gs(r))' t2a. (1.9)

Then ¢, = 1 on [r, r+8s(r)] and support(¢,) = [r—28s(r), r+26s(r)]. We proceed by an

induction argument. First consider j = 0 in (1.1). Fix r 2 a. Note that B ¢, = # b, on
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[r, r+ds(r)], sothat g, s(r) = ( ) J’ Now, applying Lemma A, there is a
s(r

ws“"
constant C independent of r such that
C r+8s(r) » C
< — < —_—
80.5(") = W(f) s(r)lﬂ!p j., WIB¢| = w(r) s(r)lﬂ!p "
< 14 P
) s(r)"'“” (o +1rer) (1.10)

for some constant K independent of r, where the last inequality follows from the hypothesis that B is
T-bounded.

Using the compact support of ¢,, Lemma A, a change of variable, and the fact that
¢ € C; (R), we have for some constant C,,

r+28s(r) 4
po_ (TS o o t—-r
W’ll - J‘r-zﬁx(r) w s }¢’| : CW(r) S(r) ’ J ’0(65(’)) &

r=25s(r)
< Cw(r) st [ ot 8s(r) du

< C w(n) s(r)®r*! (1.11)

for some constant C, independent of r. Similarly, for some C,,

(ol = [Wiraf = [PhoT = [ weer oy
(a+n)p
< G, w(r) s(r) J };4{5“’)]
= Cyw(r) s(ryermr J ‘QP(")( ) ﬁ- 65(") dt
< G, w(r) s(r)**! (1.12)

for some constant C, independent of r. Use of (1.11) and (1.12) in (1.10) yields
8. 5(r) < K(C, + C,), r € [a, ). Therefore, (1.1) holds for j=0and all § € (O, 1/(2N,) )

Next fix k < n—1. Suppose (1.1) holds for 0 < j < k—1 and some § € (0, 1/(2N,) )
1 kal

Let A be the maximal operator with action given by A = W_'}" zo b, D’. By the sufficiency
e

argument above, A is T-bounded. Thus since B is T-bounded, Minkowski's inequality implies that A

n=1
+ B is T-bounded. Note that (A + B)y = W 2 b, y?, y e D(T). With ¢ and ¢, defined

1=k

as above (see (1.9)), define
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k
h(t) = ¢(1) % t2a (1.13)
Then h € C;(R) and A = 1 on [0, 1]. Foreach r 2 a, define
h(t) = 8 s(r)* h(u), t2a, (1.14)
where u = ;”(’). Then A®@) = KPw), hP@) =1 for r <1< r+dsr), and
s(r
support( h, ) = [r—268s(r), r+28s(r)]. Thus
bk
(A + B)h, W on [r, r+38s(r)]. (1.15)
By Lemma A, we obtain for a constant C,
(r) _ 1 r+8s(r) Ibglp _ 1 r+8s(r) WI(A + B)h’,p
8.5 S(I') , Ws(a#k)p = s(r) , w s(ad)p
C r+8s(r) P C P
€ — WW(A+Bh| £ ——F (A +B)h
W(I‘) s(r)(aﬂt)pvl J., I( ) rl w(r) s(r)(au)pol "( ) '"
s —C o (WF + IR (1.16)
T ow(r) s(ryertrt AT . ‘

where the last inequality follows from the relative boundedness of A + B with respect to T. By
calculations like those used in deriving (1.11) and (1.12), we obtain for r 2 a,

Inl” < C w(r) s(ryer (1.17)

and
Th| < C,w(r) .s'(r)“"'””’l (1.18)
r 2

where C, and C, are constants independent of . Thus (1.6) implies that (1.1) holds for j = k and any
8 e (0, 1/(2N,) ). This establishes necessity of (1.1).

(i) Sufficiency. Suppose (1.2) holds for some 6 € (0, 1/(2No) ) We will use an
argument similar to that in Goldberg [4, pp. 171-172]. For each positive integer N > a, define B,

By  on [a, N], .
on D(T) by B,y = We show that B, converges to B in the space of

0 on (N, ).

bounded operators on D(T) with the 7T-norm. First note that T is closed. To see this, let f, = f
and Tf, — g in L§,(a, «). Let J be a compact subinterval of [a, ) and restrict the functions f,
f,,and g to J. Define T,: L;,(J) — L;,(J) to be the maximal operator corresponding to 7 on J.
Clearly, f, = f in L,(J) and f, € D(T;). Since T,f, = (Tf,,)l,, T.f, » g in L,(J). By
Theorems V1.3.1 and IV.1.7 in Goldberg [4], T, is closed. Therefore, f € D(T}) and T, f = g.
Thus, f e D(T) and Tf = g. Hence T is closed.
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Therefore D(T) is complete under the T-norm. From (i), B is T-bounded. So
I(T) < D(B). For y e IXT),

