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ABSTRACT. This paper provides the asymptotic estimate for the expected number of real ze-
ros of a random hyperbolic polynomial g; cosh z + 2g; cosh2z + ... + ng, coshnz where g,,(7 =
1,2,...,n) are independent normally distributed random variables with mean zero and variance
one. It is shown that for sufficiently large n this asymptotic value is (1/7)log n.
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1. INTRODUCTION

Let (?, A, Pr) be a fixed probability space and {g,(w)}}=, be a sequence of independent identically
distributed random variables defined on 2, each normally distributed with mean zero and variance
one. Denote by M,(a,3) the number of real zeros of P.(z) in the interval (o, 3), where,

P.(z) = Pa(z,w) = z]g,(w) cosh jz, (1.1)
=1

and by EM,(«,B) its expected value. A similar hyperbolic polynomial to (1.1) has been studied
in an unpublished work of Das [4] reported by Bharucha-Reid and Sambandham [1, page 110]. As
oscillatory behavior of hyperbolic functions is well known it would be interesting to know how far
this oscillatory behavior is transferred to the random hyperbolic polynomial. Since EM,(—o0, o0)
could serve as the expected number of maxima and minima of a random hyperbolic polynomial, its
value together with the expected number of real zeros and K-level crossings gives a better picture
of such oscillations. This expected number of maxima and minima for other type of random
polynomials, such as the random algebraic polynomial

F(z) = Fo(z,w) = EgJ !
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and the random trigonometric polynomial

T(z) = Ta(z.w) = Zg,(w) cos jz,
=1

is obtained by Das [3] and (2], respectively. It is shown that in the algebraic case the expected
number of maxima and minima is asymptotic to {(v/3 + 1)/} logn, that is about 1.366 times
(2/m)logn, the expected number of real zeros, see also Wilkins [9]. Therefore in the algebraic
case there are about (0.366) log n oscillations which do not occur between two axis crossings, while
for the trigonometric polynomial the expected number of maxima and minima in the interval
(0,27) is 2\/§n/ /5, which is about 1.342 times 2n/ V3, the expected number of real zeros, see
also Farahmand (6] and Wilkins [10]. Hence in the latter case, asymptotically, there are about
0.197 oscillations which do not occur between two axis crossings. It is, therefore, of special interest
to have equivalent results for the hyperbolic case. We prove the following:

THEOREM 1 The ezpected number of real zeros of P,(z) as n — oo, satisfies
EM,(~00,00) ~ (1/7)logn.

From the proof of the theorem we will see that the above expected number arises from interval
(-1,1) and in (=00, —1)U(1, 00) there is no significant number of zeros. This is also the case for the
expected number of real zeros of 7, g,(w) cosh jz. The latter expected number is given in (4], or
[5], as (1/x)log n. Therefore, our theorem leads to the conjecture that for the hyperbolic case the
number of oscillations are the same as the number of zero crossings. That is, for the hyperbolic
case almost all the oscillations occur between two zero crossings. Indeed, unlike the algebraic case,
these oscillations are all in the interval (-1, 1) and outside this interval the polynomial does not
oscillate significantly.

2. PRIMARY ANALYSIS
The Kac-Rice formula, [7] and (8], gives the expected number of real zeros of P,(z) in the interval

(a,B) as

B

EN(a,f) = / (A/7A?) dz, (2.1)

where N
A’ = var{Pu(z)} = Y_ j* cosh? jz, (2.2)

=1
B* = var{P,(z)} =) j*sinh?jz, (2.3)

=1
C = cov{Pu(z), Pi(z)} = Y_ j*sinh jz cosh jz (2.4)

=1
and

A’ = A'B*_C2, (2.5)

Since for each zero of P,(z) in the positive z-axis there corresponds a zero of P,(z) in the negative
z-axis, it is sufficient to restrict ourselves to (0,00). Successive differentiation of both sides of

Zcosh 2jz = coshnzsinh(n + 1)z/sinhz — 1,

=1

which is easy to prove, together with (2.2)-(2.4) and a little algebra yield,

A? = n(n+1)(2n+1)/12 4 sinh(2n + 1)z{n(n + 1)
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+ cosh? z/2sinh® z} /4 sinh £ — (2n + 1) cosh x cosh(2n + 1)z/8sinh® z.

