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ABSTRACT. Clifford and Preston (1961) showed several important characterizations of
right groups. It was shown in Roy and So (1998) that, among topological semigroups,
compact right simple or left cancellative semigroups are in fact right groups, and the clo-
sure of a right simple subsemigroup of a compact semigroup is always a right subgroup.
In this paper, it is shown that such results can be generalized in convergence semigroups.
In the discussion of maximal right simple subsemigroups and maximal right subgroups of
semigroups, generalization of the results that no two maximal right simple subsemigroups
and maximal right subgroups of a convergence semigroup intersect, is also established.
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1. Introduction. Discussion of convergence spaces, compactification of convergence
spaces, and compact convergence semigroups can be found in [2, 3, 4, 5]; however, a
brief summary of essential results will be repeated here.

DEFINITION 1.1. A convergence semigroup is a convergence space S together with
a continuous function m : S xS — S such that S is Hausdorff and m is associative.

The following notations are useful in the discussion of convergence semigroups:

(i) Fora,b €S, ab =m(a,b).

(ii) ForA,B<c S,AB=m(AXB) ={ab|a € A and b € B}.In particular, A{b} will be
denoted Ab.

(iii) & x4 is the filter on S xS with {F X G | F € ¥ and G € 4} as its base.

(iv) % -% is the filter on S with m (% x %) as its base.

LEMMA 1.2. If % and G are filters on a convergence semigroup S such that ¥ — x
and$ - y,then % -4 — xy.

LEMMA 1.3. If S is a compact convergence semigroup, then S contains an idempo-
tent.

2. Main results. Let S be a semigroup. Then S is left cancellative provided that
zx = zy implies x = y for all x,y,z € S; S is right simple if it contains no proper
right ideal or aS = S for all a € S; S is a right group if S is both left cancellative and
right simple; S is a right zero semigroup if xy =y for all x,y € S.


http://ijmms.hindawi.com
http://www.hindawi.com

850 P. HO AND S. S. SO

In [1], Clifford and Preston showed that a semigroup S is a right group if and only
if S is right simple and contains an idempotent.

Using this result and Lemma 1.3, the next four results in compact convergence semi-
groups can be obtained in exactly the same way as in the topological setting.

THEOREM 2.1. LetS be a compact convergence semigroup. Then the following state-
ments are equivalent.
(i) S is right simple.
(ii) S is a right group.
(iii) S is left cancellative.

COROLLARY 2.2. Every compact convergence simple semigroup is a group.
COROLLARY 2.3. Every compact convergence cancellative semigroup is a group.

COROLLARY 2.4. Every closed right simple or closed left cancellative subsemigroup
of a compact convergence semigroup is a right group.

The example in [6] indicates that right subgroups of compact topological semi-
groups are closely related to their right simple subsemigroups, but not left cancella-
tive subsemigroups. Thus the following discussion focuses only on the relationship
between right simple subsemigroups and right subgroups of compact convergence
semigroups.

In [6], it is shown that the closure of a right simple subgroup of a compact topological
semigroup is always a right group. The next two theorems show that similar results
can be obtained in compact convergence semigroups.

THEOREM 2.5. If S is a compact convergence semigroup and R is a right simple
subsemigroup. Then Clg R, the closure of R, is also a right simple subsemigroup of S.

PROOF. Let a,b € ClgR. There exist filters & and % such thatR € ¥n%, ¥ — a, and
G- b.

Since R is right simple, for Fe ¥and G € 4, let X = {x €eR:g=xf, f €F, g € G}
and let x be the filter with % as base where & = {Xps : F € ¥, G € 4}. Then x - ¥ is the
filter on S with m(x x %) as its base.

Since S is compact, there exists an ultrafilter ¥ > x such that ¥ —  where y € ClgR.
Thus x-F <% -% and ¥ - F — ya. On the other hand, for each F € %, G C Xg¢ - F for
all G € 4. It follows that Xpg - F € G and x - F < 4. Let AU be an ultrafilter containing
X-%. Then U — ya and U — b. Thus b = ya and it follows that Clg R is a right simple
subsemigroup of S. O

DEFINITION 2.6. Let R be a right simple subsemigroup of a semigroup S. Then R
is called a maximal right simple subsemigroup of S if and only if R # S and no proper
right simple subsemigroup of S properly containing R.

