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ABSTRACT. Based on our preceding paper, this note is concerned with the exponential stability of the
solution semigroup for the abstract linear autonomous functional differential equation

#(t) = L(zy) (*)

where L is a continuous linear operator on some abstract phase space B into a Banach space E. We
prove that the solution semigroup of (x) is exponentially stable if and only if the fundamental operator (*)
is exponentially stable and the phase space B is an exponentially fading memory space.
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1. INTRODUCTION

Let E be a Banach space. For an E-valued function = defined on ( — 00, a], by z; we denote the
function z;(f) =z(t+6), —o00o <8< 0. We consider the abstract linear autonomous functional
differential equation with infinite delay

z(t) = L(z:), t>0,
{3(0)=¢(0), 6 e (-o00,0] an

where L is a continuous linear operator on an abstract phase space B into E.

In [1], we have discussed some problems on (1.1), and have given a definition of the fundamental
operator for (1.1) corresponding to the fundamental matrix [2,3] of (1 1) in the case of finite-dimensional
space, and some sufficient and necessary conditions of the fundamental operator of (1.1) being
exponentially stable. In the present note, we investigate the exponential stability of the solution
semigroup of (1.1) and set up a sufficient and necessary condition for it. It is shown that the solution
semigroup of (1.1) is exponentially stable if and only if the fundamental operator of (1.1) is exponentially
stable and the phase space B is an exponentially fading memory space.
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2. MAIN RESULTS

Let U(Y') be the set of all bounded linear operators from space Y to Y. xu( - ) denotes the
characteristic function of interval [u,v]. Suppose B is a Banach space of E-valued functions on
(— o0, 0] with a norm || - || 5 having the following properties:

(H1). If z: (— 00,a] — E, a > 0, is continuous on [0,a] and z¢ € B, then z, is continuous in
tefo,a].

(H2). ||¢(0)|| < K||¢||p for all ¢ in B and some constant K.

(H3). ll¢llg < ll#lls +1igllsy for any B>0,¢ € B, where |||z =inf{|[¥llg:4¥€B and
P(6) = ¢(6) for 6 € (— 0o, — B}, lI#ll(s) = inf{||*ll5 : ¥ € B and y(8) = ¢(6) for 6 € [ - ,0]}.

H4). li¢lls < Kisup{ll$(0)ll, — B < 6 < 0} for any ¢ € B and some constant K1; sup ||¢||s is
a locally bounded function of 8 > 0. 1ota=1

®5). lle( - iz < Milly( - )5 for any z,y € B with ()] < ly(6)| for 6 € (- 00,0] and
some constant M.

(H6). x(-t0( - )b, X(~t0)( - )bE B foranyt>0and b€ E : ||xj0,0)( - )bllg < M|jb|| for b€ E
and some constant M.

B is called an admissible phase space. (H4) and (H5) stem from (a3), (£1) and (&) in [4]. Itis
clear that [1, H(3)] follows from (H4) and (HS). A typical example of the space B could be found in [1].
It is known that for each ¢ € B, the solution z(t) = z(t, ¢) of (1.1) exists uniquely for ¢ € [0,00) For
every ¢ € B, t € [0, 00), define

t+6
(T()9)(6) = 2(6) = z(6, ) = {"’(") Ty T@ds tH0>0 g0 g,
o(t+6), t+6<0,

{T'(t)};>0 is called the solution semigroup of (1.1). If L =0, we denote by {S(t)},., the solution
£>0 >0
semigroup, i.e.,
$(0), t+6>0,
(5#)6)(0) = {¢Et)+0) i peo t€[0,00),6€B 0 (~o00,0]

It is also called a translation semigroup. By virtue of (H1), {T'(2)},5o and {S(t)},» are Cy semigroups
on B. Set

0, t+6 >0,

S(t+6), t+6<0 t€[0,00), ¢ € B, 8 € (—00,0].

(So()9)(®) = {

An admissible phase space B is called to be an exponentially fading memory space, if there
are constants C, a >0 such that ||So(t)¢|l, < Ce~||@||z for any ¢ € B,t>0. By (HI) and
(H6), So(t)p € B(t >0). Therefore, B is an exponentially fading memory space if and only if
1So(®)¢llg < Ce~*t||@|| g for any ¢ € B, t > 0 and some positive constants C, a, since by (H5),

1So(t)8ll; < So(t)@lls < MillSo(t)¢ll, foramy ¢ € B,t>0. @n
LEMMA 1. Let z(¢, ¢) be the solution of (1.1). Then
t
2(t,4) = {X(t)¢(0) +/0 X(t — 7)L(So(T)p)dT, t>0, @22
(1), t<0,

or for 6 € (— 00,0],
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t+6

(Tmmw»={x“+”W@%+0 X(t+6-1)L(So(r)$)dr, t+6>0,

o(t+9), t+6<0,
t+0

= (So(t)9)(8) + X (t + 6)¢(0) + A X(@t+60—1)L(So(7)p)dT, 2.3)

where X (t) is the fundamental operator of (1.1) (see [1]).
PROOF. Let
IT®t)lls, 1SE)¢llg < Me™, t>0, ¢€B, (24)

where M > 0, 7 > w (the constant in [1, Lemma 2.2]) are constants. For ¢ € B, set
0, t>0
é(t), t<0,
and z(t) = 2(¢, ¢) = z(t, ¢) — y(t, ¢), where z(t, @) is the solution of (1.1). Then we have

dz

2 = Lz +50(t)¢) = L(z) + L(So(t)¢),  t>0. 25)

By virtue of (H5) and (2.4), we obtain
lzllg:  [ISo(t)¢llp < MaMe™, ¢t>0, ¢e€B. (2.6)

thm={

Moreover, according to (H2) or (2.5),

lz@))) < Mge™, t>0, 27
where M, > 0 is a constant. Thus, taking Laplace transform on two sides of the equality (2.5), we have
that for Re A > 7,

00
- ¢(0) + X2(\) = L(e*)2(\) + / e ML(So(t)p)dt,
()}

that is

20 = (- L) 00 + [T M Or- L) Lo,

where Z()) is a Laplace transform of z. Accordingly, the formula (2.2) follows from the definition of
X (t), the convolution property and the uniqueness property of Laplace transform.

