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ABSTRACT. We use a new version of Kramer’s theorem to derive a sampling theorem asso-
ciated with second order boundary-value problems whose eigenvalues are not necessarily simple.
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1. INTRODUCTION.

In [3], Kramer derived a sampling theorem which generalizes the Whittaker-Shannon-Kotel'nikov
sampling theorem [6, 8, pp. 16-17]. It states that

THEOREM 1.1. Let I be a finite closed interval. Let K(z,t) : I xC — C be a function such
that K (z,t) € L*(I), Vt € C. Let {t; }«cz be a sequence of real numbers such that {K(z,t;)}rez
is a complete orthogonal set in L2(I). Let g € L?(I) and suppose that

£(t) = / K (z,8)g(z) dz.

Then
F©) =D ft)Se(0),
keZ
where
J, K(z,t)K(z,t,) dz
1K (z, t)lI2

DEFINITION 1.1. A function K(z,t) : I x C — C is called a Kramer-type kernel
if K(z,t) € L*(I), Vvt € C and there exists a sequence {t,} C C such that, {K(z,ts)} is a
complete orthogonal set in L2([).

Si(t) =

The point now is that, where can one find Kramer-type kernels? An answer to this question
is given by Kramer (3] as follows:
Consider the self-adjoint boundary value problem

Ly= Zﬁ:p‘(w)y‘““’(z) =ty, zel=[ab], (11)

=1

B,®) = Y [y 0(a) + B,y 0(b)] =0, j=12...,n (1.2)
=1
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Assume that u(z, t) is a solution of (1.1) such that the zeros, {ts}, of B,(u(z,t)) are the same V3.
Thus, [3], the zeros of B,(u(z,t)) are the eigenvalues of the problem (1.1)-(1.2), and {u(z,ts)}
is a complete orthogonal set of eigenfunctions. Then

THEOREM 1.2. Let L(y) = ty, B,(y) =0, j = 1,...,n, be a self-adjoint boundary value
problem on I. Suppose that there exists a solution u(x,t) of (1.1) such that the set of zeros
E, = {t\} of tB,(u(z,t)) is independent of i. Let g € L%(I). If

(6 = / u(z, t)g(z) dr,

then, f has the representation
f)= Zf(tk)Sk(t),
keZ

where
Ju(z, tyu(z, ti)

lu(z,t)ll>

Kramer’s theorem stated above is not always true, since one can find a boundary-value prob-
lem of the type (1.1)-(1.2) and a solution u(z,t) such that B,(u(z,t)) has the same zeros {t.},
V7, but neither {t,} is the set of eigenvalues, nor {u(z,tx)} is the complete set of eigenfunctions.
For example, consider the boundary value problem

Si(t) =

-y’ =ty, ze€l0,n], (1.3)

Bi(y) =y(0) —y(m) =0, By(y) =y'(0) —y'() =0. (1.4)
We have, u(z,t) = cos v/t Z cos V£ z is a solution of (1.3) with

B(u) = cosx/zg(l — cos Vi), By(u) = —Vtcos \/272_r sin V.

Obviously B,(u), B;(u) have the same set of zeros, {t, = k?}%,, but neither {t;}32, is the
sequence of eigenvalues, nor {cos £ coskz}{2, is the complete set of eigenfunctions. So it is
not practical to discuss the existence of Kramer-type kernels associated with problems of type
(1.3)-(1.4), i. e., when the eigenvalues are not necessarily simple. When the eigenvalues of the
problem are simple, many Kramer-type expansions associated with the boundary-value problems
were derived (1, 2, 9].

There are two ways introduced by Zayed [7, 8] to obtain sampling series associated with
problem (1.3)-(1.4). The first one [8, pp. 50-52] is given by taking the kernel of the sampled
integral transform to be

#(z,t) = Acos vtz + BsinViz.