1p n-1

By - Bl = {7 Wiy - Bof} " = {swins}” < S [Tyl (119)

=0

<

By the argument used in proving sufficiency in (i), Theorem A applies to the interval I = [N, «)
with the same choices for the weights, f, and &,. By (1.3) and (1.4),for 0 < € < &,

ey 1 e
5@ 5.6 s [t s o [ pf | 120

and the same estimate holds for S,(¢) up to a multiplicative constant. By Lemma A, for
0<e<d,

1+€5(1) P
.

1 S (a+)p oo
=50) f S S WS g, (0, 1 e [N, ). (1.21)

Hence

S,(¢e) £ £
£

sup g, 5(0) (1.22)
te|N, )

with a similar estimate for S,(€), 0 < &€ < §, where C is a constant independent of N and €. It
follows from Theorem A that for all y € IX(T),

I; 3 »[ s -If {e"” [Fwh + e L' P Iy('"[p} [’ Sup 8,,5(!)]

< k[ s 5,00] (129

where C, is independent of y and N (but depends on £). Use of (1.23) in (1.19) gives

- n-1
w < z Cl [ sup g, G(t)] (124)
IlyﬂT =0 t€ (N, =)

for all y € D(T) such that y # 0. By (1.2), the term on the right side approaches 0 as N — oo,
Therefore, B, — B in the space of bounded operators on D(T) with the T-norm.

Next, we show that each B, is T-compact. Let { f,} be a T-bounded sequence, say
I£), < 7 forall I. We will show that {£’}, 0 < j < n—1, is uniformly bounded on [a, N].
Partition I =[a,N] by J =1t,t,), 1<i<k, with t, =a, t, =1t + £&s(t), and

€ € (0, 6) chosensuchthat N =t,, =t, + €s(t,). From the proof of Theorem 2.1 in Brown
and Hinton [3), with z € J,,
P}

- l 14 n-j 1
TARG K{[esml " T, (W) =0 [, Wil + [ese)]™ T, .(P) ey [, P

(n)
]
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Use of (1.3) and (1.4) yields for some C, (depending on €),

C n
el < ol WU+ I, Pl )

for t € J. Since w and s are positive, continuous functions on [a, ) and ¢, € J, < [a, N], we

have for some C depending on €,
roef < cfff wir + [[ wimr} = clfl, (1.25)

for t € [a, Nl, 0 <j < n—1. Since {f} is T-bounded, {£’}, 0 <j < n-1, is uniformly

bounded on [a, N].
Next we show {f’}, 0 < j < n-1, is equicontinuous on [a, N]. Let n > O be given.

For t, s € [a, N],

t
I/p (y+1)!
< —'"w"vw If

lf:m(t) '.ﬂm(s)l = Ij"flum W“"’

by Holder's inequality, where 1 + ! = 1. Since w and s are positive, continuous functions on
p

[a, ), W = ws®? is bounded above and below on [a, N]. Hence for ¢, s € [a, N],
lflm(t) _f;(l)(s)| < CI’ - s!”q M(Hl)“q,(a,ﬂ) (1.26)

where the constant C depends on W. For the case 0 < j < n — 2, the argument used to obtain
(1.25) appliesto j + 1 < n — 1 and yields |f"’”(t)' < C|f},» t € [a, N1 This implies that,
since W is bounded on [a, N], with anew C,

12y omy € €Uk 0<jsn-2. (1.27)
Forthecase j = n — 1,

1/
Ui = Ul = {#HY" < o < il 029

since W/ P is bounded on [a, N]. Thus, in any case, (1.28) holds for 0 < j < n — 1. So (1.26)
implies that

2w = £ < Cle = o Ifl, < Ml - of, (1.29)

where M = Csup{ I7h,: 12 1}, since {f;} is T-bounded. Since p >1, 1/¢ > 0.
Therefore, { f,"’} is equicontinuous and bounded on [a, N], 0 < j < n — 1. By the Arzela-Ascoli
Theorem, { f,} has a subsequence { £, o} which converges uniformly on [a, N], and { f,fo} has a
subsequence { f ,} which converges uniformly on [a, N]. Hence { I ,} and { f;",} converge
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uniformly on [a, N]. Repeating this procedure, a subsequence {g,} of {f,} is obtained such that for
0<j<n-1, {g,‘”} converges uniformly on [a, N]. By definition of B,,

