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ABSTRACT. Fully idempotent near-rings are defined and characterized which yields information on
the lattice of ideals of fully idempotent rings and near-rings. The space of prime ideals is topologized and
a sheaf representation is given for a class of fully idempotent near-rings which includes strongly regular

near-rings.
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1. INTRODUCTION AND PRELIMINARIES

For basic terminology and results on near-rings, see [10] and [11]. Throughout this paper R will
denote a zero-symmetric right near-ring. For subsets § and T of R, (S) will denote the ideal generated
by § and, as is customary, ST = {st|s € §, t € T}. If I is an ideal of R, I is called prime if whenever
A, B are ideals with AB C I then either A C I or B C [; I is completely prime'if abel=>a€lorbel;
I is semiprime if A2 C I = A C I; I is irreducible (resp. strongly irreducible) if ANB =I= A= 1or
B =1 (resp. ANBCI= ACIorBCI). Thus a prime ideal is semiprime and strongly irreducible
and any strongly irreducible ideal is irreducible. Note that unlike the situation in rings a prime ideal J
need not have the property aRb C I = a € I or b € I. Finally R is defined to be strongly regular if R
is von Neumann regular and reduced (has no nilpotent elements). Equivalently (see [9] and [12]) R is
strongly regular iff for all z € R Ja, b € R such that z = z%a = bz?.

In section 2 we will define and characterize fully idempotent near-rings, and topologize the set of
strongly irreducible ideals. In section 3 a sheaf representation of a class of fully idempotent near-rings
will be given, a class which includes the strongly regular near-rings. Of course rings are zero-symmetric
near-rings, and while some results of this paper generalize what is known in the ring-'theoretic case, other
results (e.g. Propositions 2.3, 2.5, 2.6) appear to be new for both near-rings and rings. Finally, we note

that in [13] and [14] Szeto has given an alternate approach to sheaves for classes of unital near-rings (and
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see concluding remark).
2. FULLY IDEMPOTENT NEAR-RINGS

A ring R is fully idempotent if each ideal I of R is idempotent. i.e. if I = I%. Several character-
izations of these rings were given by Courter [7] and they play an important role in the study of (von
Neumann) regular and V-rings [6], both of which are proper subclasses of fully idempotent rings. In
this section we examine the near-ring analogue of fully idempotent rings. We begin with the following
definition.

DEFINITION 2.1. A near-ring R is called fully idempotent if for each ideal I of R, I = (I?).

PROPOSITION 2.2. The following assertions for a near-ring R are equivalent:

1. R is fully idempotent.

2. For each pair of ideals I,J of R, INJ = (IJ).

3. The set of ideals of R (ordered by inclusion) forms a lattice (Cr.V,A) with IV J = I + J and
I AJ = (IJ) for each pair of ideals I, .J of R.

PROOF. (1) = (2): For each pair of ideals I,J of R, we always have IJ C InJ. Hence
(IJ) € InJ. For the reverse inclusion, let a € I N J and let (a) be the (two-sided) ideal generated by a.
Then a € (a) = ((a) - (a)) C (IJ). Thus I'NnJ C (IJ). Hence INJ = (IJ).

(2) = (3): The set of ideals of a near-ring ordered by inclusion forms a lattice under the sum and in-
tersection of ideals ([11], Thm. 2.20). Thus for each pair of ideals I,.J of R, IV J = I + J and by the
assumption, IAJ =1NnJ = (IJ).

(3) = (2): For each pair of ideals I,.J of R, IJ C I N.J always. Hence (IJ) C INJ. On the other hand,
since by the assumption (I.J) is the greatest lower bound of I and J, therefore I N J C (/J). Hence
InJ=(1J).

(2) = (1): Taking I = J in the hypothesis, we have I = (I?) for each ideal I of R. Hence R is fully
idempotent.