Therefore, if .
ft) = / F(z)(z,t) dz, (1)

for some F € L?(0,7), then

f(0) sin(myt) B 2sin*(3V7) \/fsm(m/_)
f(t) = { i + — 2 7t } + z 2!;{ ‘W-)— +
2Vtsin?(3 4k ) sin?(3V/%) (2k) sin(mv/%)
B—=—— = 4k2) } + szk { Yoy +B (t = ak?) } )

where

ak=2/ F(z)coskzdr’ bk= 2/ F(z)siﬂkl’dz.
T Jo T Jo
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The last series is not a sampling expansion of f(t) since the coefficients a, and bx can not be
uniquely expressed in terms of the sampled values of f at the eigenvalues. If we denote the
Hilbert transform of f by f , where

f)= /o’t F(z)(Asin Viz — B cos Vir) dz,

we obtain
)= f—(\/—z {sin(vr\/i) + 2rs'm2(g\/f)}
- +,,2) Z 4k2) {14k [(VE + 2k sin(rvR)
+ 2r(Vt — 2k) sinz(;—r\/i)]
+ FR) [r(2k ~ Vi)sin(nvD) - 2r2VE + 20) sin*(5vD)] },
where r = B/A.

The second way is given by taking the kernel of the sampled integral transform to be
¢(1}, t) = P(t)G(:C, 507 t)a

where G(z,£,t) is the Green’s function of (1.3)-(1.4), & is chosen in [0, 7] as in (7], and P(t) is
the canonical product

P(t) =tH(l——), te =4k* k=1,2,....

k=1
Then, for .

50 = [ Fota )z
F € L*(0,7), we have

P(t
0= Zf W= §I)°'(tk)

f(0)2s‘fr£,f) +Ef(tk)4( 1’:‘@‘,’:5; al)

As we have seen there is no Kramer-type representations associated with problem (1.3)-(1.4).

In this article we use another version of Kramer’s theorem, Lemma 3.1, so that we can
obtain a new Kramer-type sampling representation associated with second order boundary-value
problems which may have multiple eigenvalues.

2. PRELIMINARIES.

Consider the second-order eigenvalue problem

Ly = y” - Q(z)y = _Ayv zel= [a'! b]v AE C’ (21)
U.(y) = aay(a) + ay'(a) + Bay(d) + By’ (b)) =0, i=1,2, (2.2)

where
Q11022 = 032021 = P11822 — Br2Par, (2'3)

a,,, B., are real constants, and ¢(z) is a continuous real-valued function on [a,b].
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Let u,v € C?%(a,b). Then the Green's formula for this eigenvalue problem is
/ [BL(u) — uL@)] dz = UsVa + UpVs + UsVa + Ui, (2.4)
!

where U,, 1 < j < 4, are linearly independent linear forms of u(a), u'(a), u(b),u'(b), and V,, 1 <

j < 4, are linearly independent linear forms of v(a),v'(a),v(b), v'(b). Here V, = 0, j = 1,2,

are the adjoint boundary conditions of (2.2), cf. [5]. Moreover problem (2.1)-(2.2) with (2.3) is

self-adjoint, [5], and has at most countable set of real eigenvalues with no finite limit points.
Let {¢1(z, ), #2(z,A)} be the fundamental set of solutions of (2.1) defined by

¢l(av)‘) = 1, ¢’1(av A) = 07
¢2(a,A) =0, ¢,(a,\)=1.

Any solution of (2.1) can be written as

2.5)

¢(zv A) = C]¢1(1:, A) + 02¢2(I1 A),

where ¢, ¢; are arbitrary constants. The function ¢(z, A) is an eigenfunction of the self-adjoint
eigenvalue problem (2.1)-(2.3) if it satisfies (2.2), i. e., when the system

(563 289 (2)-(6) -

has a nontrivial solution. This happens when

Ui(¢1) Ui(42)

AN =105(61) Uslda)

That is the roots of A()) are the eigenvalues of the problem. The eigenvalues of problem (2.1)-
(2.3) are not necessarily simple. Assume {\;: = Az}, {As,x} are the sequences of double and
simple eigenvalues respectively. Let x,(z, ), ¢ = 1,2, 3, be the functions

x1(z,A) = ¢1(z, A), X2(z, A) = ¢2(x, A) + c(A)¢1(z, A),

and
o1 (z, A) P2(z, A)

x,))) U z,A
xs(@ ) = | om0 Cle@ )| ol oo vt |-

¢( A) d2(z, A)

where .
(o) = et Ve N e
i1 (z, NI
and a is a constant chosen such that x3(z, A3 ) #0, Vk, k =1,2,...
We can see that {x:(z,A1,x),X2(Z,A2.c)} and {xs(z,As,x)} are the sequences of orthogonal

eigenfunctions corresponding to {A; x = Azx}, {As.x} respectively. This argument can be easily
derived using the fact that an eigenvalue A* of problem (2.1)-(2.3) is simple if and only if one of
the entries of A(\*) does not vanish.