Hp

1Bug: - Bugal = {|.' W1Bs, - Ba.l'}

< i[ sup g’ - (m»(,)l] {r ]b,|}”p. (1.30)

3=0 Lrela,

It follows that {BN g,} converges in L}, (a, =) as [ — e. Thus B, is T-compact for each N, and so B

is T-compact, being the uniform limit of T-compact operators.
Necessity. Suppose B is T-compact. First we show that (1.2) holds for j = 0. We proceed
by a contradiction argument. Suppose that for any & € (0, 1/(2N,) ), there exists € > 0 and a

sequence {r} of positive numbers such that r — o and
q £ 1= po! 7

n+8s(n) P
J |”| > e, I 1 (131)
S(r,)

Fix J§ € ( 0, 1/(2N,) ) Let {¢,} be the functions defined by (1.9). As before,

by, on [r, r + 8s(r)]. (1.32)

It follows from (1.31) and Lemma A that

< 1 n+8s(n) 1

s(n) Jn ws

4

= W|Bg,| < — G j' W |Bg,

w(r) s(r,)"**"

S o[ (1.33)

= W) s

where C, is a constant independent of [. For each r 2 a, define

1 — 6,0, t € [a, =). (1.34)

VO s

Then

r 1 3
i |1' = W) sy ||¢,,|l, (1.35)

and (1.33) implies that

< G|By,|. (1.36)
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By (1.11), (1.12), and (1.35), {w,} is T-bounded. Since B is T-compact, {By,} hasaconvergent
subsequence. Relabel indices so that {B'I’,, } converges in L}, (a, %) to some y,. We show that
Yo = 0 ae. in [a, ). Let J; be a finite subinterval of [a, «). Since r,—> o as [— o and
support(y/,l) =[n - 28s(r), , + 28s(r)], wehave y, = 0 onJ; and By, = 0 onJ, for
|L',,(J,‘) s ||y° - Bl[l,’
By, —> Y, as [ —> co and the term on the left side is independent of /, ||y°||,4 0y = 0. This holds

1 sufficiently large.  For such [, ||y°l|:.{,u,) = "yo - By, I Since
for an arbitrary finite subinterval J, of [a, e), and so y, = 0 a.e.in [a, =). Therefore, By, — 0
in L}, (a, ) as I = e. This contradicts (1.36). Thus (1.2) holds for j = 0.

To establish (1.2) for 1 < j < n — 1, we use an induction argument. Fix k < n — 1.
Suppose (1.2) holds for 0 < j < k — 1 and some & € (0, 1/(2N,) ). Suppose (1.2) does not hold
for j = k. Then there exists £ > O and a sequence {r,} of positive numbers such that r, — oo as

| — oo and

v
—

8. s5(n) 2 &, l (1.37)

As in the proof of necessity in (i), let A be the maximal operator with action defined by

1kl
1 Z b, D’. Then A is T-compact by the sufficiency argument in (ii). Since B is 7-

- Vp
wir o

compact, B is T-bounded. Therefore, the estimate preceding (1.16) yields, with A, as in (1.14),

C 3
< A+ Bh]|. 1.38
& 5(n) w(r,)s(r;)(‘"")’“ I( ) nu ( )
Foreach r > a, define
1
p,(t) = ;’W h(1), t2a (1.39)
Then
P
&.s(m) < Cla + Bp,| (1.40)
and
1
= ——m (A -+ Th . 141
||p'. T W(I;)”p s(rl)uﬂwllp ( n I r,“) ( )

By (1.17) and (1.18), {p,, } is T-bounded. Since A and B are both T-compact, A + B is T-compact.
Therefore, {(A + B) p,'} contains a convergent subsequence, say (after relabeling indices)
(A + B) P, 2 in L, (a, «). We show that z, = 0 a.e.on [a, =). Let J, c (a, ) be a finite
interval. Since support(p,) = [r — 2 8s(r),r + 28s(r), p, =0 on J, and hence
(A+B)p, =0 onl, forall 1 sufficiently large. For such [/,

Izl ., , = L., Wle®) - (A+B p, (0 dt <[5 = (A+B)p,| > 0 (1>

L5,(Jg)
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Thus L" W|zo|" = 0 for any finite subinterval J, of [a, ). Therefore, z, = 0 a.e. on [a, =) and
(A+Bp, > 0 in L, (a, =). Hence (1.40) implies that & s(n) = 0 as [ — oo,

contradicting (1.37). Therefore, (1.2) holds for i = k. This establishes necessity of (1.2) for T-
compactness of B. Thus Theorem 1.1 is proved. ]

Note that Theorem 1.1 deals with perturbations of a single-term operator T. In the next
theorem, we extend Theorem 1.1 to a multi-term operator L.