DEFINITION 2.7. Let R be a right subgroup of a semigroup S. Then R is called a
maximal right subgroup of S if and only if R # S and no proper right subgroup of S
properly containing R.

Suppose S is a compact convergence semigroup and R is a right simple subsemi-
group of S.Let ¥={T | RCT,T is a proper right simple subsemigroup of S}. Partially
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order ¥ by set inclusion. By the Hausdorff maximal principle, there is a maximal chain
¢ of ¥. Let M = UG.

Letx,y e M.Thenx € Tand y € T* forsome T, T* € €. Let T' = max{T,T*}. Then
x,y € T' and T’ being right simple implies v € xT' C xM. Therefore, M is a right
simple subsemigroup of S.

Suppose M* is a proper right simple subsemigroup of &¥ such that M ¢ M*. Then
M* & € so % c €u.*, which contracts the fact that ¢ the maximal chain of &¥. There-
fore, M is the maximal right simple subsemigroup of S containing R. Since S is com-
pact, by Theorems 2.1 and 2.5, M is a compact maximal right subgroup of S containing
R. Therefore, the following theorem is proved.

THEOREM 2.8. IfR is a right simple subsemigroup of a compact convergence semi-
group S, then either S is a right group or R is contained in a unique maximal right
subgroup M of S such that M is compact.

Similarly, the following corollaries concerning convergence semigroups can be ob-
tained.

COROLLARY 2.9. Every right simple subsemigroup R of a compact convergence semi-
group S, with R # S, is contained in a unique maximal right subsemigroup M such that
M is closed.

COROLLARY 2.10. Every right subgroup R of a compact convergence semigroup S,
with R # S, is contained in a unique maximal vight subgroup M such that M is closed.

Clifford and Preston [1] showed that a semigroup S is a right group if and only if S
is isomorphic to the direct product of G X E where G is a group and E is a right zero
semigroup, denoted by S = G X E. In fact, E is the set of all idempotent of S and G = Se
for some e € E. This result suggests a different way of analyzing compact right simple
convergence semigroups.

Let S be a compact right simple or left cancellative convergence semigroup. It follows
from Theorem 2.1 that S is a right group. Since S is compact and G = Sg for some
g € E, G is compact. Since S is a right group, ef = f for e, f € E. Thus E is a right zero
semigroup. Since E is a closed subset of S, E is compact.

Let Z be aright zero subsemigroup of a compact semigroup S. By Theorem 2.5, Clg Z
is a subsemigroup of S.

Let x,y € Cls Z. Then there exist filters & and ¢ such that Z € ¥n%, ¥ — x, and
G- .

Consider # = {ZNnF:F e Ftand X = {ZNn9:% € 4}. Then ¥ and ¥ are filter
bases of some filter #* and X*, respectively. Note that #* and #* contain % and ¥,
respectively. Thus % -9 < #* - H* — xy.

On the other hand, for H € %* and K € ¥X*, there exists F € & such that (ZnF)(Zn
G) =ZNnF C HK. Thus #* - 3#* <% and % — xy. It follows from xy = 7y that Cls Z is
aright zero subsemigroups.

The next two lemmas follow from the above discussion.

LEMMA 2.11. Let S be a compact right simple or left cancellative convergence semi-
group. Then S = G X E where G is a compact group and E is a compact right zero
semigroup.
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LEMMA 2.12. Let Z be a right zero subsemigroup of a compact convergence semi-
group S. Then Clg Z is also a right zero subsemigroup of S.

Using Hausdorff’s maximal principle and Lemma 2.12, the following lemma can be
easily obtained.

LEMMA 2.13. Let S be a compact convergence semigroup and Z be a right zero
subsemigroup of S. Then Z is contained in a maximal right zero subsemigroup of S.

The next theorem can be proved in the same way as in the topological setting.

THEOREM 2.14. Let S be a compact convergence semigroup and R be a right sub-
group of S such that R = Gg X Eg. Then there exist Gy, the maximal subgroup of S
containing G, and Ey;, the maximal right zero subgroup of S containing Er, such that
Gum X Ey s isomorphic to a maximal right subgroup M of S containing R.

PROOF. Since R = Gy X Eg, there exists a unique maximal subgroup G of S con-
taining Gr and a unique maximal right zero subsemigroup Ey of S containing Eg
by Lemma 2.13. Let M be the isomorphic image of Gy X Ey in S. Then M is a right
subgroup of S.

