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ON 2-ORTHOGONAL POLYNOMIALS OF LAGUERRE TYPE
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ABSTRACT. Let {Py } >0 be a sequence of 2-orthogonal monic polynomials relative to linear
functionals wg and w; (see Definition 1.1). Now, let {Q } >0 be the sequence of polynomi-
als defined by Q, 1= (n+ 1)‘1P,'l+1, n > 0. When {Qy}n>0 is, also, 2-orthogonal, {Py,}n>0
is called “classical” (in the sense of having the Hahn property). In this case, both {P;;},>0
and {Qu}n>0 satisfy a third-order recurrence relation (see below). Working on the recur-
rence coefficients, under certain assumptions and well-chosen parameters, a classical fam-
ily of 2-orthogonal polynomials is presented. Their recurrence coefficients are explicitly
determined. A generating function, a third-order differential equation, and a differential-
recurrence relation satisfied by these polynomials are obtained. We, also, give integral
representations of the two corresponding linear functionals wg and w; and obtain their
weight functions which satisfy a second-order differential equation. From all these prop-
erties, we show that the resulting polynomials are an extention of the classical Laguerre’s
polynomials and establish a connection between the two kinds of polynomials.

Keywords and phrases. Orthogonal polynomials, d-orthogonal polynomials, Laguerre
polynomials, Sheffer polynomials, recurrence relations, integral representations.

1991 Mathematics Subject Classification. 33C45, 42C05.

1. Introduction. It is well known (see, e.g., [4]) that the generalized Laguerre poly-
nomials {Li{")}nzo, for o« > —1, are orthogonal with respect to the weight function
o(x) = x% ¥ on the interval 0 < x < +oo, that is,

I'm+o+1)

o Ommn, MmM,n=0. (1.1)

oo
J L (x)L (x)x%e ¥ dx =
0

They are defined by the generating function

(L—t) e X0 = % L0 (x)t™. 1.2)
n=0

Their corresponding monic polynomials {Ly"'}, _, are defined by Ly = (=1)"n! Ly,
n > 0 and satisfy the second-order recurrence relation

LW, (x) = (x—2n+a+3)) LY, (x)-(m+ 1) (n+ax+ 1)L (x), n=0,
L) =1, (1.3)

L (x) = x—(x+1),
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as well as the following relations:

d

Eim (x) = (m+ 1)L D (x), n=0, (1.4)
LW () =LY () + (m+ DL D (x), n=0, (1.5)
xP& D (x) = £ (x) + (m+ a+ 1DE® (x), n=0. (1.6)

Recently, within the framework of the d-orthogonality of polynomials or polynomi-
als of simultaneous orthogonality studied in [12, 11, 16] which does not really have the
same orthogonality relations but are considered to be orthogonal relative to positive
measures, new kinds of d-orthogonal polynomials have been the subject of various
investigations [1, 3, 5, 9, 15]. In particular, those having some properties that are
analogous to the classical orthogonal polynomials.

In this paper, when d = 2, under special conditions and well-chosen parameters, we
give a family of 2-orthogonal “classical” polynomials which are a natural extension
of the classical Laguerre polynomials. These polynomials have some properties anal-
ogous to those satisfied by the classical Laguerre polynomials. Their recurrence co-
efficients and generating function are explicitly determined, a differential-recurrence
relation and a third-order differential equation are obtained. We denote these polyno-
mials by P, (-; @), where « is an arbitrary parameter. They are called the 2-orthogonal
polynomials of Laguerre type related to the two linear functionals wy, w;, where wy
satisfies a second-order differential (distributional) equation and w; is given in terms
of wo and wy, (see equations (4.13), (4.14)). Finally, one of the problems is to determine
integral representations of both functionals wg and w;. Indeed, applying the method
explained in [8], if we denote by W, (resp., W'1) the weight function representing the
functional wy (resp., w1), we obtain that when & > —1, Wy (x) = e t(x)I}(x) on the
interval 0 < x < + o0, with g(x) = x%e~* being the weight function related to the classi-
cal Laguerre polynomials, and I} an entire function defined by I'’; (x) = x~%/2[4(2/X),
where I is the modified Bessel function of the first kind.

Let us now recall some results which we need below. Let {P,},>0 be a sequence
of monic polynomials and {wy}»>0 be its dual sequence defined by (w,,Pn) = dm,n,
m,n = 0, where (,) is the duality brackets between % (the vector space of polynomials
with coefficients in C) and its dual %’'.

LEMMA 1.1 [14]. For any linear functional u and integer p = 1, the following two
statements are equivalent:
() (u,Pp-1) # 0;{u,Pp) =0,n>p;
() 3A, €CO0=<v=<p-1,A,_1 #0 such thatu = Zﬁ_lAvuv.

DEFINITION 1.1. The sequence {P,},-~0 is said to be d-orthogonal polynomials
sequence (d-OPS) with respect to the d-dimensional functional Q = (wy,...,w4-1) if
it fulfills [14, 17]

(wy, Py Py) =0, n=md+v+1,

{Wy,PmPmasv) # 0, (1.7)

for each integer v with v =0,1,...,d—1 and m > 0.
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REMARK 1.1.

