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ABSTRACT. This paper examines smoothness attributes of probability measures on lattices which
indicate regularity, and then discusses weaker forms of regularity; specifically, weakly regular and
vaguely regular. They are obtained from commonly used outer measures, and we study them mainly for
the case of M (L) or for those components of M (L) with added smoothness prerequisites. This is a
generalization of many concepts presented in my earlier paper (see [1]).
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1. INTRODUCTION

Let X be an arbitrary set and £ a lattice of subsets of X. A(L) denotes the algebra generated by £
and M (L) those finitely additive measures on A(C). M, (L) denotes those elements of M (C) that are o-
smooth on £; while Mz (L) denotes those elements of M (L) that are L-regular. To each u € M (L) we
will associate a finitely subadditive outer measure p’ on P(X), and to u € M, (L) is associated an outer
measure p”. The relationships between u, y/, and x” on £ and £’ (the complementary lattice) are
investigated. This leads to a consideration of weak notions of regularity, which can be expressed in terms
of u' and p”. In this respect the normal lattices are particularly important since for such lattices regularity
of p coincides with weak regularity. We show that if 4 € N(L), those u € M (L) such that for L, | L,
L.,LeLl, puL)= ur}f u(Ly) and if £ is complement generated then is weakly regular. Combining

these results gives conditions for certain measures to be regular. We adhere to standard lattice and
measure terminology which will be used throughout the paper (see e.g. [2-6]) and review some of this in
section two for the reader's convenience.

2. DEFINITIONS AND NOTATIONS

Let X be an abstract set. Let £ be a lattice of subsets of X. We assume throughout that § and X
arein £. If A C X, then we will denote the complement of A by A’ (i.e. A’ = X — A). If L is a lattice
of subsets of X, then £’ = {L'|L € L} is the complementary lattice of L.

LATTICE TERMINOLOGY
DEFINITION 2.1. Let £ be a lattice of subsets of X. We say that:
1. L is a é-lattice if it is closed under countable intersections; §(L) is the lattice of countable
intersections of sets of L.
2. L is disjunctive if and only if z € X, L € £, and = ¢ L imply there exists A € £ such that
z€Aand ANL=0.
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3. L is complement generated if L € £ implies L = oﬁ L, where L, € L.
n=1
4. L is compact if and only if X = |JL),, L, € L, implies there exists a finite number of L/, that
a
cover X.
o0
5. L is countably compact if and only if X = {J L!, L; € L, implies there exists a finite number of
i=1
the L] that cover X.
6. L is countably paracompact if, for every sequence {L,} in £ such that L, | @, there exists a
sequence {L,}in L suchthat L, C L, and L, | 0.
7. L is normal if and only if A, B€ £ and AN B = @ imply there exists C, D € L such that
ACC,BCcD,andC'ND =0.
MEASURE TERMINOLOGY

Let £ be a lattice of subsets of X. M(L) will denote the set of finite-valued, bounded, finitely
additive measures on A(L). We may clearly assume throughout that all measures are non-negative.

DEFINITION 2.2.

1.
2.

A measure u € M(L) is said to be g-smooth on L if L, € L and L,, | @ imply u(L,) — 0.
A measure . € M(L) is said to be o-smooth on A(L) if A, € A(C) and A, | @

imply p(4,) — 0.

A measure u € M(L) is said to be L-regular if, for any A € A(L),

p(A) = sup{u(L): L C A, L € ).

NOTATION 2.3. If L is a lattice of subsets of X, then we will denote by:

M, (L) = the set of o-smooth measures on £ of M (L)
M? (L) = the set of g-smooth measures on A(L) of M(L)
Mpg(L) = the set of L-regular measures of M (L)

2(L) = the set of L-regular measures of M° (L)

DEFINITION 2.4.

1.

2.

Let s € M(C). Then p € N(L)if Ln € L and () Lo = L € L (in particular, if Cis 6), L, | ,
n=1

imply (L) = infp(Ln).

If u € M(L), then the support of p is S(u) = N{L € £L|p(L) = p(X)}.

REMARK 2.5. Listed below are a few basic important facts that will be used throughout the paper
(see [7,8] for further details):

1.
2.
3.

ME(L) = Mg(L) N M,(L)

M, (L) D N(L) D M°(L)

If p € M(L), then there exists v € Mp(L) such that 4 < v(C) (i.e. p(L) < v(L), all L € £)
and p(X) = v(X).

3. REGULAR PROBABILITY MEASURES

Discussion of L-regular measures (4 € Mg(C)) takes place in this section. Conditions for regularity
and various resulting properties are examined.