Now assume that the zeros of A(}), i.e. the eigenvalues {), +}, ¢ = 1,2, 3, have the asymptotic
behaviour A, , = O(k?) as k — oco. This, for example, takes place if the boundary conditions
are regular [5, p. 64]. Also assume that their multiplicities as zeros of A()A) are at most two.

3. A SAMPLING THEOREM.
In this section, we state and prove the main theorem of the paper. Theorem 3.1 below is
a sampling theorem associated with a second-order boundary-value problem whose eigenvalues
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are not necessarily simple. We start our study by the following Lemma, taken from [1]. It is a
new version of Kramer’s theorem.

LEMMA 3.1. Let {), }_, be sequences of numbers. Let K, : [a,b)]xC —= C,i=1,2,...,n
be n functions such that K,(z,\) € L%(a,b), VA € C, and that U™, {K,(z,\, )} forms a

complete orthogonal set in L?(a,b). Let H, be the subspace generated by {K,(z,A.s)}, 7 =
1,2,...,n. Then L*(a,b) = 3"  @®H,. Assume that f =3 ", ®f, € L*(a,b), f, € H,, and

FO =Y RN =Y [ 1@k @ ds. @)
Then N
FO) =YY FE(A.)S5(\), (3.2)
where

f: K‘(:cv A)K,(I, Al.lt) dzx

SN\ =
l,k( ) f: IK,(],"A,‘k)lzdz

k) (3'3)

and v, = dim H,.
THEOREM 3.1. Let H, be the subspace generated by {x.(z,A. )}, ¢ = 1,2,3, and let
L*a,b) =3 %  ©H,. Let f =%° ®f, € L*(a,b), f, € H,. Assume that

3 3 b
FA) =Y FW =) [ f@xz dz. (3.4)
=1 1=1ve
Then F admits the following representation
3 oo
Gl k(A)
F()\) = F.(\, . . 3.5
( ) ;k=] ( k) (’\_A|_k)clz,k(A|,k) ( )

where
Gl,k(A) = {Xl(x’ ’\)7Xx(z9A:,k)]21 1= 1721 31

and [u,v] = uv’ —u'v. The three series converge uniformly on any compact subset of the complex
plane. Moreover

G =60 =111 (1 - X"—k) , (3.6)

=1 k=1 ,
if zero is not an eigenvalue. These products must be multiplied by A if zero is a simple eigenvalue,
and by A? if zero is a double eigenvalue.
PROOF. Setting

G.i(N) = /b D (@ A Lxa(z, Mk) = X (2 M) L (z,0)] dzy, 6= 1,2,3,
and integrating by parts, we obtain
GV = (= A, x (A0, i=1,2,3. (3.7)
On the other hand, using (2.1), one gets
GorN) = (A= Ax) / (5 A (@) do, (38)

and therefore .
Gix(Ap) = / X (2, )P dz = 1 (5 A )P (3.9)
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Since f, € H,,i1=1,2,3, then

X,(.’L‘ A, k)
fle) = Z“Wx WATER

where .
e [ Fah(m ) e = P, (3.10)
Using Parseval’s equality, we obtain
b
FO) = [ 1@l N de
- i f: f;(I)X:(1'7 At,k) dl‘f: X.(z, A)XI (1‘, At.k) dr

EASVE

S Gt .
= R Al 3 ) = 172137
LEONT joo

(cf. (3.8), (3.9), and (3.10)). The proof of the uniform convergence can be established as in (8,
pp. 113-114].