(a) When d = 1, we meet again the ordinary orthogonality.

(b) The linear functionals w, are not necessarily positive definite and the d-dimen-
sional functional Q is not unique. Indeed, according to Lemma 1.1, if {P,},>0 is d-
orthogonal relative to the functional U =t (u1,...,u4), we have

K—1
U= Y Afwy, AL 40, 1<k=<d
v=0
v+1
= wy =D TYuk, Ty, #00=sv=d-1 (1.8)
k=1

Thus, this notion of d-orthogonality for polynomials, defined and studied in a differ-
ent context in [17], appears as a particular case of the general notion of biorthogonal-
ity described in [2]. A remarkable characterization of the d-orthogonal polynomials
is that they satisfy a standard (d + 1)-order recurrence relation, that is, a relation
between d + 2 consecutive polynomials [17]. Here, we work only with the canonical
d-dimensional functional Q = !(wy,...,w4_1) and in all the sequel we only consider
the case d = 2, that is, {P, } >0 is 2-OPS with respect to the linear functionals w, and
w1. In this case, the orthogonality relations are

(wo,PpmPr)y =0, n=2m+1,

(w0, PmPom) #0, m=0 (1.9)

and
(W1,PyPy) =0, n>=2m+2;
1.10
(1, PmPomi1) £0, m =0, (1.10)

Then {P,, },»0 satisfies a third-order recurrence relation [14, 17] which we write in the
form

Pui3(x) = (X = Bn+2) Prs2(X) — dps2Pps1(X) — yni1Pu(x), n=0,
Py(x)=1, Pi(x)=x-Bo, Pa(x)=(x~-B1)P1(x)— a1, (1.11)
Yni1#0, n=0 (regularity conditions).
Let us now introduce the sequence of monic polynomials {Q, := (n+1)71P;,,{ }n=0. We
denote by {0y, },~0 the dual sequence of {Q,},>0. According to the Hahn’s property

[10],if the sequence {Q } n=0 is also 2-orthogonal, then {P;, },,~¢ is called a “classical” 2-
OPS. In this case, the sequence {Q, } n=0, t00, satisfies a third-order recurrence relation

Qu+3(X) = (X = Bns2) Qus2(X) = Bn12Qns1 (X) = Fns1Qu(x), n=0,
Qox)=1, Qi(x)=x-Po, Qz(x)=(x-P1)Qu1(x)-&i, (1.12)
Vn+s1#0, n>0.
By differentiating (1.11) and using (1.12), we easily obtain
Pri3(x) = Qa3 (x) + (+3) (Bns3 = Bns2) Qa2 (X)
+((M+2) i3 = (M +3) ®ni2) Quat (X) (1.13)

+((M+1D)yns2—(M+3)Pne1)Qu(x), n=0,



32 KHALFA DOUAK

with the initial conditions

Po(x) =Qo(x) =1,
Pi(x) = Q1(x)+B1-Po, (1.14)
Py(x) = Q2(x) +2(B2—B1) Q1 (x) + (cx2 — &1).

Otherwise, when the 2-OPS {P,, },~¢ is “classical”, it was obtained in [6] that the recur-

rence coefficients {f,}, { Bn}, {yy},and {y;} (v = 0,1) satisfy the following non-linear
system which is valid for n > 1:

(n+2)Bn—NPn-1 = (+1)Bni1— (n—1)By; (1.15)
2Bo = Po+ B, (1.16)
(M+3)Bn+1—(M+1) & = (M+1)otns2— (M—1) tni1
1) (Bt~ B (1.17)
36 = &2+ o1 + (B1— Bo)?, (1.18)
M+ Yni1—M+2)yn=Mm+Dyni2— M- ynn
+(n+1) &2 (Bns2 + Bt — 2Bn) (1.19)

- (n+2)&n+1 (2.871+2 - Bn+1 - Bn);
451 = y2+y1+ (B2 + B1—2Bo)

—2& (282 - B1-Bo), (1.20)
N1 &n+2 + (M +2) Xy Byp1 —2(M+ 1) X Kns2
= (N+2) Y (2Bns2 —Brs1 —Bn-1) (1.21)

—NYn+1 (Bra2 +Bn— 23n—1)§

NOn+1¥Yn+2 + NWYne10n+3 = ¥n(2(M+2) Gz — (N +3) Bns2)

+8&n (2(M+1)yn2 = (M+3) Y1), (1.22)
NYni1¥Yni3 = Yn (M +2)yni3 — (M+4)Yni2). (1.23)
To solve this system, we pose
Bn=Bns1+6n,  m=0, (1.24)
& = 1= Py M= 1 (pn#0), (1.25)
Yn = ym%@n, nx=1 (6,+0). (1.26)

Inits full generality, the above system has remained unsolved. However, if we impose
symmetry [6] or are interested in particular conditions [5, 9, 15, 8], some solutions
have been obtained. For instance, under the assumption (6,, = 0,n > 0,then S, =
Bn = const.), the system was solved in [6] and a class of “classical” 2-orthogonal
polynomials were obtained. In this paper, we give another particular solution when

Oon#0,n=0.
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2. Another particular solution of the system (1.15)-(1.23). First, under the trans-
formations (1.24)-(1.26), the relation (1.13) becomes

Pri3(x) = Qui3(x) = (M+3)0n2Qn+2(x)
+(N+2)cn3(1 = pPrs2) Quit(x) 2.1)
+ M+ D yns2(1=0n+1)Qn(x), n=0,

with

Po(x) =Qo(x) =1,
P1(x) =Q1(x) = o, (2.2)
Pr(x) =Q2(x)—261Q1(x) +2(1—p1).

