Internat. J. Math. & Math. Sci. 555
VOL. 21 NO. 3 (1998) 555-558

ON THE CAUCHY PROBLEM FOR A DEGENERATE
PARABOLIC DIFFERENTIAL EQUATION

AHMED EL-FIKY
Department of Math. Faculty of Science
Alexandria Univ. Egypt.

(Received May 31, 1996 and in revised form October 10, 1996)
ABSTRACT. The aim of this work is to prove the existence and the uniqueness of the
solution of a degenerate parabolic equation. This is done using H. Tanabe and P.E.
Sobolevskii theory.
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1- INTRODUCTION
We are concerned with thé Cauchy problem for the equation
% - A(x,t,D)u = f(x,t), (x,t)eR*x[0,T], .
with the initial data
u(x,0) = u,(x) (12)
Here we take the operator A(x,t,D) in the form
A(x’t’D) =i i(a (x’t)i)-i b(xvt)_a' -C(x:t) (1‘3)
jk=1 8xj Ik atk j=1 4 ax.

/|
Assume that (ajk(x,t))lsj,ksn » bj(x,t) and C(x,r) are real-valued smooth

functions in x and that they are Hélder continuous in ¢ . Moreover ( a;, (x,t) ) is assumed

to be symmetric and to satisfy the following condition

R Y 4,088 20, EeR". 1.4

k=1

Assume also that f(x,t) satisfies, for some o€ (0,1]
1 f(x,2) - f(x,x)] sc|t-=]|° (1.5)

for all t, te [0,T], where c is a positive constant.
Historically, O.A. Oleinik has studied this problem [4]. Her method was elliptic
regularization.
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In [1] A. El-Fiky also studied non degenerate p-parabolic systems. Also K. Igari [5]
has studied this problem by using Friedrichs mollifier.
On the other hand, H. Tanabe [3] and P.E. Sobolevskii [2] have considered the

following evolution equation

dv _
at +A@V =f@@)

@)
v(©0) =v,

and the following conditions:
1)  Aisalinear closed operator acting on a Banach space E and its domain of definition

D is dense and independent of t.
2)  The operator (AI + A) has a bounded inverse satisfying

C
|ar + 4y« IA_II*—I-

for any A with Re A > § > 0, where c, and B are positive constants.

3)  There exists a positive constant c, such that, for some oe(0,1]

1 (A(t) - A(2) )4 @) | syt -<|°

holds for some t, t, s € [0,T], where Ay(s) = A(s) + BL
4)  The function f(t) satisfies the following Hélder condition
ORF{E] FXAIEEIN
where c;, is a positive constant.
They proved that for any v,€E, there exists a unique solution y () for (p) which

is continuous for all te(0,T] and continuously differentiable for t>0. In case vo€D( A) the

solution is continuously differentiable for t=0 also.

In this article we shall show that the result of H. Tanabe and P.E. Sobolevskii can
be applied to problem (1.1) - (1.2). Our goal is to show that the operator A(x,t;D) which
is defined in (1.3) satisfies conditions 1), 2) and 3) mentioned above.

2. PROPOSITIONS AND THEOREM
In this section we state and prove two propositions from which our main theorem
follows.

Proposition 1. Take the domain of definition D(A) of the operator A as follows:

D(A) = {u;ueL’,AueL’} 21)
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Then, for large A, (Al - A) defines a one-to-one surjective mapping of D(A) onto L2

Moreover there exists a constant a such that

| (ar-4)-1] < 1 foramya > a, (2.2)
A-a

Proof. For any u € D (A) it holds that

| (AI-A)u |2 (A*-const. A) luP+|Aul? 23)
Indeed
2
| (A1-tyu]® = (A 1-2)u,AT-4)u) ad
=22 JuP +1AuP -2ARe (A u,u)
Using the condition (1.4), we have
0 d _ du du .
2&(;}(@,;:)14,«)- 2(aﬂ3;;,a—xj <0 @235)

Similar arguments can be applied to the remaining two terms of the operator A,
under the condition that C is uniformly bounded. Hence we obtain (2.3).
The inequality (2.3) shows that, for large A, (AL - A) defines a one-to-one closed mapping
of D(A) into L?. Therefore we have only to show that the image (AI - A) D(A) is dense in
L% We show this by contradiction. Assume (AI - A) D(A) is not dense in L% There exists
¥(#0) in L? such that
(().I-A)u,#)=0 for every u € D(A).
Hence,as D(A) is dense in L?,
(M-A*) ¥ =0, (2.6)
where A" is the formal adjoint of A.
Since ¥ € L2,(2.6) shows A" yeL2. If we note that A’ satisfies the same conditions as
A, we can use the inequality (2.3) to obtain
0= (A1-4"%]|*2 A -const. 1) 1¥1? @7
For large A, this inequality requires the §=0. This is contradictory to our assumption y #0.
Thus the proof is complete
Proposition 2. Assume all the coefficients in (1.1) are smooth in x and Hélder continuous
in t. Then
[[A(t) - A(x) )45 ) | sc|t-x|°
holds for any t, <,s €(0,T].
Proof. For any B > « and from proposition 1, AB(s) is a one-to-one linear mapping from
D(A) onto 12 Moreover, it satisfies.

| 4,(x,5,d)u] 2 c,|u] (28
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where ¢, is a positive constant. This implies that
VIzei | 4 .5, D) V]
Since all the coefficients appearing in (1.1) are assumed to be smooth in x and

Hoélder continuous in t. So, we have
| [4x.t.D) -4 (x,5.D)]4;" (x.5.D) V |
s¢ |t-t]° 14, (x,5,D)V]
scelt [t-T|° IV,
Thus the proof is complete
The above propositions show that all condition of H. Tanabe and P.E. Sobolevekii
are satisfied. Therefore, we have the following theorem.
THEOREM: For any initial data u,eL, and any right-hand side f(t) satisfying Holder
condition (1.5), there exists a unique solution u(x,t) for the Cauchy problem (1.1)-(1.2)
belonging to the space C° ([0,T},L?) n C}([0,T], L?).
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