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ABSTRACT. The object of this paper is to establish an expansion theorem for a regular indefinite
eigenvalue problem of second order differential equation with an eigenvalue parameter A in the two
boundary conditions We associated with this problem a J-selfadjoint operator with compact resolvent
defined in a suitable Krein space and then we develop an associated eigenfunction expansion theorem
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1. INTRODUCTION

The regular right-definite eigenvalue problem with eigenparameter in the two boundary conditiors
where r(z) and g(z) are positive functions on [a, b] has been studied by Zayed and Ibrahim [1]

Daho and Langer [2] have made an extension of Everitt's paper [3] and have replaced the Hilbert
space in some cases by a Pontragin space with index one. Everitt [3] has shown that for a € [0, ;—’] the
singular Sturm-Liouville with indefinite weight function r(z) can be represented by a selfadjoint operator
in a suitable Hilbert space

Recently, Fleckinger and Mingarelli [4] have studied an indefinite problem with the usual
homogeneous Dirichlet or Neumann boundary conditions.

The object of this paper is to study the following regular indefinite eigénvalue problem of order two
consisting of the ordinary differential equation

™= lei [- () +q(@)u] =, z€ab] an

together with the boundary conditions
Mo (u) = [enu(a) — az(pu')(a)] = ARa(u) = Aasu(a) — ay(pu')(a)], (12

= Mp(u) = = [Biu(d) — B(pu)(b)] = ARs(u) = AB3u(b) — Fa(pu)()], (13)

where we assume throughout that:
(i) The functions p(z), p'(z), ¢(z) and r(z) are real continuous functions on [a, b] with p(z) > 0
and continuously differentiable.
(ii) Both the weight function 7(z) and the potential function g(z) change sign on [a, b] in the sense
that the problem (1 1)-(1.3) is an indefinite.
(iii) The numbers a;, G,; ¢ = 1,2, 3, 4 are real such that
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a3 o4

B By
B B

p1= >0 and p; = > 0. (14)

a; Q2

The parameter A is a complex number.

In this paper, our approach is to give a Krein space formulation to problem (1 1)-(1.3) and a
J-selfadjoint operator defined in it such that this problem can be considered as the eigenvalue problem of
this operator

2. KREIN SPACE FORMULATION
DEFINITION 2.1. We define a Krein space H of three components vectors by

H=L}(abeoCaC
= (2 (a,0) ©C. ®C.) [ +](LE-(a,0) ©C_©C.)

=H*[+]H" @1
with indefinite inner product
[f.9lg = /: r/ig1dz + % fag + p—12 f393, Vf,geH (22)
and the norm
1% = /°b|f1]2dz+;1;|f2|2+i[f3|2, feH (23)
where f,g € H such that
f=(f1, fa f3) = (fi, Ra(f1), Rs(f1)) 24
in which
Ry (f1) = asfi(a) — cu(pfi)(a),
Rs(f1) = B3f1(b) — Ba(pf1)(b),
and
9 = (91, 92,93) = (91, Ra(91), Rp(91)) 25)
in which
R, (g1) = a3g1(a) — a4(pg})(a),
Rs(91) = B391(b) — Ba(pg)(b)
while

H“t == Pi (lerl(a,b) 23] C @ C)
=L :(a,0) ®C: ®Cs,
C,={peC:Imp>0} and C_:={peC:Imp<0}. 2.6)
P# denote the orthogonal projectors in H such that
J:=P*—P" and P*+P =1 (VX))
Both H+ and H~ are Hilbert spaces with respect to the scalar product [.,.] and — [., .] respectively

and the symbol [+ ] denotes the direct sum which is orthogonal with respect to the scalar product [., ],
that is, we have

H*NH ={0} and [f*,f]=0 for f*eH* f=(f"+f)€H. 2.8)
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The decomposition (2.1) gives rise to a positive definite scalar product (.,.) on H.
(f.9)=1f"g"1-f",g7] for f,g€H, f* ¢* € H* 29

where f = f*+ fandg=g" +g".

REMARK 2.1. (i) According to Definition 2 1, the class of Krein spaces includes Hilbert space
(H~ = 0) as well as anti-spaces of Hilbert spaces (H* = 0); (see [5]).