Likewise, by using (1.24)-(1.26), the system (1.15)-(1.23) is, also, transformed to

Brni1—Bn=n0p1—-M+2)6n, n=1, (2.3)
B1—Bo =—20o, (2.4)
[(n+3)pnir— M+ 2)] 22 —[np,—(n-1)] " =52 n=1 (2.5)
el n+2 " n+l M Uo7 :
(3p1—2)%—o<1 = &5, (2.6)
Yn+2 o Yn+1
[(n+4)9n+1—(n+3)]—nJr3 [n0, — (n 1)]n+1
= an+2{(Bn+2—Bn+l_25n)—pn+1(Bn+Z_Bn+1—6n+1_5n)}a n=x1, (2.7)
(401-3)% —y1 = e [(B2 = B1=260) —p1(B2 =1 ~81-80)}, m=1, (2.8)
(2pn—Pn+1Pn—1) Cpi1 Gy
= Yn+1{(Bn+2_Bn_5n+1—6n—1)_Gn(ﬁn+2_ﬁn—25n—l)}a nzx1, (2.9)
O(n+13/n+2[20n_,0n9n+1_1]+0(n+3}/n+1[29n_9npn+2_1] =0, nx>1, (2.10)
9n+2+i=2, n>1. (2.11)
On

As the starting point for the solution of the above system, we begin with equation
(2.11) which is Riccati equation and for which 6,, = 1,n > 1 is a trivial solution. In that
case, the above system becomes

Brni1—Bn=n0p_1—M+2)6pn, n=l; (2.12)

B1—Bo = —200, (2.13)
_ Kni2 (1) Xl _ <2 .

[(M+3)pn+1 (n+2)]n+2 [npn—(n 1)]n+1 =65, n=1; (2.14)

(3p1—2)%—o<1 =83, (2.15)
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Yn+2  Yn+1
n+3 n+l1

= 0(n+2{(.8n+2 —Bns1— 26n) —Pn+1 (ﬁn+2 —Bns1—O6ns1— 5n)}y n=1; (2.16)

2y = ol (B B1—280) —p1 (B2~ 1 = 51— 60)}, (2.17)
[2pn —Pn+1Pn— l]an+1 Kn+2 = —¥Yn+l (5n+1 *511—1); n=1, (2.18)
Opi1yne2lpn — 11— ni3yni1lpni2—11=0, n=1. (2.19)

It may be seen that equation (2.19) is verified if p,, = 1, > 1. Thus, in view of this
remark, the two following cases may be distinguished:

pn=1, m=1 and pp,#1, n=1. (2.20)

In this paper, we consider only the first case, that is, p,, = 1,n > 1 (the simplest
case). Hence, the system (2.12)-(2.19) becomes

Brni1—Bn=n0p_-1—M+2)6n, n=0,(6_1=0), (2.21)

Kni2  Onyl _ 2
nt2 n+l 0y, m=0, (2.22)
It TN (B = On), 20, (2.23)
Yn+2(0ni2—0,) =0, n=0. (2.24)

Since y, .1 # 0, shifting n — n + 1, equation (2.24) leads to §,,2 — 6, =0, n > 0,
whose solutions are given in the following
621’[ = 60! n=z= 0,
2.25
Oon+1 =01, n=0, (2:25)
with 8¢ = (Bo—B1)/2 and 61 = (Bo + B1 —2B2)/6. It may be seen that §; = 9 if and
only if B> = 2 — Bo. Thus, two cases arise.
(A) 61 = 6o,
(B) 61 # do.

2.1. The case (A) (61 = dp). In this case, the system (2.21)-(2.24) leads to

Bni1—PBn=-280, n=0, (2.26)
Kn+2 _ Kn+1 _ 52, n> 0, (2.27)
n+2 n+l
M,MZO, n=o0. (2.28)

n+3 n+l

From these, we easily obtain

Bn=PBo—28n, n=0,

i1 =Mm+1)(85n+0), n=0, (2.29)

1
Yn+1 = EYI(”“‘Z)(TL"‘D, n=0,
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and

Bn=Bo—602n+1), n=0,
Gni1 = M+1)(55(n+1)+ 1), n=0, (2.30)

Yni1 = 3y1(n+2)(n+1), n=0.

Note that if 69 = 0, we obtain Bn = Bn, &, = &, and ¥y, = yy. Then P, = Qu,n =
0,1,2,... and {P;}>0 is, at the same time, 2-orthogonal and Appell sequence [5, 6].
In this case, the polynomials obtained are the analogous of the classical orthogonal
polynomials of Hermite.