THEOREM 1.2. Let p, s, w, W, P, B, and g, ; be as in Theorem 1.1. Let
L: L (a, «) — Lj(a, =) be the maximal operator corresponding to
1 ia PP D,

1/p
w =0

l =

where L, g, (0 £i<n)e L (a =)and P = ws"**"". Then the following hold:
a’l

(i) B is L-bounded if and only if b, € L] (a, =) and

sup g, 5(f) < o (0<j<n-1) (1.42)
ast<es
for some 6 € (O, 1/(2N,) ) When (1.42) holds, the relative bound for B is 0.

Furthermore, the maximal operator corresponding to I+vVv is L,,, = L + B.
(ii)  Bis L-compact if and only if b; € L}, (a, «) and

lim g, 5(1) = 0 (0<j<n-1) (1.43)

for some & € ( 0, l/(ZNO) ) When (1.43) holds, L and L, have the same essential
spectrumand A e p(L) = k(A -L)=«x(M-L,).

To prove Theorem 1.2, we will use the following lemmas.

LEMMA 1.1. Suppose A, C, and D are linear operators such that D is C-bounded with relative
bound less than 1.
(i) If A is C-bounded, then A is (C + D)-bounded. Furthermore, if the relative bound of A with
respect to C is O, then the relative bound of A with respect to C + D is 0.
(ii) IfA is C-compact, then A is (C + D)-compact.
PROOF. For (i), we have IXC) c D(D), D(C) c D(A), Dy < Kk, |yl + €[N
(y € D(C)) forsome K, > Oand € € (0, 1), and JAy| < K, |y + 6|CY] (y € DXC)) for
some K,, 6 > 0. Therefore, D(C + D) = D(C) < D(A). Fix y € D(C). Then

4 < K, |l + 6KC + D)y - Dy < K, A + SKC + D)y| + 5Dy

S (K, + SK)Hl + S| + D)y + é¢|Cy].
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Noting that Icyl < € + Dy} + IDy] < € + D)yl + K, Iy + €lcH. we obtain

1o s( )]I(C+ Dy +( )M Hence |Ay] < K, |p] + ( )||(C+ Dy, where

K, is independent of y. Therefore, A is (C + D)-bounded and the statement concerning relative

bounds follows easily.

For (ii), suppose {y,,} is (C + D)-bounded, ie., y, € D(C + D) and
Iy.] + KC + D)y,| < K for some constant K independent of n. Then y, € D(C) and
Icy.l < € + Dyy,| + IDy,] < K + K, |y,] + €|Cy,] by the C-boundedness of D. Since

ol < K, wetave ol s KUTE)

Since A is C-compact, {Ay,,} contains a convergent subsequence. Since {y,} was an arbitrary (C +

0<e<l and | Therefore, {y,} is C-bounded.

D)-bounded sequence, A is (C + D)-compact. ]

LEMMA 1.2. Let B, L, and T be the operators in Theorems 1.1 and 1.2. Then:

(i) B is L-bounded if and only if B is T-bounded. Further, the relative bound for B with respect
to L is 0 if and only if the relative bound for B with respect to T is 0.

(ii)  Bis L-compact if and only if B is T-compact.
PROOF. Consider the differential expression (a]—“) I-1t= ﬁ g (a—;) P'"D'. Its

coefficients satisfy the perturbation conditions (1.1) sincefort € Tand 0 < i < n - 1,

1 1+85(t) P

a
= — H’ < (constant) - 6
(a-ﬂ)p S(t) J: an ( )

by the hypotheses that L a, (0 £i<n-1) e L"). Hence by Theorem 1.1(i), [l)L -T
all

1+85(1)

