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1. INTRODUCTION
Let {pmn(21,22)} be a basic set of polynomials of two complex variables, where

m,n
Pm.n(zly 22) = Z Pm.n;z.]ziz'é~ an
1,7=0
The index of the last monomuals 1n a given polynomial 1s called the degree of the polynomial and a set
{p,(21, 22)} of polynomials in which j equals the degree of the polynomials p,(z;, z2) 1s called a simple
set If the set of polynomials consists of a base, then every monomial 21"z, m,n > 0 admuts a unique
fimte representation of the form

mn
B = BrnasP(21,22). (12)
1,7=0
Suppose that the function f(zi, 22) is regular in a neighborhood of the origin (0,0), then 1t can be
represented by the set of polynomuals in some polycylinder T, ,, as follows (T, ;7% > 0,k = 1,215 the
open connected set defined as follows Ty, », = {(21, 22) : |zk| < 7%} 1ts closure 1s denoted by T, ,,)

o0 00 o0 o0
F2,2)=) ann2lB =) annd FnagPulzz2) ~ Y [I' F0,0p)(21,22)  (13)
m,n=0 mn=0 =0 7=0

where
3 el
H f(0,0) = z AmaPmng -
mn=0

The basic set {pmn(21,22)} of polynomuals 1s said to represent the function f(zy, z) in the polycylinder
T,,,,, where the function is regular, if the last series in (1.3) converges uniformly to f(z1, 2) inTr,p, If
the basic set {pmn(21, 22)} represents in T, ., every function which is regular there then the set is said to
be effective in Ty, ,,
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The Cannon sum wm»(r1,72) and the Cannon function A(ry,73) of the set {pmn(z1,22)} for the
polycylinder T, ,, are defined as follows (c f. [3], pp 52, 55)

mmn
Wmn(r1,72) = 13D [Pranag M(pigiT1,72) (14)
17=0
and
P
A(r1,72) = limsup {Wmn(r1,72)} ™ (15)
m+n—00
where
M (pyyir1,ma) = max |P:5(21, 22)]- (16)
.2

The product set {pmn(z1,22)} of the two set {pg.).n(z;,zg)},i= 1,2 where pmna(z1,22) =

o ) 1 2
ioPmn JkZ1zE and P (21, 29) = 2,,1;:01’2,’,),,,;,',‘2{25 if Prnyk = Dst pf.,‘?,,_s',pi',)‘.,‘k and 1s written as

follows {pmna(21,22)} = {Pﬁ?n(zh 22)}{1’53?11(21, 22)}-
To define the Faber regions in the four dimensional space E*, let C(¥), k = 1,2 be Faber curves in
the zi-planes and suppose that the corresponding Faber transformation is

00
2= i(te) = tet Y agi", amn
n=0
where the functions ¢ (ti) are regular and one-to-one (c.f. Newens [4]) for |ti| > T Therefore, each of
the curve C*¥) 1s the map 1n the z¢-plane of the circle |ti] = 7% by the above transformation, where
v > Tk For r > T, the map of the circle [ty| = r is the curve C%) so that C*) is really C*’
Adopting the notation of Breadze [2] we denote by B;, r,; 7« > Tk, the product set

B, = D(C{) x D(C) as

and the closure of B, , is denoted by B, ,,. (Adopting the familiar notation, if C 1s a closed curve we
denote by D(C) the interior of C, the closure of D(C) is denoted by D(C).) The sets B, ,, and B,, , are
called the Faber regions in the space E* of the two complex variables z, and z;

Assuming that { f,(,") (zk)} is the ¢,-base, let {Pmn(21,22)} be a simple set of polynomials which

admits the representation

() fP(22) = Y P spralz1, 22 (mym > 0). 19
1,7=0

Then the Cannon sum Qn,»(p1, p2) and the Cannon function Q(p;, p2) of the set {pmn(21,22)} for the
region B, ,, is

mmn
Qmn(p1, £2) = £Y5 Y [P ung| M (Bosi 1, 02) (110)
1,7=0
and
1
QUp1, ) = hTsup{Qm.u(m,pz)}m (11
m+n—0o0
where

M(p.jip1 ) = max |P.(21, 22)].