2.2. The case (B) (61 # 0g). First, from (2.21), we obtain, for n — 2n+1 and n —
21, Bon = Bo— (860 +301)n,n >0 and B2y+1 = B1— (01 +350)n, n > 0, respectively.
Secondly, from (2.22), for n — 2n and n — 2n + 1 we, respectively, obtain

K2pn+2 X2n+1

2n+2 2n+1
Oon+3  Oon+2 2

=83, n=0, (2.31)

on+3 2n+2 0 n=0 (2.32)

These give easily
Oons1 = 2n+1)((55+62)n+w), n=0, (2.33)
Oons2 = (2n+2)((65+62)n+o0q +63), n=0. (2.34)

Finally, from (2.23) and taking into account the last results, we, also, obtain
Yen+2  Yon+l
2n+3 2n+1

Yont3 _ ¥Yont2 _ _
omid  onio (60—01)xon43, N =0, (2.36)

= (01—00)X2n42, N =0, (2.35)

which yield

el
2

}/2n+2:(2n+3)(21’l+2)<(51—50)5(2)(7’l+1)+%+(51—50)0(1>, n=0. (2.38)

Yone1 = 2n+2)(2n+1)((8o—061)8in+ L), n=0, (2.37)

Two subcases arise.
(B1) 60 =0.

Bon = Bo—361n, n=0;
Bons1=B1—-61n, n=0,

Cons1 = 2n+1)(n+way), n=0;

Cons2 = 2n+2)(55n+ay), n=0, (2.39)
Yonet = @n+2)@naD(=5in+ 2, n=o,

Yonio = (21’L+3)(21’L+2)(510(1 +%>, n=0.
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(B2) 61 =0.
Ban = Bo—6on, n=0;
Ban+1 =P1—360n, n=0,
Cons1 = 2n+1)(5in+ay), n=0;

‘x2n+2:(2n+2)(5(2)(1’l+1)+0(1), n=0, (2.40)
Yon+1 = %(21’14‘2)(21’14» 1), n=0;

Yoniz = (2n+3)(2n+2)(—6(3)(n+1)—500(1+%>, n=0.

From now on, we are only interested in the sequence of polynomials obtained in case
(A) with 8¢ # 0 (fixed), and, under some conditions, we shall be concerned mainly with
the properties of the resulting polynomials. We show that some of these properties
are analogous to the Laguerre’s polynomials ones. For this, we note first that when
0, =1 and p, =1, the relations (2.1) and (2.2) become

Ppi(x) =Qui1(x) —(m+1)6,Qn(x), n=0. (2.41)
This relation plays a fundamental role in the next section, it allows us to derive some
properties as differential-recurrence relation, a third-order differential equation, and
a generating function of the resulting polynomials.
3. Some properties of the sequence obtained in case A

3.1. A differential-recurrence relation

PROPOSITION 3.1. The sequence {P, } -0 obtained in case (A) satisfies the following
differential-recurrence relation:

b (x)Qn(x) = Ppy1(x) —anPn(x) —byPp_1(x), mn=0(P_1=0), (3.1
where

X Y
¢<x>=x—(ﬁo+5;+2§5>, (3.2)

_ LSNP 4N
an—60n+60+250, n=0, 3.3)

_

b"_Zéon’ n=>0. (3.4)

PROOF. First, from (2.41), we have
P o(x)=(M+2)Ppi(X)+00(n+2)P, 1 (x), n=0 (3.5)
which we write for the subscripts n,n +1, and n + 3 as follows:

P, (x) =nPy_1(x)+6onP,_,(x), n=0, (3.6)
P, .1 (x)=(M+1)Py(x)+do(n+1)P,(x), n=0, (3.7)
P .5(x)=(M+3)Ppi2(x)+00(n+3)P,,,(x), n=0. (3.8)
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Substituting for P,,_, from (3.5) into (3.8), we get
Ppi3(x) = (M +3)Ppi2(x) +00(n+3) (n+2)Pyi1(xX)
+85(n+3)(n+2)P,,,(x), n=0. (3.9)
Now, according to (2.29), the recurrence relation (1.11) gives, for n = 0,
Ppi3(x) = (x = Bo+280(n+2))Ppi2(x)
—(M+2)(85(n+1) + 1) Ppi1(x) — % (n+2)(n+1)P,(x), (3.10)
which gives by differentiation
Ppi2(x) =Py 3(x) = (x = Bo+280(n+2)) Py, 5 (x)
+(Mm+2)(85(m+1) + )Py, (x) (3.11)

+%(n+2)(n+ 1P, (x), n=0.

Substituting for P, 5, P,,.», and P;, from (3.9), (3.5), and (3.7), respectively, into (3.11)
yields

<_6O(X_BO)+O‘1 +2)/(51()>P,'H1(X)

= Pria(x) + (x = Bo+ 8o (M +1))Prsy () + 23’71(1“ DP,(x). (3.12)
0

From this, using the recurrence relation (3.10) by shifting n — n — 1, we easily obtain
the differential relation (3.1). O

3.2. A third-order differential equation

PROPOSITION 3.2. The polynomials P,, n = 0,1,... satisfy the following third-order
differential equation:

3P (xX)Y" +(280(x —Bo) — o1 +83) Y+ (x —Bo—So(n—-1))Y —nY =0, n=0,
(3.13)

where Y = P, (x).