(2.6)
B? = —n(n+1)(2n+1)(3n% +3n —1)/60 + {n(n® + 2n* - 1)

+3 cosh® z/2sinh® z} sinh(2n + 1)z/4sinhz — {2(2n% + 3n? —n - 1)

+(6n + 3) cosh® z/ sinh? £} cosh z cosh(2n + 1)z/8sinh? z

+{(3n® + 3n — 1) cosh® zsinh(2n + 1)z/4sinh®z, (2.7
and

C = (16sinhz)™! [{(4n3 +6n%-1)
+3(2n + 1) cosh® z/ sinh? 2} cosh(2n + 1)z
—{(6n® + 6n — 1) + 3 cosh’ z/ sinh? z} cosh z sinh(2n + 1)z/ sinh a:] . (2.8)

In order to be able to carry out the integration required in (2.1) we seek to obtain the dominant
terms in (2.6)-(2.8). To this end we first let z € (¢,1) where ¢ = (logn)!/?/n. Since in this
interval, for all sufficiently large n, 2n + 1 > pcothztanh(2n + 1)z, for p = 1,2,...,5 then
fap(z) = sinh(2n + 1)z/sinh? z is an increasing function of z. Therefore, since sinhz < 4z in
(0,1) for all sufficiently large n,

fap 2 (n/4)?(logn)** exp{2(log n)"/*}.

Hence, those terms in (2.6)-(2.8) that are appearing in the form of f,, for the largest value of p
are dominant. Hence from (2.5) and (2.6)-(2.8) we can easily obtain,

A?* = {n%sinh(2n + 1)z/4sinh z}{1 + O(log n)~*/?} (2.9)
B? = {n*sinh(2n + 1)z/4sinh z}{1 + O(log n)~*/*} (2.10)
C = {n®cosh(2n + 1)z/4sinh z}{1 + O(log n)™"/?}. (2.11)

In order to evaluate A% = A2B% — C? the dominant terms obtained in (2.9)-(2.11) somehow cancel
out. Therefore we need to use (2.6)-(2.8). Some algebra, together with the same application of
the upper limit of f,, mentioned above yields,

A? = {n*sinh(2n + 1)z cosh(2n + 1)z/64sinh* z}{1 + O(log n)~*/?}. (2.12)
These estimations are sufficient to enable us to prove the theorem.
3. PROOF OF THE THEOREM

We first avoid getting too close to zero by confining ourselves to the interval (¢,1) where as above
e = (logn)!/?/n. We can, therefore, use the estimates obtained in (2.9)-(2.12). Thus using (2.1),

since for all z € (¢,1) and n sufficiently large coth(2n + 1)z = 1+ o(log n)~/?, some algebra yields,
1
EM,(e,1) = (1/27r)/ csch z dz{1 + O(log n)~*/?}
= (1/27)log n{l + O(logn)~1/?}. (3.1)

Now we show that the expected number of maximum and minimum in the interval (0, ¢) is small.
To this end from (2.1) and the definition of A2 and B? in (2.2) and (2.3) we can write,

EM,(0,¢) < /0 ‘(B/nA) dz

/ {Zj" sinh? jz /m?
0 =1 1=

ne/m = O(log n)*/2. (3.2)

n

1/2
7% cosh?® jz} dz
1

A
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Therefore (3.1) and (3.2) gives (1/27)log n as the asymptotic value for EM,(0,1) and so.
EM,(-1,1) ~ (1/7)logn. (3.3)

Now it only remains to consider the case of z € (—o0,—1) U (1,00). As we mentioned above it
suffices to confine ourselves to the interval (1,00). In this interval also the first leading terms of
A%, B? and C which appeared in (2.6)-(2.8) in the evaluation of A?, cancel out. Therefore we
need to use the following estimates, valid for sufficiently large n,

A? ~ n{(n+1)sinh(2n + 1)z — coth z coth(2n + 1)z}/4sinh z, (3.4)
B? ~ n3{(2n 44 — cothz)sinh(2n + 1)z — 3 coth z cosh(2n + 1)z}/8sinh ,
(3.5)
C ~ n*{(2n+ 3)cosh(2n + 1)z — 3coth zsinh(2n + 1)z}/8sinh z. (3.6)
Therefore from (2.5) and (3.4)-(3.6) for all sufficiently large n we obtain
A? ~ n®cosh zsin(2n + 1)z{cosh(2n + 1)z —sinh(2n + 1)z}/32sinh>z. (3.7)

Finally from (2.1), (3.7) and (3.4) we have,
EM,(1,00) ~ (Vi/mV2) /1 % coth? z sinh™V/2(2n + 1)z {cosh(2n + 1)z
—sinh(2n 4 1)z}'/2 dz
< (\/2_n/1r)/1°° coth!/? z exp(—nz) dz
< o(n~V?), (3.8)

Since (3.8) can also serve as an upper limit for EM,(—o0,—1) from (3.3) we have proof of the
theorem.
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