(ii) The decomposable, non-degenerate inner product space H is a Krein space [5] if and only if for
every fundamental symmetric operator J, the J-inner product turns H into a Hilbert space, that is, we
have

(f.9l=(f.9), f.g€H. (210)
DEFINITION 2.2. We define a closed linear operator A : D(A) — H by
Af = (7f1, Ma(f1), — Mp(f1)), Vf€ D(A) (2.11)

such that

M, (f1) = a1fi(a) — aa(pfi)(a),
Ms(f) = Bufr(b) — Ba(pf1)(b)

. where the domain D(A) of the closed linear operator A is defined as the set of all f = (fi, fo, f3) € H
which satisfy the following conditions:
(i) f1, f1 are absolutely continuous functions on [a, b] with

b
rhelbeb) wd [ (AP +lallAf]dz <o

(i) f2 = Ro(f1),

(iii) f3 = Rs(f1)-

REMARK 2.2 (i) The domain D(A) is dense in H with respect to the indefinite inner product
(2.2).

(ii) A is an eigenvalue and f; is a corresponding eigenfunction of problem (1.1)-(1.3) if and only if
f={(f1,fo,fs) € D(A) and Af = Af Therefore, the eigenvalues and the eigenfunctions of problem
(1 1)-(1.3) are equivalent to the eigenvalues and the eigenfunctions of the operator A.

We consider the following assumptions:

lim [(pf])(z) 01(z) ~ fi(z) (pe7)(@)] =0, (212)
and
lim [(pf])(=) 1(z) - fi(=) (P)(@)] = 0. (2.13)

3. THE J-SELFADJOINTNESS OF OPERATOR A
DEFINITION 3.1. In the Krein space H, a symmetric operator and a selfadjoint operator with
respect to indefinite scalar product are called J-symmetric and J-selfadjoint respectively (see [S]).
LEMMA 3.1. The operator A in H is J-symmetric.
PROOF. On using (2.2), (2.11) and the boundary conditions (1.2)-(1.3), we get

b _ 1 1 _
[Af gl = / e b+ o= M08 = o Malf)Bs

b 5 - _
= "/ (Pf{)lgld-'”'*‘/ af19 dI+%("Ra(fl))Ra(gl)'*'%()‘Rﬂ(fl))Rﬂ(gl)~ (CRY)

Integrating the first term of (3.1) by parts twice, we get
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[Af, gy = [(pf)(a) g1(a) — fi(a) (pg})(a)] + [ - (pf7)(}) 91 (b) + f1(b) (PF]) (b))
b —— — —
+/; h [ - (pqy)’ +§'g—1']d:c + % Ra(f1)(ARa(g1)) + ;12‘ Rs(fi)(ARs(a1)). 32)

On applying the conditions (2.12)~(2.13) on the first two terms of (3 2) and using the boundary
conditions (1.2)-(1.3), we obtain

(Agly = [ FrTode + 2 Ra(h) Walon - = Rat) Fsta)
= [f, Agly- (33)
This proves that the closed linear operator A in H is J-symmetric.
Let J be a conjugation operator on H; this means that J is a conjugate-linear involution with
VfJflg=1l9.fly Vfg€H. 349
DEFINITION 3.2. The closed linear operator A in H is called a J-selfadjoint in H if D(A) is
dense in H and
A=JAJ. 35)
As in Knowles [6] we can define an inner product on the domain D(J A*J) by
fogly =[S Jgly +[A"Jf, A"Jgly, Vfg€H. (36)
Since J is a conjugation operator on H, we find that (3.6) is equivalent to
gy =1fglg +[JA Jg, JA* T fl. 37N
With this indefinite inner product, D(JA*J) becomes a Krein space (see Dunford and Schwartz [7,

p. 1225)).
LEMMA 3.2. If A is a J-symmetric operator in H, then

D(JA"J) = D(A).

PROOF. Let
g€ D(JA*J)e D(A), (38)
then
[f,oly =0, for fe D(A). 39
Making use of (3.7), (3.9) and the fact that JA*J f = Af, for f € D(A); we get
VA" Jg, Afly = [~ 9. flu- (3.10)
On using the definition of an adjoint operator, (3.10) implies
JA*Jg e D(A™).
This gives
gED(A™JA™T). @311

From (3.8) and (3.11), we can conclude that the vector function g is the zero vector function This
implies that

D(JA*J) = D(A). (312)