PROOF. From (3.1), we have
P (xX)Py 1 (x) = (M+1)Ppi1(x)—(n+1)anPn(x)— (n+1)byPyr_1(x), n=0. (3.14)
Differentiating twice, we successively obtain
P(x)P, .1 (x) =nP, ., (x)—(n+1)a,P,(x)—-(n+1)b,P,_,(x), n=0 (3.15)

and

d(xX)P,) 1 (x)=(m-1)P, (x)—(n+1)anP, (x)— (mn+1)b,P,_,(x), n=0.(3.16)
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Now, from the recurrence relation (3.10), by shifting n — n— 1, we get

%(nﬂ)nzﬂnil(x) = (x=Bo+2(1+1)80) Pns1 (X)

3.17)
—(M+1)(N83+ 1) P (X) — Ppy2(x),
and by differentiation, we obtain
%(rw D)NP), | (X) = Puy1 () + (x — Bo +280(n + 1)) P, 1 (x) 518
—(M+1)(85n+ 1) P, (x) =Py 0(x).
Using (3.5) to eliminate P, _,, the last equation becomes
P+ 1)nP;_ (x) = = (4 D)Pst () + (x = Bo +60n) Py (X) 510
—(m+1)(83n+ )P, (x),
which yields by differentiating again
%(n+ 1)nP,_(x) =-nP,_ ,(x)+ (x—Bo+6on) Py, (x) (3.20)
~(m+1)(83n+ )Py (x),
and forn — n+1
%(n+ 2)(n+1)P(x)=—-(M+1)P,,(x)+(x—Bo+do(n+1))P, ,(x) 3.21)

—M+2)(83(n+1)+ 1) Py 4 (x).
Using (3.5) again, we obtain

% (n+1)P; (x) = (80(x —Bo) — X1) Py 1 (x) + (x = Bo) Ppiq (X) — (M + 1) Ppiy (x).
(3.22)

Then (3.20) becomes

%(m DnP L (x) = 2 (82n+ 1) (1 +1)Pasi (%)

Y1

- (3(5(2)n+ o) (x —Bo) +n)P,’H1(x)
Y1

2 rr
(3= Bo+Sam— (8§ + ) (B0x — Bo) = o) Py ().
(3.23)
Now, by using (3.22) and (3.23) to eliminate P,/ and P,,_; in (3.16) and shifting n —
n —1, the differential equation (3.13) follows easily. O

REMARK 3.1. (1) Since the values Bo, 00, ®1,and y; are arbitrary, with §¢ # 0 and
y1 # 0, then the polynomials obtained in case (A) constitute, a priori, a four-parameter
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family. But, in the rest of this paper, we fix d¢, y; and give special importance to the
case when ¢ = —1 and y; = 2. In this case, the differential equation (3.13) becomes

(x=Bo+o1 —1Y" +(=2x+2Bo—c; +1)Y" +(x—Bo—-1+n)Y' —nY =0, n=0.
(3.24)

In order to determine the family of 2-OPS analogous to the classical Laguerre’s one, we
first transform the singularity of the above differential equation to the origin. Indeed,
itis clear that equation (3.24) has a singularity at the point x¢ = 8o — «; + 1. Then by an
appropriate change of variable, this singularity may be transformed to the origin, that
is, Bo— o1 +1 =0, i.e., & = Bo+1. In this case, we pose By = x+2 so that &; = x+ 3.
Thus, the differential equation (3.24) takes the form

xY"+(-2x+a+2) Y +(x-x-3+n)Y' -nY =0, n=0. (3.25)

Recall that the classical Laguerre polynomials satisfy the following second-order dif-
ferential equation:

xy' ' +(-x+a+1)y'+ny=0, n=0. (3.26)

(2) Further, in this case the third-order recurrence relations (1.11) and (1.12) become
Pri3(x)=(x-Q2n+3)+&))Ppi2(x)—(Mm+2)(n+x+4)Ppiq(x)
-(n+2)(n+1)Py(x), n=0,
Po(x) =1, (3.27)
Pi(x) =x-(x+2),
Pr(x) =x*-2(x+3)x+(x+4) (ax+1) +1
and
Qn+3(x) = (x = 2M+3) + & +1))Quis2(x) = (M +2) (N + X +5)Qn+1(x)
-m+2)(n+1)Qun(x), n=0,

Qo(x) =1, (3.28)

Qi(x) =x—-(ax+3),

Qo(x) =x?-2(x+4)x+ (x+5)(x+2) +1.