THEOREM 3.1. Let £ be a lattice of subsets of X. Then u € Mp(L) if and only if u € M(L)
and p(A) =inf{u(L'): ACL',L € L}, A€ A(L).

PROOF. 1. Suppose u € Mg(L). Then u(A’) =sup{u(L): L C A’,L € L}. Hence
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B(A) = p(X) — p(A") = p(X) — sup{u(L) : Lc A, L € L}
=p(X) —sup{p(L): L' D A, L € £}
= p(X) — sup{p(X) —p(L'): L' D A, L € L}
=p(X) - p(X) —sup{ —p(L') : L' D A, L € L}.

Therefore u(A) = inf{u(L'): AC L', L € L}.
2. Reverse of 1. is sufficient proof.

THEOREM 3.2. Let L be a lattice of subsets of X. Suppose u € M (L) and
p(L') =sup{p(L) : L c L',L € L}. Thenp € Mg(L).

PROOF.  Suppose p€ M(L) and p(L')=sup{p(l):LcL,Lec} This implies
wz)=inf{u(L') : L L',L € L}, by Theorem 3.1. Let A € A(C). By definition, 4 = ULnL,

i=1
where L;, L, € £ and disjoint. Consider LNL; L, L € L. Since every L € L is L£'-outer regular with

respect to u, there exists L' D L, L € £, such that u(L) + ¢ > p(L'),e>0 Then Z'nE' >LNE
and UL >LUT.

p(Lﬁf’) =p(L)+p(f) —p(LUf) Zp(f) —e+y(f) —p(i'uf) =/.4(I:'ﬂf) -
, Consequently, p(Lnf ) +e> p(f,' nt ) Therefore, LN L' is £'-outer regular with respect to .
Now, in general, A = O(L NE;), where L;, I disjoint and € > 0. There exists I, > L, L such

that (LN E) + § > u(L}). Then (J L, :)U(L nL;) =Aand(1]z:ec'.

i=1

n n n n n
p(4) =#(U(L.ﬂf:)) =2;#(L.ﬂf.~) > len(fé) - 2 n(LlJ )
1 1=
Hence pu(A) = inf{u(L') : AC L',L € L}. Therefore u € Mg(L), by 3.1.

THEOREM 3.3 Let p; € Mg(L), p2 € M(L), p1 < p2(L), and py(X) = pg(X). Then
H1 = pa.

PROOF. Suppose p; < pp(C) and let Lc L', L, L e L. This implies py < u;(L') and
pm(L) < (L) < (D). I pp@)<m(@), for any L'SL, then pp(L) < inf{py(L):
Lc L'}y =pi(L), since p € Mp(L). Hence py < p1(L) and, consequently, u; = pa(L). Therefore

= pg since p1(X) = p2(X).

THEOREM 3.4. Let L be a lattice of subsets of X. Suppose u € Mgr(L) and u € My(L). Then
p € M(L).

PROOF. Given u € Mg(L) and pu € M,(C). Let {A,} bein A(C) and A, | 0. Then there exists
L, C An, L, € £, and p(A,) — 5= < p(Ly), since p € Mp(L). Now, Ly,Ly N Ly, LiNLy N L, ...
arein £ and 10. So p(LiNLy)< (AN Ae) =p(Ar) < p(LyNLo) +§+§. By induction,
p(f]l A,) < u(ﬁ] L,) +§ 5 for all n. Consequently, we may assume L,, | 0 and p(An) <p(Ln)+e,
all n. Then nli_{r;y(A,,) snli_{xolop(L,.) +¢€, and "an:o p(L,) =0 since p € M,(L). This implies
li’x‘n u(A,) < eand € > 0. Hence li'xlnp(A,.) = 0. Therefore x4 € M°(L), since u is countably additive
on A(L).

THEOREM 3.5. Let u < v(C), where p € M(L), v € Mp(L), and p(X) =v(X). If L is
normal, then v(L') = sup{u(L) : Lc L';L,L € L}.