EXAMPLES. If a near-ring is biregular (in the sense of Betsch) then, among other defining prop-
erties, for every r € R there is a central idempotent e such that (r) = Re [11, p. 94]. R is biregular in
the sense of Szeto if for all 7 € R there is a central idempotent e such that {3°7 7,7s,} = Re. As observed
in [9, Prop. 4] these are biregular in the first sense too. Moreover biregular and regular near-rings are
fully idempotent. In fact, they satisfy the stronger condition that for all ideals I, J, InJ = IJ. For if
R is regular and z € I N J then z = zyz for some y so z € IJ. Conversely IJ C I N J is always true.
Similarly if R is Betsch-biregular and z € I N J then (z) = Re so z = re = ree € IJ. Note that in [14]
Szeto defined a unital near-ring R to be strongly biregular if it is regular and all idempotents are central.
These are, in fact, precisely the strongly regular near-rings as we have defined them ([9)).

It will be useful in the sequel to refer to near-rings with the property INnJ = IJ for all ideals I, J.
We will call them strongly idempotent.

Recall that the set of all ideals of a near-ring under sum and intersection forms a complete modular
lattice (cf. [9], Thm. 2.20). This lattice, however, need not be distributive. Below we show that the ideal
lattice of a fully idempotent near-ring is a complete Brouwerian, and hence distributive, lattice. A lattice

L is called Brouwerian if for any a,b € L, the set of all z € £ satisfying a A z < b contains a greatest
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element ¢, the pseudo-complement of a relative to b [4].

PROPOSITION 2.3. Let R be a fully idempotent near-ring. The set Lr of ideals of R (ordered
by inclusion) is a complete Brouwerian lattice under the sum and intersection of ideals.

PROOF. As remarked above Lg is a complete lattice under the sum and intersection. We now
show that Lg is a Brouwerian lattice. Let B and C be ideals of R. By Zorn’s lemma there is an
ideal M of R which is maximal in the family S of ideals I satisfying TN B C C. We wish to show
M is the greatest element of 5. If M = R we are done. If M # R and I € S then IB C C so
(I+M)NnB=(I+M)-B)C {(IB+MB)CC. By maximalityof M, T+ M = M,ie. I C M as
required.

COROLLARY. Lp is distributive.

PROOF. Follows from ([4], 11.11).

The next proposition shows that the concepts of prime, irreducible and strongly irreducible coincide
for fully idempotent near-rings. First we record the following existence result for irreducible ideals:

LEMMA 2.4. If I is an ideal of any near-ring R and if a € I, there exists an irreducible ideal i’
suchthat IC K anda g K.

PROOF. By Zorn’s lemma, S = {ideals L | I C L, a ¢ L} has maximal elements. Let A be one.
If K = BN C where B and C both properly contain A" then they both contain I so by maximality of A’
they both contain a. But then a € BNC = K, a contradiction.

COROLLARY. Every proper ideal is contained in a proper irreducible ideal.

PROPOSITION 2.5. Let R be a fully idempotent near-ring and let P be an ideal of R. Then
the following assertions are equivalent:

1. P is irreducible.
2. P is strongly irreducible.
3. P is prime.

PROOF. As (3) = (2) = (1) is clear, it suffices to show that (1) = (3). Suppose IJ C P for
ideals I,.J of R. Since R is fully idempotent, I N J = (IJ) by Proposition 2.2. On the other hand,
IJ C P implies that (/J) C P. Hence INnJ C P. This implies that (I ﬂ'J) + P = P. Since R is
fully idempotent then by the corollary to Proposition 2.3, the ideal lattice of R is distributive. Hence
P=(InJ)+ P = (I+P)N(J+ P). Since P is irreducible, I + P = P or J + P = P. This implies that
I C PorJC P. Hence P is a prime ideal.

PROPOSITION 2.6. Let R be a fully idempotent near-ring and Lg be the ideal lattice of R
under the sum and intersection of ideals. Then the set Bg of direct summands of R is a Boolean sublattice
of Lg.

PROOF. The proposition will follow if we show that the sum and intersection of summands of R
are summands of R; that is, if A; and A, are direct summands of R, then A; + A; and A; N A, are direct
summands of R. Let B; and B, be the cosummands of A; and A, respectively, that is, A, + B, = R and
A,N B, = (0); for i = 1,2. We show that A; + A; is a summand with B; N B, as its cosummand. Suppose
I =(BiNBy)+A;+A; # Randletz € R, z ¢ I. By Lemma 2.4 there is an irreducible (hence by Proposi-
tion 2.5 a strongly irreducible) ideal P such that I C P, z ¢ P. Then ByNB; C P so By (say) C P. Since
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A1+ By =R, Ay € P. But 4; C I C P which is a contradiction. Therefore ] = R. Now let r € B, N B,
and yr € Ax (k= 1,2). Then (31 + y2) = 1z + y27 € A1 By + A2B2 C (A1 N By) + (A2 N By) = (0).
Hence, by Proposition 2.2, (41 + A2) N (B; N By) = (0). Therefore A; + A; is a direct summand of R
with (B N B;) as its cosummand. Using an identical argument, we can show that 4; N A, is a summand
with B; + B as its cosummand.