We now show that G; ,(\), for k = 1,2, ..., has no zeros other than the eigenvalues. We use
the same technique of [2]. From (3.7) it is clear that each A, s, 2 =1,2,3, k=1,2,..., is a zero
of G3,()). Suppose A" is another zero of G3(A). It will be shown that A\* is an eigenvalue of
(2.1)-(2.2). From (2.4) and (3.7), we obtain

Gsvk(x) = U]‘/4 + ...+ U4Vl,

for all A, where the U,, 1 < j < 4, are linear forms in x3(a, A), x'3(a, A), x3(b, A), X'3(b, A), and the
V,, 1 < j £4, are linear forms in x3(a, A3 ), X'3(@, As.x); X3(b, A3,x), X 3(b, Aa k). Since xa(z, Az x)
is an eigenfunction, then

V,(xs(z, As6)) =0,  j=1,2
Obviously U,(xs(z,A)) = aA(X), Us(xs(z,A)) = A(X), hence

Gsx(A) = aA(W)Vy + AAVs = AA)V (xs (2 Ask)) (3.11)

where

Vxs(z, As)) = [C'V4(X3(~’5, Asi)) + Va(xa(z, Ask)))]-

Since A* is a zero of Gjx(A), then G (A*) = A(XN)V(xa(z,As,x)) = 0. Now assume that
V(xa(z, As.x)) = 0. Since V(xa(z, As.x)) is independent of A, by (3.11), G3,x(A) = 0. Thus G; x(A)
is identically zero, which contradicts the fact that G's x(Asx) # 0 (cf.(3.9)). So, V(xs(z, As.k))
is not zero for all eigenvalues. Thus we have A(A*) =0, and so A" is an eigenvalue of (2.1) and
(2.2).

Finally we show that G;(\) may take the from (3.6). Indeed by Hadamard’s factorization
theorem [4, p. 24] for entire functions and by noting that G3,x(A) is of order 3 [5, p. 55] we can
write

G;(A) = ePDG(N),
where P(z) is a polynomial whose degree does not exceed 1 (the order of G ). Thus P(z) = c(k)

is a constant depending only on k. The convergence of every product in G x(}) is guaranteed
since the eigenvalues behaves like O(k?) as k — 0o. Obviously
G3,x(N) _ G(N)
Gai(Dai) G'(N)
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so without loss of generality we may assume that G3(A) = G(X). This completes the proof of

theorem 3.1.

In some cases the three-series summation (3.5) can be reduced, (see examples 1, 2 below)

into a two-series one. The first is written in terms of F(A;x = Azx) and the second in terms of

F3(X3.4). In such cases we may need to reform the integral transform (3.4) into a suitable one

as we see in the following corollary
COROLLARY 3.1. Assume that

GV
Carh) #(k)R(A),

where p is a function depends only on k , and h is an entire function depends only on A. Let

b
B0 = [ h@fE N,
where X3(z,\) = h(A)xz(z, ). Hence, for the integral transform
F() = R + B + RO,

we have

~ N = Gre(A > Gs (X
PO =2 PO et 2 Al et

PROOF. Instead of G;,()), we consider
- b
Ga(A) = (A - /\2,1:)/ X2(Z, A)x2(Z, Aa,k) dz = R(A)Ga,k(N),

and Gy ,(Azx) = h(A24)Gy ¢ (Az,x)- Then

Cou(N) _ _hNGau(N)  p(ax) _ _Gis)
’Gv"z'k()\z'k) h(A20)G'2x(A2x) p(A2k) — G'1u(A2)’

and

FQ) =R\ + EBEX) + F())

= f; Bl gz ,\iigf\‘).k(f\l.k) " g Filha) (- *’f:';é:v)*(’\“)
+ g Bz ,\f:;&(i?k(/\s‘*)
= g{ﬂ(,\l,k) + B (%)} = »\f:ikG(:\l?k(/\l.k)
T e Py
- ; Fowi gz ,\lc,;:ig')?k(,\l,k) " g Rl Affi?f*ilw)'

4. EXAMPLES.
EXAMPLE 4.1. Consider the periodic eigenvalue problem

-y’ =dy=ty, 0<z<m,

(4.1)
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Ui(y) = y(0) - y(m) =0,

Uz(y) =y'(0) —y'(m) =
This is a regular self-adjoint eigenvalue problem. The fundamental set of solutions of (4.1)
subject to conditions (2.5) is

(4.2)

{‘bl(.’t,)\) = costz, ¢a(z,\) = Sintt:z:} .

