Internat. J. Math. & Math. Sci. 749
VOL. 21 NO. 4 (1998) 749-754

COMPLETE CONVERGENCE FOR B-VALUED Lr-MIXINGALE SEQUENCES

LIANG HANYING and REN YAOFENG

Department of Statistics and Finance
University of Science and Technology of China

Hefei,Anhui 430072, P.R.China
and
The Naval Academic Institute of Engineering of China
Wuhan 430033, P.R. China

(Received April 19, 1996 and in revised form January 10, 1997)

ABSTRACT. Under weaker conditions of probability,we discuss in this paper the complete con-
vergence for the partial sums and the randomly indexed partial sums of B-valued L’-mixingale

sequences.
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1. INTRODUCTION AND MAIN RESULTS

Since the definition of complete convergence for real random variables was introduced by Hsu
and Robbins|1],there have been an extensive literature in the complete convergence for indepen-
dent and dependent random sequences,see partially the references listed.In particular,Yang|5,6|
has discussed the complete convergence for B-valued independent random elements.Yu[11] has
considered the complete convergence for martingale difference sequences, Peligrad|7] and Shao[8]
have obtained the complete convergence for ¢-mixing sequences,respectively.However,to our best
acknowledgement,there are still few articles on the complete convergence for LP-mixingale (1 <
p < 2) sequences,which include uniformly mixing (called also ¢-mixing) sequences,martingale
difference sequences,linear processes and other random sequences (see [10]).In this paper,under
weaker conditions of probability,we discuss the complete convergence for the partial sums and
the randomly indexed partial sums of B-valued LP-mixingale sequences, and give the complete
convergence for B-valued martingale diflerence sequences as corollary.The methods used here are
different from those used in the literature.

Next,let us introduce some notations.

Let B be a real Banach space.B is said to be g-smooth(1 < ¢ < 2) if there exists a constant
C, > 0 such that for every B-valued L%-integrable martingale difference sequence {D,;1 > 1}

E|IY D < C X EID, n> 1.

=1 =1
Let {X,,n > 1} be a sequence of B-valued L”-integrable (1 < p < 2) random variables on
a probability space (£, 7, P), and let {7,,~0c0 < n < oo} be an increasing sequence of sub a-
ficlds of #.Then {X,, %.} is called a L*-mixingale sequence if there exist sequences of nonnegative

constants C, and ¢(n),where ¥(m) | 0 as m — oo ,which satisfy following properties:
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(i) 1E(XnlFa-m)llp < $(m)Cr and

(i) 1 Xn = E(Xn|Farm)llp < $(m + 1)Cr
for all n > 1 and m > O,where || X||, = (E||X]|?)"/*.

S is the class of all positive non-decreasing function ¢ on R* = |0, oco)(see [9],p.228 or [5,6])
satisfying the following conditions:

(i) There exists a constant k = k(¢) > O such that

#(zy) < k(#(z) + ¢(y)), Vz,y € R*.

(ii) z/é(x) is non-decreasing for sufficiently large z.

From now on ,we will use C to denote finite positive constants whose value may change from
statement to statement .For real number z,[z] denote the largest integer k < z.I(A) represent
indicative function of set A. Put S, = }: X,.

THEOREM 1.1. Let1<t<q<20<6<1—1 1<p<2d=1or-l,and let B be a
g-smooth Banach space.Supppose { X, 7.} is a B-valued L”-mixingale sequence,¢(z) € S.If

S PX@(IKI) > 2) < Cnz049) (L1)

1=1

for sufficiently large z,n and there exists a A(1 < A < p) such that ¢t + (1 —¢t)A > 0 and

i V() pax G2 < oo, (1.2)
where 0 < 8 < l+q t“”),then for every € > 0 we have
S 2Pz IS 2 elald())) < oo (1)
in particular
S 22U > dnl6(m) ) < o (1)

THEOREM 1.2. Under the assumptions of THEOREM 1.1,if there exists a A(1 < A < p)
salisfying

& Am, 1A /im
Z_: m2 ™A ([2°™)) max, G, C* < o0, (1.5)
then for every € > 0 we have
21
> ;P(igp(IISkII/(k(¢(k))“)'/') > €) < oo. (1.6)
n=1 zn

If {X,,#.,,n > 1} is a L’-integrable B-valued martingale difference sequence,then C, =
(E|| X))V, 0(m) = 0 for m > 1.

COROLLARY 1.1. Let1 <t<g¢g<2d=1or-l,and let B be a ¢g-smooth Banach
space.Supppose {X,,,%,,n > 1} is a B-valued martingale difference sequence,¢(z) € S.For 0 <
6 < ? — 1 and sufficiently large z and n,if (1.1) is satisfied,then for every ¢ > 0, we obtain that
(1.3),(1.4) and (1.6) hold.