We now prove the following characterization theorem for fully idempotent near-rings.

THEOREM 2.7. The following are equivalent:

1. R is fully idempotent.
2. Every proper ideal is the intersection of the prime ideals containing it.

PROOF. (1) = (2). First note that if R is fully idempotent every ideal is contained in some
prime ideal by the corollary to Lemma 2.4, and Proposition 2.5. Let {P,} be the primes containing I so
I € NP,. Conversely if a ¢ I there exists a prime ideal P with / C P and a ¢ P.

(2) = (1). Let I be an ideal of R. If (I?) = R then I = (I?). If (I?) # R then I> C (I*) = NP, C P, so
IC P, forall e, ie ICNP,=(I?). Since (I?) C I we are done.

COROLLARY 1. R is fully idempotent iff each ideal is semiprime {11, Prop. 2.93].

COROLLARY 2. A fully idempotent near-ring is a subdirect product of prime near-rings [11,
Thm. 2.95].

Let Sgr denote the set of proper strongly irreducible ideals of R. Since every near-ring has minimal
prime ideals [11, Cor. 2.77], Sg is not empty. For any ideal I, define ©; = {J € Sg|I € J} and let
T(Sr) = {O/|] is an ideal of R}.

THEOREM 2.8. The set T(Sgr) constitutes a topology on the set Sg and if every irreducible
ideal is strongly irreducible the assignment I — @; is a lattice isomorphism between the lattice Lr of
ideals of R and the lattice of open subsets of Sg.

PROOF. First we show that the set T(Sg) forms a topology on the set Sg. Since (0) is contained
in every ideal, therefore O ) = {J € §p: (0) € J} = ¢. Furthermore, g = {J € Sg: RZ J} = Sk
because elements of Sk are proper. Now let ©7,.0;, € T(Sgr) with I1,I; in Lg. Then O, N©f, = {J €
Sp:Ny€Jand L, € J}={Je€Sr:I1 NI, ¢ J}. Now consider an arbitrary family (Ix)xen of ideals of
R. Then | JOr, =| {J € Sp:Ix € J}
={JeSr:3 € Asuchthat I, ZJ}={J € Sntzh gJ}= GZ'A' Since "I, is an ideal of R
((11], Thm. 2.1), it follows that UG)I,\ € T(SRg)- ThiAs shows that the set T(Sg) of subsets @, with
I € LR, is a topology on the set Sj‘z. Define ¢ : Lr — T(Sgr) by setting ¢(I) = ©y. It is easily verified
that ¢ preserves finite intersections and arbitrary unions. Hence ¢ is a lattice homomorphism. Finally
we show that ¢ is an isomorphism. For this purpose, we show that Iy = I & O, = 0y, for I1,I; in
Lg. Suppose O;, = Oy,. If I} # I, then 3z € I such that z ¢ I,. Then by Lemma 2.4, there exists
an irreducible and hence a strongly irreducible ideal J of R such that I, C J and z ¢ J,ie. [; € J.
Hence J € ©p,. But ©;, = Op,, so J € ©p,. This means that I; € J. But this is a contradiction. Hence
L =1

Recall that a near-ring R is indecomposable ([11, 2.42]) if it is not the direct sum of non-trivial

ideals.
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PROPOSITION 2.9. If R is a near-ring in which every irreducible ideal is strongly irreducible
then R is indecomposable il T(SR) is a connected space.