Thus

sin~wt

_ |1 —cosmt
AQ) = ' tsinmt 1 — cost

wt
=4sin? =
sin 7

The eigenvalues are A = 4k?,k =0,1,2,..., where A = 4k? k = 1,2,... are double eigenvalues
and the corresponding eigenfunctions are

cos 2k, sin 2kx ’
2k k1

and A = 0 is the only simple eigenvalue with the eigenfunction ¢;(z,0), where

_sinwt

_ |1 —cosmt : costz sintz
s(z, ) = costr antz *|¢sinwt 1 — cosmt
=__smt(1;—1:) —cost(7r—:l:)+smt + costz.
Hence ¢3(z,0) = m. Now
in 7t . 4
Gii(\) = tsinmt, Gax(X) = s“‘t" , Gao()) = 4rsin? %
So
' 7|’ ’ 7l' ' 3
Gy e(Mi) = 2 G2 k(A2k) = 8k’ G'3,0(0) =73,

where A}, = Ay, = 4k2. Let L%(a,b) = Z‘_, ©H,, where H,, H,, H; are the subspaces gener-
ated by

oo sin2kz | *°

{cos2kz}k=l, {T}k

respectively. Let F(A) = Fy(\) + F>(X) + F3()), where

1 {7r}

=1

F() = / T f(@(a N dz, feH,i=123.

Then
2tsint

8k2sinwt ﬂn_’i%i)
(A — 4k?) )

-]
2 2
F(\) = Z F(4k%) ———— + ; Fy(4k%) — TR R(0)—; (4.3)
In the following we see that the form (4.3) can be reduced into another form which is similar to
those resulting in the case of simple eigenvalues by redefining the sampled integral transform as

described in the above corollary. Indeed, St "E:; = A = h()) is entire. Let
F() = RO + B0 + B,
where

RO = / " f(@)a(z, N de.
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Then, noting that F3(0) = F° (0), we have

2tsin wt ~  4sin?(Zt)
)= FR) gy + FO——

k=1
EXAMPLE 4.2. Consider the anti-periodic eigenvalue problem

—y” = ,\y = tzy, 0<z<m, (44)

Ur(y) =y(0) +y(7) =

Ux(y) =y'(0) +¢/(m) =
This is a regular self-adjoint eigenvalue problem. For the same fundamental solutions in the
previous example, we have A(A) = 4 cos® Zt. The eigenvalues are {(2k —1)?}%2,, all of them are
double, their corresponding eigenfunctxons are

(4.5)

sin(2k — 1)z |~
{cos(Qk = Dz, (2/&:——1)—}1:—1

Now

Gua(N) = —tsinmt, Gyu(N) = -2,

and
T

2(2k — 1)2°

For the corresponding integral transform, F()), defined as in the theorem, we get the following

! i i’
Gii(din) = 7 Gy (M) =

sampling representation
—2tsinmt e 2« —2(2k — 1)?sinnt
TO—(@k=17) Y B((2k-1)?) mt(h — (2k — 1)?)

k=1

F(\) = EF, 2% —1)?)

G1e(d)
Also we have, c—;'ﬁ = X = h(A). Let

Fo)= RO+ B0, B = / " fa(2)Aa(z, A) dz.

Hence

—2tsinmt
)= 2 F @ = D) ey

k=1 (
REMARK. Unlike the case of simple eigenvalues, as the above two examples show, we do
not have the relations G, () = ¢.G,(\), i = 1,2, where

-]
A . . .
H (l - —)‘—) , if zero is not an eigenvalue,
— 1,k
G.(\) = k;l
H (1 - ———) , if zero is an eigenvalue,
k=1

|,k
and ¢, is a constant depending on k. In fact it can be easily seen that G, , G x, in the previous

examples, have zeros more than those of G, G,.
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