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THE LIFTING PROPERTY FOR CLASSES OF MAPPINGS
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Abstract. The lifting property of continua for classes of mappings is defined. It is shown
that the property is preserved under the inverse limit operation. The results, when applied
to the class of confluent mappings, exhibit conditions under which the induced mapping
between hyperspaces is confluent. This generalizes previous results in this topic.
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1. Introduction. For a metric continuum X we denote by C(X) the hyperspace of
all nonempty subcontinua of X. Given a mapping f : X → Y between continua X and
Y , we let C(f) : C(X)→ C(Y) to denote the corresponding induced mapping. Given a
class M of mappings between continua, it is well known that if a mapping f is in M,
then the induced mapping C(f) can be, but in general need not be, in M. Continua
Y for which the implication holds for all continua X are named to have the M-lifting
property. For example, all continua have the monotone-lifting property as well as the
OM -lifting property, see [15, (1.212.2), page 204] and [11, Theorem 5.2, page 244],
and compare [11, Theorem 3.2, page 241], while this is not the case for open-lifting
property, see [11, Theorem 4.3, page 243, and example, page 244], and compare [4,
Sections 4 and 5].
The class of confluent mappings comprises all classes mentioned above. Thus

confluent-lifting property is of a special interest. The property was already studied
in several papers. It is known that confluence of f does not imply confluence of C(f)
(see [10, Example 5.1]; compare also [7, Example 4.1, page 131, and Example 4.24,
page 143]). However, the implication is true if the range space Y is a locally connected
continuum (see [10, Thoerem 4.4] and [9, Theorem 2.5, page 3]) or even under a weaker
assumption that the hyperspace C(Y) has the arc approximation property, [7, Theo-
rem 4.4, page 133, and Corollary 4.5, page 134]. Another result in this direction says
that the implication holds provided Y is the inverse limit of a sequence of locally
connected continua with confluent bonding mappings, [12, Theorem 2.7, page 775].
A further progress is obtained in the present paper. The result is a common gener-

alization of all results quoted above. Namely it is shown that the same phenomena as
above for confluent mappings hold for other classes of mappings, that carried out a
general statement on preserving some mapping properties of continua under the in-
verse limit operation. Namely, given a class M of mappings, a concept of a continuum
having the M-lifting property has being introduced and conditions have been found
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for the class M under which this property is preserved by the inverse limit operation.
These conditions are satisfied in a particular case when the hyperspaces C(Yn) have
the arc approximation property. Further, applying the obtained results to the class M
of confluent mappings we get some more general theorems on the confluent-lifting
property. Finally, corollaries are obtained for inverse limits of some dendroids (with
confluent bonding mappings).

2. Preliminaries. All considered spaces are assumed to be metric. A continuum
means a compact connected metric space. A mapping means a continuous function.
Given a continuum X with a metric d, we let 2X to denote the hyperspace of all
nonempty closed subsets of X equipped with the Hausdorff metric, and we denote
by C(X) the hyperspace of all subcontinua of X, i.e., of all connected elements of 2X .
The reader is referred to [13] and [15] for needed information on hyperspaces.
We use terminology of [8] for inverse sequences (the set N of all positive integers

is the index set) of spaces and of mappings. Given an inverse sequence (X,φ) =
{Xn,φmn : m,n ∈ N} with factor spaces Xn and bonding mappings φmn : Xm → Xn
for every n ≤ m (if n = m, then φnn is assumed to be the identity), we denote by
X∞ = lim←����������������������������������� {Xn,φmn } its inverse limit, and by φn : X∞ → Xn the projections. By a map-
ping Γ from the inverse sequence (X,φ) to the inverse sequence (Y ,ψ) we mean
a sequence of mappings γn : Xn → Yn such that γn ◦φn+1n = ψn+1n ◦ γn+1. The in-
verse limit of Γ is a mapping γ∞ : X∞ → Y∞ such that if x = (x1,x2,x3, . . .) ∈ X∞ then
γ∞(x) = (γ1(x1),γ2(x2),γ3(x3), . . .). See [8, Theorem 3.13, page 218] for continuity
of γ∞.
A class M of mappings between spaces is said to have the composition property

provided that for every two mappings f : X → Y and g : Y → Z belonging to M their
composition g ◦f belongs to M (see [14, Chapter 5, Part A, page 29]). A class M of
mappings between spaces is said to be neat provided that it contains all homeomor-
phisms, and it has the composition property.
A class M of mappings between spaces is said to have:
• the inverse limit property provided that for every two inverse sequences (X,φ)
and (Y ,ψ) if the mappings γn :Xn→ Yn are in M for all n∈N, then the inverse
limit mapping γ∞ is in M;

• the inverse limit projection property provided that for each inverse sequence
(X,φ) if the bonding mappings φmn are in M for all n,m∈N with n≤m, then
all the projections φn are in M, too.