PROOF. Since v € Mp(L), v(L') =sup{v(L) : L c L;L,L € £}. This implies v(L')~
e <v(L),e> 0, for some L € £ where L C L. By normality, L ¢ A’ C B C L', where A,B€ L.
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Then »(L') —e <v(L) < v(A') < u(A) < u(B) Sv(B) <v(L). Hence v(L')=sup{u(B):
BcC L',Be€ L}, and p(B) ~ p(L) by an e-argument. Therefore v(L') = sup{u(L): L c L', L € £}.
THEOREM 3.6. Suppose u € Mg(L) and A € Mg(L') such that 4 < A(L'). Then £ is normal if
and only if p(L') = sup{A(A): AC L', A€ L}.
PROOF.
1. p < A(L') implies A < (L), by regularity. Therefore, if £ is normal, then p(L') = sup{\(4) :
ACL,AeL}by3s.
2. Suppose u(L') = sup{A\(A): AC L', A € L}. Let u;,us € Mg(L) such that u < p;(L) and
b < p2(L). Then py < pu < A(L') and pp < p < A(L'). This implies pi(L') = po(L') =
sup{A(A) : A C L', A € £}. Hence p; = po. Therefore, £ is normal.
THEOREM 3.7. Suppose L is normal and complement generated. Then u € N(L) implies
pu € Mg(L).
PROOF. Since £ is complement generated, there exists L, L, € £ such that L = ﬁx L, where

L, |. By nommality, L C A, C B, C L, where A,, B, € L, and we may assume that A, | , B, | .
Then L =B, =()L,. Now let u € N(L). This implies u(L) = il'}fp(B,‘) = infu(A,). Hence
n n n

@ € Mp(L)by 3.1,and N(L) C M,(L) by 2.5. Therefore u € MZ(L).

4. OUTER MEASURES

In this section we consider u € M(L), and associate with it certain "outer measures" u’ and p”. In
general, they differ from the customary induced "outer measures” p* and u*. We seek to investigate the
interplay of these outer measures on the lattice £ and, conversely, the effect of £ on them.

DEFINITION 4.1. Let u € M(L) such that 4 > 0 and let E be a subset of X.

1. p/'(E)=inf{u(L’): E C L', L € L} is a finitely-subadditive outer measure.

2. u"(E)=inf { Sull):EC U L,L, € L} is a countably-subadditive outer measure.

3. y'(E)=inf {y(A) :ECAA€ A(L)} is a finitely-subadditive outer measure.
4 u*(E)=inf { i p(A):EC G AL A€ A(C)} is a countably-subadditive outer measure.
i=1 i=1

DEFINITION 4.2.

1. Suppose v is an outer measure and let E be a subset of X. Then E € S,, the set of
v-measurable sets, if v(A) = v(ANE)+v(ANE') forall AC X.

2. v is said to be a regular outer measure if, for A, E C X, there exists E € S, suchthat A C E
and v(A) = v(E).

PROPERTY 4.3. Proofs will be omitted.

1. If L is countably compact and u € M(L), then ' = u"(L).

2. Ifp € N(L), thenp' = p"(L').

3. p € M,(L)and p = p"(L'), where p" is regular, imply u € N(C).

4. Ifp€ N(L)and Lis b, then ' = p"(L).

5. Suppose u € N(L), Lis 6, and L C S,». Then p € MZ(L).

THEOREM 4.4. Let u € M,(C). Then

(@) p(X)=p"(X),

®) p<u’ <L),

@© p" <p=p(L).

PROOF. (a) Clearly p"(X) < p(X). If p"(X) < p(X), then there exists L} € L', i = 1,2,...,

such that X = (J L} and 3°p(L{) < u(X). But 3 p(Ll) = lim 3 (L)) > lim p(U L;). Also
=1 =1 i=1 n—oo n—oo 1
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n n n
UL tX and UL, € L. This implies that li;nu(UL:) = u(X) since p € M,(L). Therefore
1 1 1

B(X) = u"(X).

(b) Suppose there exists L € L such that p(L) > p"(L). Then p"(X)< u"(L) =
H'(L") < (L) +p"(L'). Then p"(X) < p"(L) +p"(L') < p(L) +p"(L'), but p” < p(L). This
implies u"(X) < p(L) + p(L') = p(X), which contradicts (a). Hence p < p”(L); and p"” < p'
everywhere clearly. Thus p” < u'(L). Therefore up < u" < u'(L).

(c) Clearly u” < p'(L’) and, by definition, p = p'(L'). Therefore u” < p = pu'(L').

THEOREM 4.5. Suppose v is a finite, regular, finitely-subadditive outer measure defined on
P(X), the set of all subsets of X. ThenE € S, if and only if v(X) = v(E) + v(E').

PROOF. 1. Suppose v is a finitely-subadditive regular outer measure and E € S,. Then
Vv(E) + v(E') = v(X), clearly.