Proof. Recall that a topological space is connected if and only il it has no nonempty proper open
and closed subsets. If [ is an ideal of R. then @ is both open and closed if and only if there exists some
ideal .J of R such that @, U0, = Sg and O; NO; = @. Bv the I-1 correspondence of the preceding
Theorem, this implies that [ +.J = R and I N.J = (0). Hence @) is both open and closed if and only
if Iis a direct summand of R. Thus it follows that T'(Sg) is a connected space if and ouly if # has no
nontrivial direct summands, that is, R is directly indecomposable.

We end this section by discussing near-rings in which cach irreducible ideal is strongly irreducible.
By Proposition 2.5. fully idempotent near-rings are in this class (and in this case Sp is the prime spec-
trum and 7'(Sg) the spectral space). More generally in any distributive lattice it is casy to show that
meet-irreducible elements are strongly irreducible (for example, dualize [1, Lemma 1. p. 58]). Accord-
ing to [I, Ch. IX] rings with the stated property are precisely those for which the conclusion of the
Chinese Remainder Theorem holds. and an examination of the proof for rings shows that it holds for
zero-symmetric near-rings also. Examples of near-rings which are not rings and which have a distributive
lattice of ideals are the unital near-rings for which no homomorphic image is a ring [11. Cor. 2.25].

3. STRONGLY IDEMPOTENT AND STRONGLY REGULAR NEAR-RINGS

We first formulate the definition of a sheaf of near-rings as follows:

DEFINITION 3.1. Let X be a topological space and let. T(X') be the category of open sets of X
and inclusion maps. A presheafl P of near-rings on X is a contravariant functor from the category T(.Y)
to the category N of near-rings. that is. it consists of the data:

(a) For every open set 7 C Y. there exists a near-ring P(I). and
(b) forevery inclusion V" C I/ of open sets. there exists a near-ring homomorphism P,’:" CPUYy — P(V).
subject to the following conditions:
1. P(d) = (0). where ¢ is the empty set of Y
2. p,’;(, :P(U)Y — P(U) s the identity map. and
3. if W €V C U arc three open sets, then ply = /)f»w ophy.
If P’ is a presheaf on X. then P(17) is called a section of the presheafl PP on the set U7 and the maps

phy are called restriction maps, for which the notation ey is occasionally used instead of pl7i.(n)

where «« € P(U). The presheafl P is called a sheafif the following additional conditions are satisfied:

1. if U is an open set and (V1 )iea is an open covering of {7 and if |y, = gy, for .3 € P(U7)

and for all V. then o = f3;

M

il U is an open set and (Vi)aen is an open covering of U and if there are elements ay € P(1)
for each A € A such that for each pair A, € A,
then 30 € P(U7) st aly, = a for each A € A.

".\l»,\m,, = "ﬂlhm,ﬁ

If a presheal satisfies condition (4) only, it is called separated [2].



150 J. AHSAN AND G. MASON

Next we state some preliminary lemmas. We write E(I) for the near-ring generated by all the
R-endomorphisms of the left R-group gr/.

LEMMA 3.2. If R is a strongly idempotent near-ring then for every pair of ideals I.,.J with .J C I.
any R-homomorphism from J to I factors through J.

PROOF. Since J NI = JI then when J C I we have J = JI. Also J = J? soif a € J then
a = a1b =azazbfora, € J. b€ I. Then f(a) =azf(azb)e JI=J.

We now describe a sheaf of near-rings on the prime spectrum of some near-rings.

THEOREM 3.3. Let R be a strongly idempotent near-ring in which (R, +) is abelian. The
assignment @7 — E(I) = Fg(I) defines a sheaf Fg of near-rings on the prime spectrum of R.

PROOF. First we prepare the data for the existence of a presheaf. Fr(I) = E(I) is a near-ring
(in fact a ring) for every ideal I of R. We now define a restriction map: pf; : E(I) — E(J), whenever
O, C Oy, that is, when J C I for ideals I,J of R. Let a = f:a,e, € E(I). Define p;j(a) = @|y. Note