The following result is known (see [3, Proposition 2.6] and compare [5, Theorem3.3]).

Theorem 2.1. For a neat class M of mappings between compact spaces the inverse
limit property implies the inverse limit projection property.

3. Lifting property. Let a class M of mappings between continua be neat. We say
that a continuum Y has the M-lifting property provided that for each continuum X
and each surjective mapping f : X → Y if f is in M then the induced mapping C(f) :
C(X)→ C(Y) is in M too.
The following known result (see [16, Theorem 1.1, page 707] and [15, (1.169),
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page 171]) is needed to prove the main theorem of the paper. To simplify notation we
omit the subscript ∞ in the symbol of the inverse limit space.

Proposition 3.1. Let Y = lim←����������������������������������� {Yn,ψn+1n : n ∈ N} be the inverse limit of an inverse
sequence of continua Yn. Then the mapping

h : C∞(Y)= lim←�����������������������������������
{
C(Yn),C

(
ψn+1n

)
:n∈N} �→ C(Y) (3.1)

defined by h(B1, . . . ,Bn, . . .)= lim←����������������������������������� {Bn,ψn+1n | Bn :n∈N} is a homeomorphism.

Theorem 3.2. Let a neat class M of mappings between continua have the inverse
limit property. Let Y = lim←����������������������������������� {Yn,ψn+1n :n∈N} be the inverse limit of an inverse sequence
of continua Yn with bonding mappings ψn+1n : Yn+1→ Yn belonging to M. If
(∗) the continua Yn have the M-lifting property for each n∈N,

then the continuum Y has the M-lifting property.

Proof. The idea of this proof is taken from [12, proof of Theorem 2.7, page 775].
Let h : C∞(Y) → C(Y) be the homeomorphism defined in Proposition 3.1 and, for
each n ∈ N, let ψn : Y → Yn be the projection. Since the bonding mappings ψn+1n

are assumed to be in the class M which has the inverse limit property, and thus, by
Theorem 2.1, the inverse limit projection property, the projections ψn are in M for
each n∈N. Further, let a surjective mapping f :X → Y from a continuum X onto Y be
in the classM. SinceM has the composition property, the compositionψn◦f :X → Yn
is in M. By (∗) we infer that the induced mappings C(ψn) and C(ψn◦f) are in M. On
the other hand, since

C
(
ψn+1n

)◦C(ψn+1 ◦f)= C
(
ψn+1n ◦ψn+1 ◦f

)= C(ψn ◦f), (3.2)

the sequence of the mappings {C(ψn ◦f) : C(X)→ C(Yn) : n ∈ N} induces the limit
mapping g : C(X)→ C∞(Y) defined by g(A) = {ψn(f(A)) : n ∈ N} ∈ C∞(Y) for each
A ∈ C(X). Then, since M has the inverse limit property, the limit mapping g is in
the class M, so is the composition h◦g, the mapping h being a homeomorphism. It
follows from the definition of g that h ◦g = C(f). Thus C(f) is in the class M as
needed, and the proof is complete.

A mapping f : X → Y between continua X and Y is said to be confluent provided
that for each subcontinuum Q of Y each component of the inverse image f−1(Q) is
mapped onto Q under f . In [14] the reader can find various properties of this and
related classes of mappings.
Applying the above introduced concept of the M-lifting property to the class M

of confluent mappings we see that all locally connected continua have the confluent-
lifting property by the above quoted results of Hosokawa (see [10, Theorem 4.4] and [9,
Theorem 2.5, page 3]), while the continuum constructed by Hosokawa and Kawamura
in [10, Example 5.1] does not have the property.
Since the class M of confluent mappings between continua is neat, [1, III, page 214],

and has the inverse limit property, [6, Corollary 13, page 8], we obtain the following
result as a consequence of Theorem 3.2.
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Corollary 3.3. Let Y = lim←����������������������������������� {Yn,ψn+1n : n ∈ N} be the inverse limit of an inverse
sequence of continua Yn with confluent bonding mappings ψn+1n : Yn+1→ Yn. If
(∗∗) the continua Yn have the confluent-lifting property for each n∈N,

then the continuum Y has the confluent-lifting property.

4. Arc approximation property. A continuum X is said to be arcwise connected if
every two points of X can be joined by an arc in X. A continuum X is said to have
the arc approximation property provided that for each subcontinuum K of X and for
each point p ∈K there is a sequence of arcwise connected continua {Kn :n∈N} in X
such that p ∈ Kn and K = LimKn. The reader is referred to [7] for more information
on this concept.
The following result is known, see [7, Theorem 4.4, page 133].

Proposition 4.1. If the hyperspace C(Y) of a continuum Y has the arc approxi-
mation property, then Y has the confluent-lifting property.

Applying Proposition 4.1 to eachmember Yn of the inverse sequence in Corollary 3.3
separately, we have the following theorem.