REMARK 3.1. Our closed linear operator A is J-symmetric in Krein space H, the domain D(A) is
dense in H and A = JA*J. Therefore, the operator A is J-selfadjoint operator in H (see Race [8]).
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4. THE BOUNDEDNESS OF THE OPERATOR A

In this section we shall show that the J-selfadjoint operator A in H is unbounded from above and
bounded from below. To this end we need the following lemma

LEMMA 4.1. Let f, f' be continuous functions on [a,b] with 7f, € L|2r| (a,b) Since p(z) is
continuous on (a, b] as well as p(z) > 0 on [a, b], then there exists a positive constant ¢y with p(z) > ¢;
such that

b
| rein@re > g2 ine) - Ak @n

PROOF. Schwartz's inequality gives
b b
/ 2(@)f{(2)dz 2 < / |fi(z)dz
b
/ fi(@)dz
a

= (b—?&—) 1£1(6) = fi(a)2.

2

co
2 B-a)

REMARK 4.1. We assume that there is a real number -~ such that
q(z) 2 yr(z), z€[a,b (42)

for all signs of 7(z) and g(z).
LEMMA 4.2. The J-selfadjoint operator A in H is bounded from below
PROOF. On using the boundary conditions (1.2)-(1.3), we get

4f, f] /br(ff)f‘dwiM(f)f‘—iM(f)T
Sy j 1) f1 oy e 1) f2 P plJ1) I3

b 5
- [ @y Fiaz+ [ ainfae

1 — 1 —
+—=M(f1i)fa = —Ms(fi) f5. @3)

p1 p2
Integrating the first term of (4.3) by parts, we find that

b b
(Af flu = [ alfifaz+ [ oiiPd

+{(fM)(a) Fi(a) - (2f)(®) Fi(6) }
+ pil M) Ralhy) - % Ms() Ba (). 4 4)

Substituting (4.1), (4.2) into (4.4) and using the boundary conditions (1.2)-(1.3), we obtain
b 2 <0 2
147, 11 27 [ rlfifde + 52 10) - /(@)

+{(f) ) fila) - (pf)0) F10) }
+ ;1; {a1£1(@) - as(pf))(@)}Has Fi(a) — o BF@) }

+ i (- BLhib) + BB OB T - 5 G0 - @3)

The formula (4.5) can be simplified to take the form



780 S F.M IBRAHIM

itz [ et L {0 T o 25 1 55

— o0 [Fi(@) (£ (@) + £1(a) BFN@) ] + avcs (o)) (@) GFN @ }

5 {00 -+ 525 (- 55)]

+ BB [F10) (f})(0) + £1(6) F1)(B) ] + BoBa(pf1)(6) (PF])(b) } (4 6)

Choose the real numbers «,, G,; i = 1,2, 3,4 provided p;,p2 > 0 and the constant c; > 0 and choose
the values p(a) > 0, p(b) > 0, fi(a), f1(d), fi(a), f1(b) such that the following inequality is valid

41,1y 2 [ rlfas
+ = {e31 (@) Fi@) - asau [ FoT@) (ef(e) + () PR)@)
+ak(pf1)(0) I |
+ - {BAOTE) - BB @H)E) + 10 BB
+ B (o1} ) PF)®) }. @7

The inequality (4 7) can be rewritten in the form

b
(Af, fly =7 / rlfifdz + + Ra(f) Balh) + — Ra(f1) Ba(D)
P P2

b
2 1 o, 1 .09
= r|fil°dz + — +—
1 [ Pz o 1A
> cllflig 48
where the constant ¢ = min(v, 1).
LEMMA 4.3. The J-selfadjoint operator A in H is unbounded from above.

PROOF. Let x(z) be a test function in the Krein space H with compact support on [a, b] and
define a sequence of this test function by

Xm(z) = x(mz) for z€la,b], m=1,23,.., 49
On using the same arguments of Lemma 4.2, we can show that
[Axms Xmlg = 1™ llxmll, (410
where c; is a constant. Letting m — oo, we get

rr!iinw [AmeXm]H = 00. (4 ”)

This proves that A in H is unbounded from above.