REMARK 1.1. For 0 < t < 1,by C,-inequality and properties of ¢(z), we can prove
that the results of THEOREM 1.1, THEOREM 1.2 and COROLLARY 1.1 hold for any B-valued
random variable sequence {X,,n > 1} without mixing condition (1.2) and (1.5).

REMARK 1.2. Real uniformly mixing sequence (definition see (7] or (8],[10]) {X,, 7.} is
L2-mixingale,where C, = 2(EX2)Y/2, ¢(m) = ¢!/*(m),see [10,p.19].
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REMARK 1.3. Yang[5] has proved that (1.3) and (1.4) hold for B-valued independent

zcero mean random element sequence {X,} in type 2 Banach space under moment conditions
stronger than the conditions of COROLLARY 1.1. ’
2. PROOFS OF MAIN RESULTS

We only prove the case in d = 1 for Theorem 1.1 and 1.2,the proof of the case ind = —1 is

analogous.

LEMMA 2.1.(|9],Lemma 1) Let ¢(-) € S,6 > O,then for any z > 0,
Cé(z) < ¢(zd(z)) < Co(z);

Cé(z) < ¢(z/¢(z)) < Co(z);
Cé(z) < ¢(z°) < Co(z).
PROOF OF THEOREM 1.1. Notice first

S = ‘z:;l(x.-zz(x.v,ﬂ,,,,))
fn?
b B S B R - B Fa)

1==[nf]4+11=1

k
+ ;lE(X.I?:-[nﬂ])
AL+ Bl +CL

i>

Obviously
L 2P(mmax ISkl > e(ng(n))")
n=1
<z ,‘.P(Kg(x Ak > §(nd(n))"*)
+ E ‘P(lrggx 1Bl > §(né(n))"/)
+ L ‘P(lrp&x ICHI > §(né(n))"/*)
L2 4 1,+ I5.

By the Markovian inequality,[’-mixingale property and the properties of ¢(z),we have

I <€ £ Hno(n) M E(S 11X - B(X| K
<€ £ L(nd(n))" */f(z 1. - B(x [ Fosgen) 1)
<C & (#(n) " n>- g ) max C}
< cé V() pax C2 < .

Similarly,we can obtain
I < Cz¢ ([n"]) max C" < oo.

n=t

Let Yi. = X.I{|| X.|| € (n¢(n))V"),Zip = X, = Vi, Wi, = E(Xi|Fst) = E(Xi|F11-1), Ul

E(K,hl};-ﬂ) F(KnI?H 1) Vh = E(Z-n|7+l) - (J.n|7+l 1) 1<k<n1<i< k, ’[nﬁ] +1<
1 < [nf].

Clearly,X, = Y, p + Z,n,Wi, = Ui, + Vi, .For fixed |, {U;,fis1,1 < ¢ < n} and {Vi,, 4451

N

IN
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1 < n} are martingale difference sequences. Then

o [nf
o Ut -8
L < ¥ m o Plmax E Wil > &(nd(n))t - nP)
< § 1 lg:"] ( max ” E U " S (nq&(n))'/' ,n—ﬁ)
- n=|",=_|,,n] 1<k<n b 12
> L Y-
+nz=:1 n —I§’l P(lr??&x I z: Visll 2 5(né(n)) n~7)
L L+

Since B is g-smoothable,therefore using Doob inequality,the monotone property of z/é(z)

and Lemma 2.1 we have
[n”

I4<C

(ng(n)) #/* -0 & B|}Y,, "

3=

1==[nfl+1

< C ,‘; [n”} (n¢(n))“"/‘ nfe 2 f"“"’ z/t- P Xt > z)dz
< C L(¢(n)) a/t | p-la/t-(1+9)8]
¥es 5_,,( $(n)) U/t - n-la/- (1A=L [n8) gafe=1 P X1/ (1| X)) > Cz/d(z))dz
n= 1=1

si,a

< CHC S nHs-040) ¢ o

n=1
By applying the definition of ¢(z) and Lemma 2.1,we can obtain
#(z*) < Czf (2.1)

for a, 8 > 0 and sufficiently large z.
By the Markovian inequality,the definition of ¢#(z),Lemma 2.1 and (2.1) we have

s 81 S (ngm) e nt £ B2
;1 t=—{nf]+1
< C B L) (no ()0 £ [(mglm) LUK > (n6() )

+ fg.ﬂn))n/' F:‘(”X il > z)dz]
¢ X 7 LIPUIXI /61X 2 C") + f.°° P(IX.]l > y(ng(n))*/*)dy]

<
< c E nzﬁ (1+6) +C E nzﬂ lfco E P > X )1::.!:‘["[)dy
<

C+C z_,l n?-049) f?[‘ﬂ.,% o+ ledy < o0.