=1

that a|; € E(J) by Lemma 3.2. Clearly. p{; is a near-ring homomorphism. Thus Fg satisfies the condi-

tions of a presheaf. We now show that Fp is separated. Let [ = Z I, and suppose f,g € Fr(I) such that
A€A
flr, = gl1, forall A € A. For each z € I, we can writez = z1+...+2, for z, € I). Since (R, +) is commu-

tative, we can write f(z) = f(z1)+f(z2)+.. 4+ f(zn) = g(z1)+9(z2)+. . +9(zn) = g(z1+. . 42,) = g(2).
Hence f = g, and so FR is separated. Finally, in order to show that Fg is a sheaf, we verify condition (5) in
Def. 3.1. Let I = Z I, be an ideal of R, and suppose for each A\, € A, f\ € E(I») and f, € E(l,) such
that fyr,n1, = fuIAIf:l,' Define f : Iy + I, — I + I, as follows: For z € I, + I,,, write z = 7 + z, with
z) € I) and z, € I,. We now define f(z) = fa(z)) + fu(z.). We show that f is well-defined. Suppose
z =z + 2, = 7 + z,,. Then since (R, +) is commutative, we have z) — z, = 2}, — 2, € I, N I,. Hence
fa(zx~2)) = fu(z), — z,). Therefore fy(z2)+ fu(z,) = fr(zy)+ fu(z),). Now suppose z € I, N (I, +1,)
where I, is an ideal of R for some v € A. Since every strongly idempotent near-ring is fully idempotent,
by the corollary to Proposition 2.3, we can write I, N(Ix+1,) = (I,NI\)+(1,N1,). Thusz € I,N(I\+1,)
means that z € (I, N1,)+ (I, NI,). Hence we can write z = z, +z, wherezy € I, NIy and z, € I,NI,.
Thus f(z) = fa(za) + fulzw) = fu(z)) + fulzy) = fulza + 2,) = fu(z). ”I‘his implies that the family
{I» : A € A} is stable under finite sums. We can now define a map f : S I, — Y I, which satisfies
condition (5) in Def. 3.1. Suppose z € Z I\. Then z = z; + ...+ 2z, where z, € I,. Since z belongs
to a finite sum of I,’s, by the preceding tEi,l;guments, we can suppose that z € I, for some u. Hence we
can define f(z) = fu(z), which is well-defined since two different f, agree on z when f,(z) is correctly
defined. Clearly f € E(I) which extends each fy for A € A. This proves that Fg is a sheaf of near-rings.

Strongly regular near-rings satisfy the hypotheses of Theorem 3.3 (see [11, 9.159a]). Further infor-
mation about these near-rings is obtained by using the work of Cornish [5). For any prime ideal P, let
Op = {z|zy = 0 for some y ¢ P}. As observed in [6] any reduced zero-symmetric near-ring is a reduced
system in the sense of [5, p. 883] and so we can apply [5, Thm. 3.5] to obtain:

THEOREM 3.4. For any prime ideal P of a reduced near-ring, Op is the intersection of the
minimal prime ideals contained in P. Hence P is a minimal prime iff P = Op.

The next result is known in the unital case (eg. {11, Thm. 9.163]).
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PROPOSITION 3.5. If R is strongly regular, every prime ideal is a minimal prime ideal.

PROOF. First note that all prime ideals in a strongly regular near-ring are completely prime 3.
examples following Prop. 5.4]. Let z € P and choose r ¢ P. If rz = 0, then zr = 0 since R is reduced,
so z € Op and we are done. If rz # 0 then 7z = rzsrz for some s € R. Hence (7 — rzst)z = 0. Let
y=r—rzsr. Then y € Porelse r € P (since z € P). Hence z € Op as required.

THEOREM 3.6. If R is strongly regular, T(Pr) is Hausdorff.

PROOF. Suppose P and Q are distinct prime ideals with a € Q, a ¢ P. Then a € Og so ab =10
for some b ¢ Q. Because prime ideals are completely prime ©,y and Q) are disjoint open sets containing
P and @ respectively.

CONCLUDING REMARKS. As mentioned in the introduction, a different approach to sheaves

of unital zero-symmetric near-rings was taken by Szeto. He used the prime ideal spaces of the Boolean

algebra of central idempotents. In [14] he further concluded that an approach based on the prime ideal
space of R was “unlikely for a near-ring due to the fact that the sum of ideals is not necessarily an
ideal and an ideal is not necessarily embedded in a prime ideal”. However, the last statement is false for
+unital near-rings [11, 271 and 2.72] and the sum of ideals is generally defined to make the first statement

incorrect [11, Theorem 2.1].
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