S(t) a,

is T-bounded with relative bound 0. Application of Lemma 1.1 (with A = D = (—l-) L-T
a

a

and C = T) yields that [ ! )L T is {T + [(—l—] L - T}} = [l] L -bounded with relative
'l all

bound 0.
(i) Suppose B is L-bounded. Then B is (—l-) L —bounded since L € L°(I). Another
a

application of Lemma 1.1 (withA =B, C = L L,and D=T - L L) shows that B is T-

an n

bounded.
Next, suppose B is T-bounded. By Lemma 1.1 (with A =B, C =T, and D =

(—l-] L-T), B is (—l—) L-bounded. Hence B is L-bounded. The statement about zero relative

n n

bounds also follows from Lemma 1.1.
(ii) This part is proved in a similar manner using Lemma 1.1(ii). a

PROOF OF THEOREM 1.2.
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(i) Sufficiency. Suppose (1.42) holds for 0 < j < n - 1 and some 6 € (O, l/(2No) ) By
Theorem 1.1(i), B is T-bounded with relative bound 0. Hence Lemma 1.3 implies that B is L-
bounded with relative bound 0. The result D(L,,,) = D(L) follows by the same argument used in
showing that IXT,,,) = D(T) in the proof of Theorem 1.1.

Necessity. Suppose B is L-bounded. Then B is T-bounded by Lemma 1.2. Hence by
Theorem 1.1, b, (0 < j < n - 1) satisfy (1.42) for some & € (0, 1/(2N,) )

(ii) Sufficiency. Suppose (1.43) holds for 0 < j < n - 1 and some § € (O, 2—;}-) Then
[

by Theorem 1.1, B is T-compact and hence L-compact by Lemma 1.2. The invariance of the essential
spectrum and Fredholm index of L under perturbations by B follow as in the proof of Theorem 1.1.

Necessity. Suppose B is L-compact. Then B is T-compact by Lemma 1.2. By Theorem 1.1,
there exists & € (0, 1/(2N,) ) suchthat b, (0 < j < n - 1) satisfy (143). W

REMARK. Theorems 1.1 and 1.2 apply to operators T and L with coefficients eventually bounded

above by the corresponding coefficients of an Euler operator. To see this, note that the hypothesis
|s’(n] < N, ae. on I implies that there exists a positive constant C such that s(r) < Ct forall ¢

sufficiently large. Now, by definition of P, and W and the hypothesis that @, (0 < i < n)
e L°(I), we have

1/
la. ()| R@)'” = la @)ty < Cr (1.44)

w(t)llp
for all ¢ sufficiently large, where C, are constants independentof tand 0 < i < n.

EXAMPLE 1.1. Let n=2, p=2, w = 1, & =0, and s be any positive, AC,([a,)) function
such that |s'(r)) < N, for t € I = [a, ). Then W=1 and P(t) = s(t)* for i=0,1,2.

Consider

Ly = a()s()' Y" + a0 s() Y + a,(®) y (1.45)

and

By = b(t)y + by(1)y, (1.46)

where i, a,, a,, a, € L"(I) and b,, b, € L2 (I). Then
a,

1+85(1) 2
1 |b,(f)| .

- AT = X 47

g5 <0 J' g dr (G=0,1) (147)

1

By Theorem 1.2, B is L-bounded if and only if sup g, 5(t) < e (j=0,1) and L-compact if and
tel
onlyif lim g, ;(t) = 0 (j=0,1) forsome 5 ¢ (0,1/(2N,)). M
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Next we prove a corollary of Theorem 1.2 in which an nth order perturbation B of L is
considered. The perturbation is such that the coefficients of the highest-order terms in L and L + B
obey the same hypotheses. Before stating the corollary, we prove a lemma concerning the domains
of the single-term operator T and multi-term operator L.

LEMMA 1.3. Let T and L be as in Theorems 1.1 and 1.2. Then D(L) = D(T).
PROOF.  First consider the case in which a, = 1. By Theorem 1.1 with

v= 2 a P’ D', B is T-bounded and L = T,,, = T+ B. Thus D(T) c D(B), and so

llp

D(L) = D(T + B) = D(T). For general a, such that a,, 1/a, € L"(I), we may replace T by
a, T without affecting T-boundedness of B. It follows that D(L) D(a, T) = I(T). B

COROLLARY 1.1. Letp, s, w, W, P, and L be as in Theorem 1.2. Let B: L., (a, =) — L(a, =)

be the maximal operator corresponding to

n-1
v= w"" {b P'?D" + 2 b, D’}

=0

where b, _:_ 5 e L'(I), b €L, (D (0 <j<n)
lim —— [ o) dr = o, (1.48)
1o S(t) ' "
and
14+85(1) P
1 b, ()
lim — — L __4dr =0 0<j<n-1 1.49
11“1 s(t) J’ W(‘t') s(,t)(aﬂ)p ( J n ) ( )

for some &€ (0,1/(2N,)). Let R: Ly(a, ) — L,(a, ) be the maximal operator
corresponding to 1+ v. Then D(L) = D(R), o.(L) = 0,(R), and
Aep(l) = «x(M-1L)=«(Md-R).