Theorem 4.2. Let Y = lim←����������������������������������� {Yn,ψn+1n : n ∈ N} be the inverse limit of an inverse se-
quence of continua Yn such that the hyperspaces C(Yn) have the arc approximation
property, and that the bonding mappingsψn+1n : Yn+1→ Yn are confluent. If a surjective
mapping f :X → Y from a continuum X onto Y is confluent, then the induced mapping
C(f) : C(X)→ C(Y) is confluent, too.

If we assume that the continua Yn being the factor spaces of the considered inverse
sequence are locally connected, then their hyperspaces C(Yn) are locally connected,
too (see [15, (1.92), page 134]), whence it follows that they have the arc approximation
property (see [9, Lemma 2.4, page 3] and compare [7, Corollary 3.7, page 115]). Thus
we get the following consequence of Theorem 4.2, see [12, Theorem 2.7, page 775].

Corollary 4.3 (Hosokawa). Let Y = lim←����������������������������������� {Yn,ψn+1n : n ∈ N} be the inverse limit of
an inverse sequence of locally connected continua Yn such that the bonding mappings
ψn+1n : Yn+1→ Yn are confluent. If a surjective mapping f :X → Y from a continuum X
onto Y is confluent, then the induced mapping C(f) : C(X)→ C(Y) is confluent, too.

Recall that a Knaster’s type continuum (a solenoid) means the inverse limit of arcs
(of simple closed curves, respectively) with open (equivalently: with confluent, see [2,
Corollaries 6.1 and 6.2, pages 228 and 229]) bonding mappings. As an application of
Corollary 4.3 one gets the following result.

Corollary 4.4.For each confluent mapping f of a continuum onto either a Knaster’s
type continuum or a solenoid the induced mapping C(f) is confluent.

In the light of Theorem 4.2 it is interesting to know for what continua Y their hy-
perspaces C(Y) have the arc approximation property. As we already know all locally
connected continua are such (see [9, Lemma 2.4, page 3] and [7, Corollary 3.7, page
115]). [7, Chapter 3] contains several results in this direction: some conditions (for
arbitrary continua) are presented there which imply the property. These general
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results concern structure of continua Y . The reader can find their formulation and
proofs in [7]. The corollaries obtained for acyclic curves are of a special interest. Some
of them are reminded here. Recall that a dendroid means an arcwise connected and
hereditarily unicoherent continuum. If locally connected, it is called a dendrite. A fan
means a dendroid having exactly one ramification point.

Statement 4.5. For the following continua Y the hyperspace C(Y) has the arc ap-
proximation property:
(1) locally connected continua;
(2) dendroids whose set of ramification points is contained in a dendrite; in particu-

lar, dendroids having finitely many ramification points;
(3) fans;
(4) smooth dendroids;
(5) continua Y having the property of Kelley whose product with the Hilbert cube

has the arc approximation property.

However, neither any structural characterization of all such continua Y is known,
nor interrelations between the arc approximation property of the continua and their
hyperspaces are established (see [7, Questions 3.59–3.64, pages 128–129]).
Theorem 4.2 and Statement 4.5 imply the following extension of Corollary 4.3.

Corollary 4.6. Let Y = lim←����������������������������������� {Yn,ψn+1n :n∈N} be the inverse limit of an inverse se-
quence of continua Yn each of which belongs to one of the categories listed in Statement
4.5 such that the bonding mappings ψn+1n : Yn+1 → Yn are confluent. If a surjective
mapping f :X → Y from a continuum X onto Y is confluent, then the induced mapping
C(f) : C(X)→ C(Y) is confluent, too.

Remark 4.7. One of the properties of continua which are weaker than local con-
nectedness is the property of Kelley (see [15, (16.10) and (16.11), page 538] for the
definition and the quoted result). However continua with the property of Kelley cannot
be joined to those mentioned in Corollary 4.6 because an example is known (viz. [7,
Example 4.7, page 135]) of continua X and Y both having the property of Kelley, and
a confluent surjection f :X → Y such that C(f) is not confluent. This shows necessity
of the assumption in condition (5) of Statement 4.5 that the product of Y with the
Hilbert cube has the arc approximation property.

Remark 4.8. Classes of mappings that are larger than the class of confluent map-
pings are ones of semi-confluent and of weakly confluent mappings (cf. [14, (vi) and
(vii), page 12] for the definitions). However, there are no analogs of Theorem 4.2 and
Corollary 4.6 for these two classes of mappings, as is can be seen from [7, Section 5,
page 144] for semi-confluent mappings, and from [7, Examples 6.6 and 6.8, pages 148–
149] for weakly confluent ones.

Acknowledgement. The author thanks Dr. W. J. Charatonik for fruitful discus-
sion on the topic of this paper, leading to formulation of the results in a more general
setting.
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