5. THE EIGENVALUES OF OPERATOR A
The problem (1 1)~(1.3) in the indefinite case gives us positive and negative eigenvalues Thus we
consider the infinite sequence of the eigenvalues of A:

—00 <A <A <AL LS A< A S A S (CR))
where \,, < 0 < A.;. For brevity, the eigenvalues and eigenfunctions are together called eigenpairs

DEFINITION 5.1. The J-selfadjoint operator A is called J-non-negative if [Af, f]y >0,
f € D(A).
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THEOREM S.1. Consider the problem (1.1)-(1.3). There exists at least a finite number of distinct
positive eigenvalues A.;1, Ani2, ..., Ants Whose associated eigenfunctions @,, j = n+1,n+2,...,n+s,
satisfy [A®,,®,], >0

PROOF. Suppose there exists h <n+s and the eigenpairs of operator A are A, ®,;
j=n+1,n+2,.. suchthat

(48,,8,), > 0. (52)

We have 0 < {[A<I>J,<I>J]H/[<I>J,<I>,]H} =A,j=n+1,n+2,n+3,.. ,h Sinceh <n+s,then
0 < {[A%h, @n]y/[®r, Brlg} = An < Anss

Therefore, there exists at least a finite number h; n +1 < h <n +s. Thus there exists at least a
finite number of distinct positive eigenvalues An.1, Ani2, -y Anss; S =1,2,3,.... This admits the
existence of infinite number positive eigenvalues Ap1, Ant2, .-y Ants, ... 88 8§ — 00.

THEOREM 5.2. Consider the problem (1.1)-(1.3). There exists at most finite number of distinct
negative eigenvalues Aj, Ag, A3, ..., A, whose associated eigenfunctions ®,; i =1,2,3,...,n, satisfy
[A®,,®,], < 0.

From above we deduce that the set of real eigenvalues of operator A (negative and positive
eigenvalues), is bounded from below and unbounded from above.

,6. THE RESOLVENT OPERATOR AND THE EXPANSION THEOREM
Suppose that 1 (z; ), ¥2(x; ), are the fundamental solutions of (1.1) on [a,b] which satisfy the
initial conditions:

Yi(a;A) = @ — Aay, pla)di(a; ) = a1 — Aag
(CRY)

Yo(biA) = B+ MG,  p(b)a(biA) = B+ ABs
where A € C is not an eigenvalue of the operator A, and put

wz(A) = W (1, ¥2)(z; A)
= 1(z; Mp(@)¥ (75 A) — p(z)¥ (z; A)¢a (z; A) (62)

which is independent of = € [a,b]. Putting z = a, we therefore have:

wa(A) = = [a1¥n(a; A) — azp(a)¥h(a; A)] + Alasye(a; A) — ayp(a)dh(a; A)]
= — Mo(¥2(a; X)) + ARq(a(a; A)). (63)

Similarly, putting z = b, we therefore have

wy(A) = [Bi1(b; A) — Bap(b)¢ (b; A)] + A[Bse1 (b5 A) — Bap(b)) (b5 X))
= Mgs(¥1(5; ) + ARg(¥1(b; A)). (6.4)

It is also from (6.1) that
Ro(41(a;A)) =p1 and  Rp(ya(biA)) = p2 65)

where p;, p are given by (1.4).

From (6.1) it is clear that for all A € C, M,(¥1(a; A)) = AR (¥1(a; X)), which gives that ¥ (z; A)
satisfies the first boundary condition (1.2) at z = a and Mp(y2(b; A)) = — ARg(32(b; A)), which gives
that 1o(z; ) satisfies the second boundary condition (1.3) at z =b. Employing the same type of
argument as in the regular Sturm-Liouville problem [9, Sec. 1.8] it follows that the zeros of w;(\) are
real and that if \,, n = 1,2, 3, ... denotes these zeros, the three-component vectors

¥y = ($1(z; An), Ra(¥1(; An)), Rp(¥1(2: An))) (66)

are eigenfunctions of operator A satisfies the orthogonality relation
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[¥n, U]y =0 for n#m,

67

where the indefinite inner product is given by (2.2). The initial conditions (6.1) also serve to guarantee
that 1 (z; A) and v (x; A) are entire in A for fixed z, and so it follows that w;()) is an entire function

of A\.
We let

v,
nll
denote the normalized eigenfunctions and let k, # 0 denote the real constant for which

Yo (T3 An) = knt1(z;An) Vz € [a,b)]