PROOF. In view of Theorem 1.2, it suffices to prove the corollary for the operator

R=L+ Wl b,P’? D". As in Theorem 1.1, let T: L%,(a, =) — L’,(a, =) be the maximal

ilp
L_pirpr.  Then R=1L+ b,T. By Lemma 1.3,

Wllp n
D(L) = XT) and D(R) = I(T). Hence D(L) = D(R). For any scalar A and
y € D(R) = D(L),

operator corresponding to T =

1 n
(I -R)y =4 -Ly~- W”.Pn"")’”

n=1
=Ay-Ly+ Z—" {).y -Ly+ W”’ Z a, B y® ly} W+ Sy
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where A, and S, are the maximal operators associated with (l + ﬂ) (-1 and
a

n

n-1
—“—j,—p Y b, Lpirpt _p A I, respectively. An application of Theorem 1.2 (with L, B, and
k=0 a

L,, replaced by A,, S;, and Al — R, respectively) yields that S, is A,-compact,
oe(Al) = ae(u - R)' and

0ep(4) = «x(4)=«x-R). (1.50)
By definition of A,, AI-L = ( e )Al. Let h=—2%__  Then h,
a, + b, a, + b,

1/h e L"(I) and R(AI - L) = {hg: g € R(A,)}. Theresultthat R(A,) is closed if and only if
R(M - L) is closed follows from the next lemma.

LEMMA 1.4. Let M be a closed subspace of L, (a, =) and N = hM = {hg: g € M}, where
h, 1/h € L"(a, =). Then N is closed.

PROOF. Suppose hg, € N with g, € M and hg, = z. Since 1/h € L7(a, =),
:g,‘ — z/h. Since Misclosed, z/h € M. Therefore, z = h-(z/h) € N. SoNisclosed. B

Since 0,(4;) = 0, (M - R), p.(A) = p. (M - R), ie,
{u: R(ur - A,)is closed} = {y: R(ul - (A - R))is closed}.

Therefore, R(A,) closed R(AI - R) closed. It follows that p,(L) = p,(R); and so
o.(L) = o (R).

It remains to show that A e p(L) = «x(A -L)= k(M -R). Let A€ p,(L).
Then R(Al - L) is closed and Lj(a, <) = R(Al - L) ® M, where M = N(AI - L). Since
Ly = /Ty has at most n L}, (a, =) solutions, M is finite-dimensional.

Let ¥ = a + b". Then y, —lly- € L"(I) and A, = y(M - L). Any f e Lj(a, ) can
a

be writtenas f = (A — L)g + m,where g € D(L) and m € M. Thus yf = y(Al — L)g + ym
with yf € L, (a, «), y(Al - L)g € R(A;), and ym € yM. Now, since R(Al - L) closed =
R(A;) closed, L (a, =) = R(A;) ® N where N = yM = {ym: m e M}. Since y,

% € L"(a, »), dim N = dim M. By definition, the deficiency index of A, is

B(A,) = dim[L}(a, =) \ R(4;)] = dim N = dim M

dim[ L5, (a, =) \ R(A - L)] = B(AI - L).

Since A, = y(Al — L) and y # O (because % € L"(a, =)), N(A;) = N(AI — L). Therefore,

a(A,) = a(Al - L). Thus x(A;) = k(A - L). Since R(4,) is closed, 0 € p,(A;). Hence by
(1.50), x(A,) = x(AI — R). Therefore, k(A — L) = x(Al - R). ]
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REMARK. Note that (1.49) and (1.43) are identical conditions on the lower-order perturbation
coefficients b, 0 <j<n - 1. Theorem 1.2 is a result for lower-order perturbations of

L= # Z a, P'? D', where ~1—, a (0<i<n-1) € L(a, =). Corollary 1.1 applies to
=0 an

-1
nth order perturbations of L of the foorm R = L {(a,l +b)R'"D" + Y (a B + lz)D'},

1lp
w 1=0

where b, satisfies (1.48) and a, + b,, € L*(a, ) (in analogy to the conditions on a,
a

+ b

in the operator L).