From these, by taking into account the dependence on the parameter « and putting
P, (x) = P,(x;x),n = 0, it may be seen that Q,(x) = P, (x;x+1),n >0, i.e.,

%Pnﬂ(x;(x) =n+1)Py(x;x+1), n=0. (3.29)

Further, the relations (2.41) and (3.1), also, become
Ppii(x;00) =Ppii(x;x+1)+(n+1)Py(x;x+1), n=0, (3.30)
xPy(x;0+1) =Py (x;6x) + (m+ o+ 2)Pr(x;x) + NPy (x;x), mn=0. (3.31)

The relations (3.29)-(3.31) are analogous to the relations (1.4)-(1.6) satisfied by clas-
sical Laguerre polynomials (L& }n=0. Therefore, the polynomials P, (-;x), n =0,1,...
are called the 2-orthogonal polynomials of Laguerre type.
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3.3. A generating function. Let G(x,t) be the generating function of the polyno-
mials P, (x) = P,,(x;x),n = 0, say

00 t”
G(x,t)= > Pr(x;00 . (3.32)

n=0

By using the relations (3.30), (3.31) and the definition (3.32), it is easy to verify that
G(x,t) satisfies the properties

(1+1)0xG(x,t) =tG(x,t), (3.33)
X0xG(x,t) =t(1+t)0:G(x,t) +t(t+x+2)G(x,t). (3.34)

Now, from (3.33) and (3.34), we easily obtain
(1+16)%0;G(x,t) = [x— 1+ 1) (t+x+2)]G(x,1), (3.35)

where 0, = 0/0, and 0; = 0/0;.

PROPOSITION 3.3. The generating function G(x,t) has the form

G(x,t) = e H(L+t) x lext/U+D), (3.36)
PROOF. From (3.33), we have 0, G(x,t) = ﬁG(x,t). By integrating both sides of
this equality with respect to x, from 0 to x, we obtain

G(x,t) = A(t)e*t/+D, (3.37)

with A(t) = G(0,t). Now, to calculate A(t), substituting (3.37) in (3.34), we get (1 +
DA (t) = —(t + x+2)A(t). This yields A(t) = C(1 +t) % le~t where the constant C
is given by C = A(0) = 1. Thus, A(t) = (1 +t) % 1let, O

REMARK 3.2. (1) The generating function obtained here has the form G(x,t) =
A(t)eXT W with A(t) = (1+t)"%le !, and H(t) = t/(1+1t), thatis, generating function
of type Scheffer. Thus, the polynomials P,,(-;x),n = 0,1,... appear as particular case
of the class of 1/2-orthogonal polynomials studied in [1].

(2) On the other hand, if we substitute t by —t in (3.36), we obtain

00 n oo
el(1—t) % le /-0 = ) (—1)"Pn(x;o<)% = > Pp(x;00t™, (3.38)
) n=0

n=0

where P, := (-1)"/n! Py,n =0, 1,....The polynomials P, (-;x),n = 0,1,... are the non
monic polynomials corresponding to the family of polynomials P, (-;x),n =0,1,....
They are analogous to the Laguerre polynomials L\¥ n=0,1,... defined by the gen-
erating function (1.2). From the expression of the two generating functions of the
polynomials L' and P, (-; ), we can write

D> Pa(x;o0t™ =et > L (x)t". (3.39)
n=0 n=0
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By using the expansion of the two members of this identity as a power series in t, we
obtain, by identification,

5 oS L @ _

Pn(x,(x)_go(n_k)!Lk (x), n=0,1,..., (3.40)

Pn(x;00 = Z(—l)“k(’Z)i,i“)(x), n=0,1,.... (3.41)
k=0

EXAMPLES.

Po(x;00) =L (x) = 1,

Py(x;00 = L1 () = L5 (x) = x = (a+2),

Po(x;e0) = L5 () = 2L (x) + L5 (x) = x2 = 2(x+3)x + (x+4) (x+1) + 1,
P3(x;00 = L (x) =305 (x0) + 3L (x) = L{ (x) (342)

=x3-3(x+4)x%+3(c?+7ax+11)x — (&® +9x* + 23 + 16),

(3) The Languerre polynomials {Li{x) },.50 are, also, defined by the Rodrigues’s formula

n
LM (x) = (—1)”x’°‘e"% (x®Me™X), n=0,1,.... (3.43)

Then from (3.41) we can also write

n k
Py(x;x) = (=1)"x"%eX z (Z) dick (x*ke™™), m=0,1,.... (3.44)
k=0

4. Integral representations. We are, now, interested in this section in the integral
representation of the linear functionals wg and w; with respect to which the sequence
{Py (-;00) }n=0 is 2-orthogonal. For this, we use the same technique explained in [8].
First, we start with the 2-OPS satisfying the recurrence relation (1.11) with §,,, &, and
yYn given in (2.29). Since the sequence {P, },>0 is “classical”, according to the charac-
terization given in [7], we have the following theorem which is an easy application of
[7, Thm. 3.1] and which we adapt to our situation:

THEOREM 4.1 [7]. For the 2-OPS {P,}.~0 satisfying the recurrence relation (1.11)
with By, &y and y, given by (2.29), its associated vector functional Q =t (wq,w1) sat-
isfies the following vector distributional equation:

D(®U) + YU = 0, (4.1)

where ® and ¥ are two 2 X 2 polynomials matrices

([ @hx) @p(x) (0 1
q)(x)‘(qo?(x) qoi(x))’ ‘Y(X)‘(wm c)’ @-2)
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with @{(x) =1, @§(x) = =60, @I (x) = =2y; 60(x —Bo), P1(x) =1+2y; Socxs,
W(x) =2y (x—Bo) and T = -2y ' ;.

Moreover, the vector functional Q =t (@, @) associated with the sequence {Q,} n=o
is given by Q = ®(x)Q.