The proof is completed.
PROOF OF THEOREM 1.2. First,by the monotone property of ¢(z) we have

£ LP(sup(liSl/ (ka(k)') >
E Plsup(l1Sell/(k$())"/) 2 ¢ (2:2)
<cg mP( (ISell > e(2m8(2™)").

<k<2"'+l

IN

Observe that for 2™ < k < 2™+,

k
Se = X (X - E(X|F4pm)
[2Pm)

O S(BXIR) - E(X.|%41-1))

I=—[2fm]|+1e=1

k .
+ Z_:l E(Xi'-?.-lzﬁml)
At + Bl + CL.

>
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Then -
£ LP(sup(lSell/(ks(6)'") 2 o

Cmg:;l mP( max (”A ” > 3(2m¢(2m))|/‘)

2msk<2m+l

+C 8 mP(_max (1B}l > 5(z"¢(2™)")

2m<k<2mtl

+C £ mP(, max  (IC3 > 5(29(2™)")

<k<2"'+'

IN

>

Is + I; + Ig.
By analogizing the proof of I; we have
oo
Is < C Y. m2™*([2°"]) max_C} < 0.

1<1<2mH
m=1

By analogizing the proof of I,similarly, we can obtain Iz < oco.
Let Y, m = X:I(| Xl < (276(2™)Y*), Zim = Xi~Yom, Wiy = E(X.| %) = E(Xi| Foi-1), Uty =
r(y.m|f.+.) = BVamlFini) Vi = B(ZumlFint) = E(ZimlFaia),2™ < k < 2701 < 1 <
k, -|2f™ +1 < | < [2°™]. Then - '

(2]

L <C:\m % P nzv..u > S(2rg(2m) Ve 27m)
m=1  |=-[2fm]41 2"‘<k<2"'+'
o) [2Am]
+Crm Y P I 2 Vil > .%(2"‘,,3(2"'))1/1 .27hm)

m=1  |=—[2fm)41 2"‘<k<2"““
A
= Ig + ]]0.

By analogizing the proof of I, we have

Ihy<C i mz(ﬁ+qﬂ+l-7/l)m(¢(2m))—q/f +C i m2lftas-em o

m=1 m=1
By analogizing the proof of I we have

o ty\1+6
Y 26-6)m 26-6)m (e(¥) 1
1o <C E m2(26-0m 4 © E m2(2f-9) / [ iy + yt“”)]dy < oo.

m=1

3. RANDOMLY INDEXED PARTIAL SUMS

Throughout this section let {X,,%.} be a B-valued LP-mixingale sequence (1 < p < 2),
and let {r,,n > 1} be a sequence of nonnegative,integer valued random variables.r is a positive
random variable.All random variables are defined on the same probability space.

THEOREM 3.1. Under the assumptions of THEOREM 1.2,if there exists some constant

¢y > 0 such that

S L™ < ) < oo, R
n=1 n n
then for every € > 0 we have
=1
2 ~P(ISll 2 €(ra((a))) ") < 0. (3.2)
n=1

THEOREM 3.2. Under the assumptions of THEOREM 1.1,if there exist constants a, b, €o(0 <
€0 < @ < b < o0) such that P(a <7 <b) =1 and

LA | n
Y =P~ 11> €) < oo, (3.3)
— n n

then for every € > 0 we obtain that (3.2) holds.
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THEOREM 3.3. Under the assumptions of THEOREM 1.1,if there exist constants b6 > 0
and €¢g > 0 such that P(r < b) = 1 and (3.3) is satisfied,then for every ¢ > 0 we have

0o

1
2 ~P(ISn]l 2 e(n(8(r)))") < co.
a=1

Obviously,suppose P(7 > a) = 1 for some a > O,then for any ¢ > 0(¢ < a) we have
Tn Tn
n —€ < P2 =
P(n <a-—¢ _P(In 7| >€),

therefore,if condition (3.3),where P(r > a) = 1 for some a > € > O replaces condition (3.1),then
THEOREM 3.1 still holds.

Similarly,using COROLLARY 1.1,we can obtain the complete convergence for the randomly
indexed partial sums of B-valued martingale difference sequences,respectively.

REMARK 3.1. Condition (3.1) and (3.3) are just ones which are usually employed in
literature.

REMARK 3.2. Notethat if ¢(z) = 1, Le(z)(Lo(z) = max(1,log z), Lx = log[max(e, Ly_1(z)],
k = 1,2,---),we can derive many significative results from the results of this paper.In addition,
since real space is a 2-smooth Banach space,the THEOREM and COROLLARY in this paper are

suitable for real valued random variable.
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