2. CONDITIONS FOR OPERATORS WITH LARGE COEFFICIENTS
Recall that Theorem 1.1 applies to operators

such that

_P_Q 1/ p )
[29]" < e

for some constant C and all ¢ sufficiently large. The following theorem generalizes the sufficiency
conditions in Theorem 1.1 for operators T with arbitrarily large coefficients.

THEOREM 2.1. Let 1 < p < e and I = [a, ). Let P and W be nondecreasing, positive

continuous functions on I such that W', P'? e [, (I), where 1 + 1. 1. Let T,
p q

B: Ly, (I) = L, (I) be the maximal operators corresponding to

w'r

J=

=]

respectively, where each b, € L, (I). For 0 < j < n -1 and § > 0, define

-IJ:‘ML) (8 'm e
K5 = ﬁ [%((t_t)z]( ) 3] lp, () ar.

(i) If there exists 6 > 0 such that

sup i, 5(1) < o (0<jsn-1), (2.1)
tel

then B is T-bounded with relative bound 0.
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(ii)  Ifthere exists 8 > 0 such that

lim 1, 5(1) = 0 (0<j<n-1), 2.2)

then B is T-compact.

PROOF. (i) Suppose (2.1) holds for some & > 0. We will show that Theorem A applies to

1/np)
the choices f = (%) , N= Ib;|p’ and g =8. Fixr el and € € (0, §). Since P is

nondecreasing on /, it follows that

1 t+ef(1) 1 plq 1
T, .(P) = —J L S
' {Ef(f) ' P(T)™ } P(1)

14np)

Similarly, T, (W) < _W—](t_)- The choice f = (W) is made so that certain upper bounds on

S,(€) and S,(g) are equal: S, (&) < -:; sup i, 5(f) (k =1, 2). By (2.1), there exists a
tel

«constant C independent of £ such that S,(g) < % for k =1,2 and € € (0, §). Hence by

Theorem A, there is a constant K such that

(n)

[>f < k{3 [ Wbl + e [ P

}
for all y € D(T). By the same calculations used to obtain (1.8) in the proof of Theorem 1.1,
IBy| < K, P |y + K, P ||, K, = K"?, for all y € IXT). Since p > 1, the
coefficient of |Ty| can be made arbitrarily small by choosing € € (0, §) sufficiently small.

Therefore, B is T-bounded with relative bound 0.
(ii) Suppose (2.2) holds for some § > 0. T-compactness of B follows by the argument used

in proving sufficiency in Theorem 1.1(ii). |
n=1
EXAMPLE 2.1. Let W(¢) = 1 and P(t) = ¢'. Then T = e¢’?D" and B = z b, D’. In this
=0
case, condition (2.1) precludes exponential growth of b,. Suppose
b, < ¢ 1, ast<e, 0<j<n-l, A, 20,

for some constants C, and A,. Fixjandlet A = A and C = C?. Then by the definition of 4, ; in

Theorem 2.1,

C t+ 8 _Ap
#J.ﬁ(t) < e(jln#ll(np))x 1 T¥dr

C . .
= (Ap + 1) eo/n+ 1w [(t + 6e”""”)°" R .Y l]'

For ¢ sufficiently large, we obtain (with a different constant)

C
(&p + Dtlnp) _ (A=))t/n
M 50 < QU7 )1 € =Ce .
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n-1
Hence (2.1) holds if A < j, and (2.2) holds if A < j. For example, the Euler operator z YD is

=0
n-l

T-bounded, and the operator z YD (&> 0) is T-compact. |
1=0

We state here another part of Theorem 2.1 from Brown and Hinton [3] mentioned earlier.

THEOREMB. Let 1 < p <o, I ={a,»),and 0 < j < n-1. Let N, W, and P be positive
measurable functions such that N e L, (I); for p>1, W" P? e[ (I) where
1,1 1; for p = 1, W™, P are locally essentially bounded on I. Define
p q

-1 -
uP IL,lr.Ncﬂ’ p= 1
T.(P) = [1 mcfp-q/p]p/q,

ef

l <p<oee

with similar definitions for T, (W). Suppose there exists €&, > 0 and a positive continuous function
f=f(@) onlsuchthat f'(t) 2 0,

R (&) = sup{f(0"™" N(t) T, (P)} < o,
tel

and

R,(¢)

fgr;{f(t)’”’ N T, (W)} < o

forall € € (0, &). Then there exists K > O such that forall € € (0, &) and y € D,

p}'

[ NPT < K{e‘”’R,(e) [, Wh" + e* 7 R(e) [ Py

where D = {y: Y € AC, D), [, W <o, and | P

pf <o}
This result can be used to prove the following theorem, which gives pointwise conditions

sufficient for relative boundedness and relative compactness.