P, =

= (®n(2), Ra(®n(2)), Rp(®n(2)))

for each zero of w;(A\). By Green's formula with r(z) which changes sign on [a, b], we have

b
/T($)¢1(I;An)¢1(z;A)dz p—

We find that
W (%1(6; An), %1(6; A))

k(B2 + AnBa)p(d)d (05 ) — (By + AnfBs) 91 (53 A)]
= k7 ws(A) + (An = AR (31(b; A)))

and

W (1(a; An), 1(a; N) = k7' [(ca — Aes)a(a; An) — (a2 — Aayg)p(a) ¥ (a; An)]
= - kr:l[“’o(xn) + (A = An)Ra(¥2(a; An))]
= =k '(A = An)Ra(d2(ai An))
where wy(A,) = 0.
Substituting (6.11) and (6.12) into (6.10) we obtain

A=A

Letting A — A, we get

b
/ r(@){¥1(z M)} dz = £k {wh (M) — Ra(¥2(a; M) = Ra(w1 (b An))}-

From (6.5) and (6.9) with A, = A, we get
Ra(92(ai An)) = knRa(91(ai M) = knpr }

and
Rp(¥1(b;2n)) = k' Ry(w2 (b An)) = k' pg

On using (6.15) to eliminate k,, from (6.14), we can find that

b
|2 = / r(znwl(z;x,.)PdH - Ra(1 @ M) + - [Ralt 5 M)

a

= =% p; ' Rg(¥1(b; An))wh(An )

4 Wb An), $1(bi2) = W (i (ai An), ¥ (ai X))

b
/ r(@ ) (@ A (5 \)dz = £ k] { D) _ B (@ M) = Ra(abr (b A))}-

(6.8)

(69)

(6.10)

(611)

612)

(6.13)

(6.14)

(6 15)

(6 16)

Now, for f = (f1(z), fo, f3) € H, we define ¥ = (¥,(z), ¥, ¥3) € D(A) as the unique solution

of inhomogeneous operator equation
(AT - A)¥ =f.

Therefore,

617)
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(Aaz — a1)¥(a) — (Aag — a2)(p¥7)(a) = fo
(ABs + 61)¥1(b) — (ABy + B2)(p¥) () = f3

On applying the method of variation of parameters, we get
P eENCAE o [P ENEA))
¥y (z) = —¢i(z; /\)/; ey dt+'¢)z(:1:,)\)/‘z ey dt
+di1(z; A) + daha(z5A), 619)

(AL = 1)¥1(z) = fi(z)
(6 18)

where d;,d, are constants and r(z) changes sign on [a,b]. From (6.18) and (6 19) together with the
initial conditions (6.1), we can get the constants d;, ds in the form

1 b
4 =5 ) [fs + /a Po(t; ’\)(rfl)(t)dt] (6.20a)
and
__f
dy = w..z__()‘) (6.20b)

provided that 7(z) changes its sign on [a, b] according to our indefinite problem (1 1)-(1.3)
Consequently, we deduce that

b
y(z) = ;1@—) [Fsth1 (3 X) + foa(zs V)] + / Gzt N)(rf) ), 621)
V2 = R, (¥y), (6.22)
U3 = Rs(¥1), (6 23)

where G(z,t; A) is the Green's function of our indefinite problem (1.1)-(1.3) defined by

M%’ygt—& fora<t<z<b
z

G(z,t; ) = (624)
DEXU(td) g a<zc<t<b

wg(A

The form of the equations (6.21)-(6.24) shows that the resolvent operator R(A; A) = (Al — A)™ ! is
actually compact; for details of arguments of Theorem 5 in Hellwig [10, p. 120] can be used

REMARK 6.1. (i) A = 0 is not an eigenvalue of A in Krein space H.

(ii) Since A is a J-selfadjoint operator, then it has real eigenvalues and the corresponding real
eigenfunctions are orthonormal.

(iii) On using Theorem 3 in Hellwig [10, p. 30], we deduce that the density of D(A) in Krein space
H gives the completeness of the orthonormal system of the real eigenfunctions of A.

The results of our investigations are summarized in the following expansion theorem

THEOREM 6.1. The closed linear operator A in Krein space H has an unbounded set of real
eigenvalues of finite multiplicity without accumulation points in ( — 0o, 00), and they can be ordered
according to size

—00 <A SRS S <A S e L S A S
Angs 00 a8 s— oo with A, <0< A

If the corresponding real eigenfunctions ®;, ®o, ..., ®,, ®n41,... form a complete orthonormal system,
then for any function f(x) € H, we have the expansion
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f=Y_1f %nly®n (6 25)
n=1

in the sense of strong convergence in H
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