Recall that, for a linear functional w, the derivative Dw = w’ and the left-multiplica-
tion of w by a polynomial h are defined by (Dw, f) = —{(w, f’), and (hw, f) =
(w,hf), fe P

The main result here is

THEOREM 4.2. The two linear functionals wy, w1, associated with the 2-classical se-
quence {P, (-;x)}n=0, for &« > —1, respectively, have the following integral representa-
tions:

(wmﬂ=L Wo(x)f(x)dx, feP;

+oo 4.3)
wif) = [ Wfdx, fes
with the weight functions Wy and W, being given by
Wolx) =e o)} (x);
(4.4)

Wi(x) =eto(x)[xIk(x)-I%(x)],
where 9(x) = x%e > and It = > ;55 (x*/kI T (k+x+1)).

PROOF OF THEOREM 4.1. For the proof of (4.1) and the explicit formulas for the
elements of the matrix ¥, see [7]. To calculate the expressions of the polynomials cpj-,
we proceed as follows: Applying the functional @y (resp., 1) to (2.41), since {0, }n=0
is the dual sequence of {Q,}n>0 We, respectively, obtain

(o, Po) =1,
(g, P1) = —do, 4.5)
(Wo,Pn) =0; n=z=2,

and
(@1,Po) =0,
(@01,P1) =1, 4.6)
(@1, P2) = =260,

(01,Py)=0; n=3,
so that, by Lemma 1.1, we have @¢ = Agwo +Ajw; and @1 = Nowo + N1 W1 + N2>,
with Ag = 1,A1 = =9,n0 =0,n1 =1 ,and ny = —25y. Now, from [14, théoreme 2.1], the
functional w», can be written in terms of w( and w; as w> = (ax +b)wg +cw;. To
determine the coefficients a, b, and ¢, we apply w3 to the polynomials Py, P;, and P».
Using the fact that {wy}>0 is the dual sequence of {P, },~0, we easily obtain

0= (w2,Py) =aPo+b,
0=(wy,P) =ax; +c, 4.7)
1={(w2,P;) =ays,
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so that a = y71,b = —y;'Bo and ¢ = —y; ;. Whence, @o = wo — Sow; and @ =
=2y 180(x = Bo)wo+ (1+2y;1800) w;. Consequently,
(3 1 -0
W1 =2y7 00(x—Bo) 1+2y7 oo ) \wr
and then
1 —00
P(x) = . 4.9
) <—2)’f150(X—Bo) 1+2}/1_1500<1) 9

O

PROOF OF THEOREM 4.2. In all the sequel, the values 69 = -1, Bp = x+2, &1 =
o+ 3 and y; = 2 are retained. Then, from Theorem 4.1, we obtain

1 1 0 1
¢(X)=<x—(a+2) —(0(+2)>’ ‘I’(X)z(x—((x+2) —((x+3)>' @10

Then, from (4.1), we obtain

Wy +wi +wy =0, (4.11)
(x—a-2)ws— (x+2)w]+ (x—ax—1)wo— (x+3)w;y =0. (4.12)
From these, we easily obtain
Xxwy +2x—ax+1)wy+(x—x)wo=0 (4.13)
and
w1 =xwg+ (X —ax—1)wo. (4.14)

To find integral representations of both the functionals w( and w,, we use equations
(4.13) and (4.14). The problem consists in determining weight functions W, and W
(depending in W) such that

(wo, f) = Lf(x)Wo(x)dx, VfeP, (4.15)
(w1, f) = L;f(x)Wl (x)dx, Vfe®. (4.16)

We suppose that function W is regular as far as it is necessary. From (4.13), by inte-
gration by parts, we obtain

f {3WE () + (2x = o+ DHWH(x) + (x = )W (x) fdx
@
+ [XWo () f (%) = {(2x = ) Wo (x) +XW((x)}f(x) ], =0. (4.17)

©

If the following condition holds:

[xWo () £/ (x) = { (2x = )W () + x W) L () |, =0, 4.18)
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we obtain
j X () + (2x — o+ DHWH(x) + (x = )W (x) fdx = 0, (4.19)
€
which leads to

XWq (x) + (2x — o+ D)Wo(x) + (x— ) Wo(x) = Ag(x), (4.20)

where A is an arbitrary constant and g is a function representing the null functional
over the path €

J gx)x"dx =0, n=0. (4.21)
@

Here, we consider only the representation in terms of integrals evaluated along (an
interval of) the real axis. Setting A = 0, the differential equation (4.20) becomes

XWG (x) + (2x — o+ )W (x) + (x — ) Wo(x) =0. (4.22)
Under the transformation Wy (x) = e *U(s) with s = 2,/x, the last becomes
sU"(s)—(RQux—1)U'(s)—-sU(s) = 0. (4.23)

Now, by setting U(s) = s®V (s) in (4.23), we obtain that V satisfies the following Bessel
differential equation of imaginary argument:

PV (s)+sV'(s) = (e +52)V(s) = 0. (4.24)

A solution of (4.24) satisfying the condition (4.18) is to be found. Thus, by choosing
% =1[0,+0o0[, a solution of (4.24) can be taken as V(s) = KI4(s), where I is the mod-
ified Bessel function of the first kind and K is the normalization constant which we
determine below. Then a solution of (4.22) is given by