PLP2

Effectiveness of simple sets in Faber regions is justified by the following theorem due to Adepoju [1]
Theorem 4.3 3.
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THEOREM 1.2. The necessary and sufficient condition for the set {pm (21, 2;)} to be effective in
the Faber region B, ,, 1s that

Qp1, 2) = prp2. (112)

We now state the definition and properties of associated sets for the Faber region B, ,,;7x > 0
Actually, if the simple set {pm n(21,2;)} is given by

mn
Pra(z1,22) = Y Gmn o f(20) £ (22); (mym > 0), (113)
1,7=0
then the required associated set 1s the simple set {gm (21, 2:)} constructed as follows
mn
Qm,n(zly Z:) = Z qm‘n.z,jz;z%' (1.14)
1,7=0
It 1s seen, from (1 13) and (1.14), that
{Pmn(21,22)} = {gmal21, 2) IR (20) fP(22)}, (115)

and if the set {p,, »(21, zz) } admuts the representation (1 9), then

m,n
B =Y Prag8y(21,22); (M1 2 0). (116)
1,7=0

Finally, 1f Q(ry,72) 1s the Cannon function of the set {pmn(21, 2;)} for the Faber region B, ,, as given
by (1.10) and (1 11), and if A(ry,r2) is the Cannon function of the associated set {gmn(z1,2.)} for the
polycylinder T, 2, derived from (1 16) as in (1 4) and (1.6), then according to [1], that

A(ry,r2) = Q(r1,7m2). (117)
2. EFFECTIVENESS IN POLYCYLINDERS OF SIMILAR SETS OF
POLYNOMIALS OF TWO COMPLEX VARIABLES IN SIMPLE SETS
Let { pﬁ,’f,)n(rl, 7‘2)} be two basic sets of polynomials of two complex variables and suppose that the
set {Pmn(21,22)} 1s the set similar to the set {pg?n(zl, zz)} with respect to the set {pﬁ,{?,.(zl, 22)}, then
according to [6]

{Pm,n(zly 22)} = {Ps,l,?n(zl, 22)}{1753)71(21 ) 22)}{1_’(1}1)1:(217 22)}, (2 ])
where

_ 1 (2) 1
p’m,n(zll 22) - Z Z Zp;)nz,]psqhkpsllstzlzé

1,7 hk st

Also, we shall consider the normalizing function of the polynomials { pm.-,(zl, zz)} and { pﬁ,’f’n (21, zz)}
for the polycylinder, in the form

; i
p®(ry,ro) = limsup{r}rP M (pX,; r1,m9) } 22
m+n—00
and
g = nrm M (B8 e
E®(ry,r9) = imsup{r}ry M (B%) i m1,m2) } . 23)
m+n—oo

Write {3, ( 2,2)}, {p("),,(zl,ZQ)} and {’13,(.,',"),,(21,22)} for the inverse, transposed and transposed
inverse of the sets { pm‘,,(zl, 23) }

Our first result 1s the following:
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THEOREM 2.1. Let {Pmn(21,22)} be the similar sets of polynomuals as given in (2 1), then, in view
of the notations of (2 2) and (2 3) we have the following inequality

mY el (1)
Arara) < 0l T2) )pm{ r (u (ry,ro) B <rm)>,

& (ﬁ”ﬂ: .1’22’ D (rr) /_7(1)(7‘1,1”2) o ) ’ T
m
(1) (1)
-y To ¢l M (TI,TQ) ) Iz (T‘,T2) , (2 4)
B (r1,m) T2 71
where
1 _
¢1(r1,7m2) = e EO{r1g(r1,72),r2d(r1,72)}
and
d(r1,m2) = ! A(l){l‘(z)(rlﬂ‘z) #(2)(T1,T2)}
’ pA(ry, 7o) Ty ’ T '

PROOF. If the nght hand side of (2 4) is infinite there 1s nothing to prove. If it 1s finite, let py, pf,
P2, ph be positive numbers, chosen such that