2. Suppose v is a finitely-subadditive regular outer measure and v(X) = v(E) + v(E’'). Let
B € S,. Then, by regularity, there exists a set F C X such that F C B and v(F) = v(B). Then, since
BeS,,v(E)=v(ENB)+v(ENB')and v(E') =v(E'NB) +v(E'NB'). So

v(X)=v(E)+v(E")=v(ENB)+v(ENB)+v(E'NB)+v(E'NB)
> v(B) +v(B') = v(X),

‘since BES,. Also, v(BNE)+v(BNE')+v(B' NE)+v(B' NE')=v(B)+v(B') since all
v(X) = finite measure. Now subtract from the equation above v(B’' N E) + v(B' N E') > v(B'), which
is true by the finite subadditivity of v. Then v(BNE)+v(BNE') < v(B). Also, FNECBNE
and FNE' C BN E'. This implies

V(FNE)+v(FNE')<v(BNE)+v(BNE') <v(B) =v(F).

Hence v(F) =v(FNE)+v(FNE'). Therefore E € S,.

THEOREM 4.6. Suppose u < v(L), where u € M(L) and v € Mp(L). Then:

@ psv=vV <L)

(b) if £ is normal, then u’ = v/(L).

PROOF. (a) Since v € Mg(L), v(E) =V (E)=inf{v(L'): EC L',L € L}. Also, u < v(L)
implies v < (L"), which implies v/ < /(L) and v/ < p'(L'). Therefore p < v =/ < p/(L).

(b) Let L € £. Then, by normality,

V(L) =v(L) =v(X)-v(L') =v(X)-sup{v(L): Lc L', L e £}
=v(X)-sup{p(Ll): LcL',Lec}
= inf{y(f,') 1o L} = 4(L).
Therefore y’' = V/(L).

5. WEAKER NOTIONS OF REGULARITY

Previously we have considered some properties related to u € Mr(L). We now want to consider
weaker notions of regularity, and see when they might coincide with regularity; and, in general, to
investigate their properties and interplay with the underlying lattice.

DEFINITION 5.1. Let L € £, where L is a lattice of subsets of X.

1. A measure u € M(L) is said to be weakly regular if u(L') = sup {u/(L) : Lc L', L e £}.

2. Ameasure p € M, (L) is said to be vaguely regular if u(L') = sup {p" (L) : Lc L', L € £}.

NOTATION 5.2.

Myw (L) = the set of weakly regular measures of M (L)

My (L) = the set of vaguely regular measures of M, (L)

LEMMA 5.3. MZ(L) C My (L) C Mw (L) NM,(L)
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REMARK 5.4. If u' = p"(L), then My (L) = Mw (L) N M,(L). This occurs if:

(a) L is countably compact,

(b) p€ N(L)and Lis é,

(c) L is normal and complement generated,

(d) L is 6-normal.

THEOREM 5.5. Suppose p < v(L), where u € My (L) and v € Mp(L). Then p’' =v(L)
implies p = v.

PROOF. Let My (L) 3 u < v € Mg(L) and suppose ' = v(L). Then p <v =1 < p'(L) by
46. Now, p € Mw(L) implies p(L') =sup{p'(L): L c L';L,L € £} and v € Mg(L) implies
v(l')=sup{v(L): Lc L',L,LeL}. Then, since p'=v(L), p(L')=wv(L'), which implies
p = v(L"). Therefore u = v, since u(X) = v(X).

THEOREM 5.6. Suppose L is complement generated. If 4 € N(C) and p" is a regular outer-
measure, then u € My (L) C My (L) N M,(L).

PROOF. Suppose L is complement generated and p € N(L). Then p € M,(C) by 2.5; and

p=y =p"(L'), by 43 and 44. Now let L € L. Then, since £ is complement generated, L = (| L/,

n=1

L.eLl, L, |. By the regularity of " and the fact that L' C () L., we have u"(L’) = limp"(Ln).

n=1
But p=p' =p"(L') since p€N(L). Thus p(l)=sup{p’(L):LcL,LeLl} Hence
1 € My (L). Therefore, by 5.3, u € My (L) C Mw (L) N M,(L).
THEOREM 5.7. Suppose £ is normal and u € Mw (L). Then p € Mg(L).
PROOF. Suppose L is normal and u € My (L). Let p < v(L), where v € Mg(L). Then, using
4.6,

v(l')=sup{v(Ll): LcL;L,Let}=sup{V/(L): Lc L';L,Le L}
=sup{p’(L): Lc L;L,Le L} = pu(L') since ue€ My (L)

So p = v(L'), which implies p = v since u(X) = v(X). Therefore u € Mg (L).

REMARK 5.8. We saw in Theorem 5.7 that if £ is normal, then My (L) = Mg(L). However, the
converse is not true. For example, let £ = {0, X, A, B, A, U B}, where A, B C X (A, B # 0) such that
ANB=0and AUB # X. Here L is clearly not normal, but My (L) = Mg(L).
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