Suppose M* is a maximal right subgroup containing R. Then M* = G;; X Ey;. By the
maximality of M*, M € M*. Since R C M*, Gg C Gy* and Er C Ep+. By the maximality
of Gy and Ep, Gy+ < Gy and Ey+ € Ep. By Lemma 2.16, M* € M so M* = M.

It is a well-known result that no two maximal subgroups of a semigroup intersect
and the following are its generalizations. In Theorem 2.15, we generalize it for max-
imal right subgroups and the proof can be found in [6]. Theorem 2.17 is a partial
generalization of Theorem 2.15 in commutative semigroups. O

THEOREM 2.15. No two maximal right subgroups of a semigroup intersect.

LEMMA 2.16. If My and M, are distinct maximal right simple subsemigroups of S
such that M1 M, = M>M,, then either Mi "M, = & or My - M = S.

PROOF. Suppose that M\ nM, # @ and M; - M, # S. Let a,b € My - M. Then ab €
M, - M, since MM, = M,M,. Thus M; M, is a subsemigroup of S.

In fact, the following argument shows that M; - M is a right simple subsemigroup
of S containing both M; and M,. For a,b € M; - M, a = a;a; and b = b1 b, for some
ai,b; € My, a»,b, € M>. Then

a=aa
= (b1bf)a, for some b} € M; since M; is simple
= by (aib}*) for some bi* € My and a¥ € M, since M1 M, = M>M;
. L (2.1)
= by (b,ak*)bF* for some a3* € M, since M, is simple
= (b1b2)m where m = a3*b{* € MuM; = M\ M>
= bm for some m € M; - M>.
Therefore, M; - M5 is right simple. Since M; "M, # &, and My, M, are distinct, M; C

M, - M. By the maximality of M; and the fact that M; # My, M; - M, = S, which is a
contradiction. O
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The following theorem concerning maximal simple subsemigroups of commutative
semigroups follows immediately from Lemma 2.16.

THEOREM 2.17. No two maximal simple subsemigroups of a commutative semi-
group intersect.

THEOREM 2.18. Let % be a partition of a maximal right simple subsemigroup M of
a compact convergence semigroup S such that D is a monoid for each D € %. Then
D = Me for some e € E(M) for each D € 9.

PROOF. Since M is a maximal right simple subsemigroup of S and S is compact, M
is a maximal right subgroup of S and M can be written as union of the decomposition
{Me:e € E(M)}. For each D € 9, let ep be the identity of D. Then ep € Me for some
ec E(M).Infact,e =ep-e =e-ep = ep since e is the identity of Me. It follows that
DCM,,.

Suppose Mep ¢ D. Then there exists D* € % such that D* n(Mep —D) # &. Let ep«
be the identity of D*. Then it follows from the discussion above D* C Mep+ which
implies D* N (Mep — D) C D* " Mep C Mep+ N Mep. This contradicts the fact that
{Me:e € E(M)} is a decomposition of M. Therefore D = Mep = Me for each D € 9.

O

DEFINITION 2.19. Let R be aright group. For each idempotent e of R, let f, : R — R
be defined by f.(x) = (ex)~!. Then R is called a convergence right group if and only
if f, is continuous for every idempotent e in R.

THEOREM 2.20. Let S be a compact pseudotopological semigroup.
(i) If S is right simple, then S is a right convergence group.
(ii) Either every maximal right simple subsemigroup of S is closed and hence a con-
vergence right subgroup of S or S itself is a convergence right group.

PROOF. (i) By Theorem 2.1, S is a right group. For each idempotent e of S, let f, :
S — S be defined by f.(x) = (ex)~! and let F be a filter such that & — x. Then f.(%)
is a filter in Se. Let AU be an ultrafilter such that U > f,(%). Since Se is compact, U — y
for some y in Se. Since for every U € AU, UN f(F) # & for all F € %. Then e € UF for
allU € U and F € & where e is the identity of the group Se. Now UF — y, UF = ¢é, and
é — e imply yx = e. Thus y = (ex)~!. Since S is pseudotopological, f(%F) — (ex)~L.
Thus the result follows.

(ii) Suppose M is a maximal right simple subsemigroup of S such that M # Clg M.
Then ClyM = S by the maximality of M and Theorem 2.5. The result follows from
Theorem 2.1 and part (i) of this theorem. O
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