M )
Ty g (ry,re) BV (ry,me) ,
BN (ry,m2) ¢l( oo <Aa<h @5
Ty ) B (ry, ) EV(r, 1) <m<g
B0 (ry, ) o n
4@ (B0 B
If v = ‘_‘2) o -/, then choose the positive numbers Ry, R}, Ry, R} such that
1
P AD(r1y,m7) < R < R}
: @6)
— AO(r1y,r2y) <R < R}
T
Take the numbers 71, 77, T2, T3 satisfying the inequalities
rny<n<T
and the numbers 7, < 7} and 72 < 75 such that
BN (ry,72) <6, 6 < (ramy,mimm). (2.8)
Then from (2 6), (2 7) and (2 8) we have the following
”(2)(171» 772) <T, T< (7'17751 "'2771), (2 9)
and from (2 5), (2 6) and (2 7) yelds
A7y, m) < Ry, AD(m,m) < Ry, (2 10)
and from (2 5) and (2.6) we get
ﬁ(Z)(Rlv R?) <p, p< (pllR‘;y p;R;) (211)
Then from (2.3), (2.8), (2 9) and (2.11) we get
m+n
M) <K ——, (212)
172
9 Tm+n
M(p2im,m) < K —, (213)
M2

and
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M(pmle’R2) < K Ranm

Using (2 13) and Cauchy's inequality we get

11 1\"
el
pm VLR
T 1€ ) ()
mn 771"72

Tm+n
T Z

7("

< MM T Tg 77 77

Also from (2 12) and Cauchy's inequality we have

~ = 1\"
vl 2) S5l )
<3 HERRA (LV(2)
& RE  \n/) \m
m+n m, 1 n 1
<#m L rmms) () <<m@m
From (2 8), (2 15) and Cauchy's inequality we obtain

1 2 =(t
M(Pmmrly"'2 |p$n)rnJ| IPSJ)h kl ‘pi)kst

i2.h.k.st
~@ 11 —
< M(pmn)ThTz Z M( Y4 }(L_k) - —)M(p;,l_)k;rlyTQ)
1,2,k .k T2
< KM(pm,,,‘rl,Tg)

Tl T2

Inserting (2 10), (2 16) and (2.17) 1n the Cannon sum wm »(71, 2) of the similar set, we obtain

— n.m § (1)
wm.n(rh T2) =TT lp-mnz]
1,7,h kst

A (11, 72)
~2). h.k )
< iR M (P o1, 2 ZM( Phks ’pz)—ﬂ"—{‘é'—

—(2) =(1)
IPa]hki |phlcst

(Pst3T1,72)

r n r m ‘
<Kt M(inrn) = K(2 ) (2) ator M (i o ).

P1 P2

"‘2 m+n
wm.ﬂ(rlrrz) < K(g) n mM(pmn-plypZ)’
Taking the limit of 1ts (m + n)-th root letting m + n — oo then (2.19) y1elds
T
A("‘1) 7-2) < P_z iu'(l)(pl» P2)

Finally since p; and p; can be chosen arbitrarily near to

1 ) EO(ry,ra) E(ry, )
-ﬁ(l)(rlyr2) ’

T2 L

and
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(214)

(215)

(216)

(217)

(218)

(219)

(2 20)
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o Y (ry,ma) BV (ry,mo)
BV (ry,19) N

respectively, the required inequality (2.4) of the theorem can be deduced from (2.20) The same result can
be arrived at when % < f,f and the theorem is therefore established.

The following corollaries are a direct consequence of the above theorem
COROLLARY 2.1. If the set {pﬁ,’f_)n(zl,zz)} are simple and if the inner set {pg?,,(zl,zz)} 18

absolute monic (the leading coefficient in the simple set 1s equal to one) and effective in Ty, 2> then, for
the similar set {pm (21, 22)}, we have

7 ) )
Ariyre) < B (r1,72) “(1){/\ () A (’71’72)} @21)

= AW (y, %) Y O 0m
where v, = & (” T2) and v, = ()

Tl

PROOF. Smce { p2(z1, zz)} 1s a simple monic set of polynomials which 1s effective in T, , then

u®(ry,m) = rimy. (222)
Hence, from the 1nequality (2.4) it follows that
B (r, o) (1){ AW (y, ‘rz) AD(y, 72) }