Wo(x) = 2%Kx*2e >[4 (2/x). (4.25)
The function I, (z), for arbitrary order v, is defined by (see, e.g., [13])

. ' +00 (2/2)v+2k
W@ =12 = 2 f Gy 1
=0

|z] < 400, |argz| <, (4.26)

where J, (z) is the Bessel function of order v. It is evident from the expansion given in
the right-hand side of (4.26) that I, (z) is an analytic function of the complex variable
z and, for z > 0 and v > 0, it is a positive function which increases monotonically as
z — 40, The asymptotic behavior of this function as z — + is given by

eZ
IV(Z) ~ \/27?2, Z — +00. (427)
For small z, we have the asymptotic formula
ZV
L(z)~———, z—0 (4.28)

2T(v+1)’
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and, therefore, I,,(0) = 0 if v > 0, Iy (0) = 1. Otherwise, I, satisfies some simple recur-

rence relations
2I,(2) = Iy 1 (2) + Iy 41 (2),

2VZ_1IV(Z) =I,1(z) - I,+1(2).

(4.29)

Now, we are ready to determine the constant K and verify that the condition (4.18)

holds. The normalization condition
+o0
(wo,1) = j Wolx)dx = 1
0
leads to
+00 i
2"‘KJ x%2e X[ (2+/x)dx = 1.
0
We first evaluate the integral
+00 +oo 2
A= I x*2e X[ (2+/x)dx = zj ¥ e I (2t)dt.
0 0

But, from (4.26), we have

+oo poc2k
Ix(20) =k§)m.
Then
A=2 jm tx et dt +Zw e
0 kZOk!F(k+(x+1)

+00
1 e
— 2 -t tZ(X+2k+ldt.
]é)k!r(k+a+l)Jo €

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

The exchange of integration and summation is justified by an absolute convergence

argument. Next, under the transformation u = t2, we easily obtain that
+00 1 +oo
A=> — J e Uty = e.
gok! I'k+a+1) Jo

Whence, (4.31) gives K = 2~%e~! and the weight function Wy is given by
Wo(x) =x%2e X1 (2/x).

Let us define the function I} by

+ 00 k
I (x) = x 2L 2yx) = S ——
« o KT (k+oc+1)

Thus, Wy can be written as

Wo(x) =x% > 1k (x) =e to(x)I}(x),

(4.35)

(4.36)

(4.37)

(4.38)
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where, p(x) = x%e* is the weight function with respect to which the classical Laguerre
polynomials are orthogonal. It is clear that the weight function is positive definite.
Finally, we must verify that the condition (4.18) holds

[xWo () £/ (x) = { (2x — )W (x) +x°W6(x)}f(x)];w = 0. (4.39)
Indeed, from (4.38), we have
XWol(x) =x% e ™71k (x) = e !XTk (x)0(x). (4.40)

On the other hand, by differentiating W, we obtain

Weo(x) =e {Q(X)I&U(X) +o () (X)}
= e Mo, (%) + (ax ' = 1) ()13 (x) ] (4.41)
=e o)k, (x) + (oL =1)Wo(x).

Because I} (x) =1},,(x) and ¢’ (x) = (ex~! —1)p(x). Then,

xWq=e xIk, (x)e(x)+(ot—x)Wo(x) (4.42)

and

(2x — o) Wo(x) +xWq(x) = xWo(x)+e txe(x)Ik, (x) ( )
4.43
=e xo() [Tk, (x)+Ik(x)].

From (4.40) and (4.43), it is easy to see that at the origin when « > —1, the condition
(4.18) is verified.
Otherwise, from the asymptotic behavior (4.27) of I, as x — +c0, we obtain

I5(x) ~ (41r) 12X~ RarD/42VX and  IX, | (x) ~ (411) " H2x~Rat3He2VX - (4.44)

a+1
Then,
X0 (X% (x) ~ (41r) "2 x 2ot 4 g=x42vx (4.45)
and
X0 (X)I%,(x) ~ (411) M2 x RatD/4g=x+2Vx (4.46)

Whence, xWo(x) — 0, as x — +o0 and (2x — )W (x) + xW(x) — 0, as x — +oo.
Then the condition (4.18) holds. Now, from (4.14), we have
(w1, f) = {(xwp, f)+{(x —a—1)wo, f)
= (g, X f(x)) + (wo, (x —ax—1) f(x)) (4.47)
= —(wo, (X f(x)) +{(wo, (x —x—1) f(x)), VfeP
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By integrating by parts, we obtain

(o, (X f(x))") :J (e f(x)) Wolx)dx
0 . (4.48)
= xf)Wo(x) |, —J X F ()W (x) dx.
0

Since x.f (x)Wo(x)]y~ = 0 and by writing (w1, f) = J§ = f (X)W1 (x)dx, we easily ob-
tain that the weight function W is given by

W (x) = xW(x0) + (x — = D)Wy (x) = e o (x) [xI,, (x) - L5 (x) |. (4.49)

Note that if we take into account the dependence on the parameter « and setting
Wo(x) =Wo(x;x) and W (x) = Wi (x;x), it may be seen that

Wi(x;x) =Wolx;ox+1) —Wo(x;x). (4.50)
O
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