THEOREM 1. The solution semigroup {T(t)},5 of (1.1) is exponentially stable if and only if the
fundamental operator X(t) of (1.1) is exponentially stable and the phase space B is an exponentially
fading memory phase.

PROOF. Necessity. Let

IT@®)¢llp < Moe™||¢llg for t>0, ¢ € B, 23

where My, o > 0 are constants. Then, by (HS)
1So(®)8ll, = ITo()¢ll, < IT@)¢llp < Moe™"||¢ll, £ >0, ¢ € B, 29

that is, B is an exponentially fading memory space.
According to [1, Lemma 3.1], for every b € E, X(t)b satisfies

X(t)b=L(X;b), t>0
X(G)b = X[0,0) (a)b, fe ( — 00, 0)

Therefore,
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t
(T(t)xp0.0(-)b)(O)lo=0 = b +/o L(X,b)dA = X(t)b, be E.

Consequently, it follows from (H2), (2.8) and (H6) that for any b € E,
1X ()bl < KIT(t)xp0/( - oll < KMoMe™||b||, ¢ > 0.

This shows that X (t) is exponentially stable.

Sufficiency. Obviously, we can suppose

IX@®)I < Moe™(t 2 0),
1S0(t)8llp < Moe™li¢llp (t> 0,4 € B).

Hence, by (H2),
sup [|X(t+6)p(0)]| < Moe™F*(ip(0)]| < Moe 8¢l -

0

¢
~§Sa<

Moreover, for6 € [ - £,0],

t+6 t+6
/ X(t+6 - ) L(So(r)@)dr]| < / Moe~*®9-7 | L|| Mo~ || pd7
0 (]

< MEILII(E +6)e™ D) g 5.

Accordingly,

t+6
sup X(t+6—T1)L(So(T)p)dT

-£<6<0

1 -
[ < 3 MEILIte ™16l

(H4), Lemma 1, (2.10) and (2.11) imply that
IT@®)¢llg) < Kr sup (T(7))(6)Il < Ky sup || X(¢+6)$(0)]| +
-$<6<0 £<0<0

<o

t+8
K, sup X(t+8—7)L(So(7)d)dT

-1<6<0

0

As a consequence, there is a constant K, such that
IT@®)¢ll 5y < Kae™*l8ll5,

taking into account lim te~§t=0.
—00

On the other hand,

IT@8l, = "T(%) (r(%)),,s" _

<

()]
of2) )9 s

Therefore, it follows from (H4), (2.12) and (2.13) that

IT@)¢lls < ITE8l ) + 1Tl < Kae |65 + Moe™

IT@) < Ce¥ (1 + nr(g) “)

(9

B

Consequently,

1 -
< (Kuo-+ 3 MEILIE ) E ol

7(5)el.

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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where C = K; + M.
We say that ||T(t)|| is bounded on [0, oo]. In fact, if it is false, then as shown in [5],

lnllT(t)II

= nf >0, (2.15)

that is, || T(¢)|| > 1. Hence, by (2 14),

-1
Wzl o, lnC(l+llT< W) | miz )
t - 4 t

o, 0 1 nnn:r; ol

47t T2 1
Letting t — oo, we obtain
1

wr < — 'Z‘ + JvL

ie,wp < — Z, which contradicts (2.15). So, ||T(t)|| is bounded on [0, 00). Accordingly, (2.14) implies
that T'(¢) is exponentially stable.
REMARK 1. (i) If L(So(t)¢) is well defined foreacht > 0, ¢ € B, and

L ( /0 " e S, (t)¢dt> = /0 ” e ML(Sy(t)¢)dt

for Re A > w (w is a constant), then Lemma 1 still holds when the hypothesis (H6) on B is taken off

(i) If the assumptions of (i) hold, || L(So(t)®)|| < M||So(t)$||, for any t > 0, ¢ € B and some
constant M > 0, and E is a finite-dimensional space, then Theorem 1 is still true when the hypothesis
(H6) on B is taken off.

PROOF. (i) and the "sufficiency” of (ii) are clearly true according to the proof of Lemma 1 and that
of the "sufficiency” of Theorem 1 respectively.

Let us look at the "Necessity" of (i) now. Obviously, by (2.9), B is an exponentially fading
memory space. From (2.8), w; = tigg ‘ﬂZtSEll < —o. Accordingly, for ReA > —o,be E,eMbe B
and det(A — L(e*')) #0, as shown in [3]. Taking a o € (0,0), we have by (HS) that
lle*bllg < Mylle=b|lp and ||L(e*b)|| < ||IL||Mi|le? ||z for ReA> —op. Thanks to the
resonance theorem, we get sup{||L(e*")|| : ReX > — g¢} < oo. Therefore, X (t) is exponentially stablc
by virtue of [1, Theorem 3.5]. '
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