Alry,mg) < £ (223)

AW (v, 72) 0 M
COROLLARY 2.2. If the set { pf,'f_)n(zl, zz)} are simple monic sets and the two sets effective 1n
T r,, then the Cannon function of the similar set satisfies the following equality
A(ry, o) = A0, m). (224)
PROOF. Since { pﬁ,’f_)n(zl, 22)} are simple monic sets of polynomials and effective n T, ,,, then
pO(ry,r) =r,r and p®(ry,r) =1, 10. (225)
Inserting these equations in (2 23) we obtain
Ari,m2) < AD(ry, ). (2 26)
On the other hand, from (2.1) we infer that
{P2) (21, 22) } = {Pmn(21, 22) }H{ PP (21, 22) } {BZ, (21, 22) } (2.27)
and since {$'?, (21, 22) } 1s smple monic and effective in T, ,, we can apply (2 26) to obtain
AD(r,19) < Ay, ). (228)
Then required equation (2.24) follows from (2.26) and (2.28) and the Corollary 1s proved.

3. EFFECTIVENESS OF THE SIMILAR SET OF POLYNOMIALS OF TWO
COMPLEX VARIABLES IN FABER REGIONS IN SIMPLE SETS

We propose, in the present article, to investigate the extension, to two varable case, of the result of
Sayyed and Metwally [S] concerning the similar set of simple sets of polynomials of a single variable,
being effective in a Faber region. The first result obtained in this connection 1s formulated in Theorem 3.1
below, and it gives an exact value of the Cannon function of the similar set.

THEOREM 3.1. Let { pS,'f,),.(zl,zz)} be two simple monic sets of polynomials of two complex

variables which are effective in the Faber region B, ,,. Then the Cannon function of the similar set
{Pmn(21, 22)} given by
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{Pma(21,22)} = {PL, (21, 22) H{ PP (21, 22) }{Bo (21, 22) }, 31
for B,, , 1s

Q1) = AV (1, m), 32
where A (71, 72) is the Cannon function of the set { (21, 22)} for the polycylinder T, ,,
PROOF. Suppose that {gm (21, 22)} and {q,(,{,),,(zl, 22)} are the associated sets of the respective sets
Pmnf{(21,22)} and {pﬁ,’.?.,(zl, zz)} Then from (1 14) and (3 1), we deduce tat

{gmn(21,22)} = { P (21, 22) }{ PP (21, 22) }{T2 (21, 22) }. (33)

Since the simple set {pg?n(zl, zz)} is absolutely monic and effective 1n 3.,1_»,,, then the inverse set

{if,‘,?n(zl, )} is also absolutely monic and effective in B.,,, Then the associated set {g@V.(z1,22)} 15
simple absolutely monic and effective in B., ,, Therefore, we can apply the relation (2.24) of Corollary
2 2, to the similar set (3.3), to obtain

A(v,72) = AW (1, ), (34)

where A(71,72) 1s the Cannon function of the set {gm (21, z2)} for the polycylinder T, ,, The required
relation (3 2) can therefore be derived from (3.4) through the relation (1.17).
Now, 1n the space E* we write

ar = sup{|®k(ts)| : [tel = &} (35)

With this notation, the required estimate is formulated in the following theorem
THEOREM 3.2. If { pm n(21, zz)} are effective 1n the Faber region Bg, £ then

Q(n, %) < max{a1y, com}. (36)
PROOF. From the definition (3.5) of a;x we may 1infer that

ﬁnnz c E{x & C r01»027 (€M)
where

& =max{|t| : |¢(t) =~} and &>+ c.f Newens[4,p. 188,1.1.14-26]

Since the set {ps,l.?n(zl,zg)} 1s effective 1n ?51 £, then an appeal to the relation (3.7) leads to the
conclusion that the same set 1s effective in T',, ,,, for the class of functions regular n T, 5, According to
Theorem 1 8 4 1n [1] we can deduce that

AN (1, %) < max(aye, aam), 398

and the required 1nequality (3.6) follows from the equation (3.2)
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