THEOREM 2.2. Suppose the conditions in Theorem 2.1 are satisfied with the definition of L, 5
replaced by

1 [wo™ .
)= — | 2Dy 0<j<n-1)
wo = g [P(t)] XG! (0<j<n-1)
. P .. d | Pt
In addition, suppose W € AC, (I) with Z [V((tl)] 2 0 for t € I. Then the conclusions in

Theorem 2.1 hold for 1 < p < o provided that for the case p=1 W' and P are locally
essentially bounded on I.
PROOF. (i) Suppose sup B,(1) <o for 0 <j < n-1. We will show that Theorem B
tel

, . p\"”
applies to the choices f = (W) , N= ijlp, andany g > 0. Fixt € I and € > 0. Since
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P and W are nondecreasing on I, T, . (P) < -1— and T, (W) < —l- Hence

P(z) W()
(=) ro 1 - ro 1 .
R(&) < sup { f@ror |b,(z)| 7o) } and R,(g) < sup {f(t) r |b,(t)| WO } By the choice
of f, R(€) < sup p,(t) < e (k=1,2). Therefore, Theorem B applies. The rest of the proof,
tel

including (ii), follows as in the proof of Theorem 2.1. ]

EXAMPLE 2.2. Let W) =1 and P(t) = e®, «>0. Then T =¢%'"D" and
n-l
B:Zb,D’. Let 1 < p < e. Suppose lbl(t){SCJep", as<t<oe, 0<j<n-l1,for

=0
some constants C, and B,. Then u (1) = e“’% lbl(t)l" <C elByp=esin)  Thyg by Theorem 2.2,
B, < %9 _, BisT-bounded and B, < % o Bis T-compact.
np np
So the pointwise conditions on b; in Theorem 2.2 allow b, to grow exponentially. In
contrast, the integral average conditions of Theorem 2.1 ap
but not exponential, growth of b, B
3. INTEGRAL AVERAGE CONDITIONS FOR THE CASEp =1

The following theorem gives sufficient conditions for T-boundedness for the case p = 1 for integral
averages.

plied to Example 2.1 allow polynomial,

THEOREM 3.1. Let P and W be nondecreasing, positive continuous functions such that % and -VIV

are locally essentially bounded on [a, =). Let T, B: L,(a, <) — L,(a, <) be the maximal
operators corresponding to

E]

T= PD

1
and w

respectively, where each b, is a measurable function on [a, =). For 0<j<n-land 6§ >0,
define

(y+1)/n " _P(L)“'
w0 ot (2] T e

If there exists § > O such that

sup 1, (1) < o (0 <j<n-1)

asSt<eos

then B is T-bounded. If in addition b,_, = O, then the relative bound of B with respect to T is 0.
. P 1/n
PROOF. We show that Theorem A applies to the choices f = (W) ,p=1, N= |b1|,
andany & = 6. Fix t € [a, ) and & € (0, ). Using the hypothesis that P is nondecreasing,

we have T, (P) =

1 1 L 1 . -
— < ——. Similarly, T, (W) £ ——. These inequalities
l P ||-. e+ ef()l P(t) € W(t)

P t/n .
yield upper bounds for S,(€) and S,(€). The choice f = (W) is made so that these upper

™| "

bounds are equal: for k =1 or 2, S,(€) < sup p,5(6) < , where the last inequality

1
€ ast<ew
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follows by hypothesis (for some constant M > 0). By Theorem A, there exists K > 0 such that for
all £ € (0, 6) and y € D(T),

J: Ib, y"’| < K{ €7 S,(€) L- Wy + £ 5,(e) L" Ply®

Let | o | denote the norm of L, (a, ). Then

a-l 1 .
I8l < 3| 5 50
=0

a=l .
= 2 L ij y(nl
=0
n=1 -1
skY {e”s@M+es@lm} s kM Zo {7+ eI }
=0 J=

where we have used the estimates on S, and S,. Hence B is 7-bounded.
If b,_, =0, then the previous sum can be truncated at j=n—2:

n-2

IBY| < c@ || + kM (Z e""") [y] for all y € D(T), where C(€) is independent of y.
1=0

Restrict € € (0, §) such that € < 1. Then |By] < C(&)|y] + KM (n — ) g|Ty| for all

y € D(T), from which it follows that the relative bound of B with respect to T is 0. | ]
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