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ABSTRACT. A lacunary sequence is an increasing integer sequence 0 = {k,-} such that k, —
ky—1 — o as ¥ — . A sequence x is called sg-convergent to L provided that for each
&£> 0, limy (1/(ky —ky—1)){the number of k,—1 < k < ky : |x —L| = €} = 0. In this paper,
we study the general description of inclusion between two arbitrary lacunary sequences
convergent.
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1. Introduction. An increasing integer sequence 0 = {k,} is called a lacunary se-
quence if it satisfies that ko = 0 and h, := k, —k,_1 — o as ¥ — co. Throughout this
paper, we follow the notation used in [7]. A sequence Xx is called Sg-convergent to L pro-
vided that for each € > 0. The intervals determined by 0 is denoted by I, := (k;_1,k; ]
and the ratio k, /k,_, is abbreviated by g,. For a finite set E, |E| indicate the number
of elements in E.

Let 6 be a lacunary sequence, a complex number sequence x is said to be Sp-
convergent to L provided that for each € > 0.

h;n(%) {the number of k,_; <k <k, :|xx—L|>¢}=0. (1.1)

¥

In this case we write Sp —limx = L or xx — L(Sp), and we define
Se={x:S¢—limx =L, for some L}. (1.2)

In [4] it is defined that the lacunary sequence 8 = {l, } is called a lacunary refinement
of the lacunary sequence 0 = {k, } if {k,} < {l,}. In [7], after the inclusion relationship
between Sy and Sp is studied for a special case if § = {l,} is a lacunary refinement
of the lacunary sequence 6 = {k,}, an open problem is raised: what is the general
description of the inclusion between two arbitrary lacunary methods. In this paper,
we study the inclusion properties of different lacunary methods and solve this open
problem.

2. Inclusion properties. If § = {l,} is a lacunary refinement of the lacunary se-
quence 0 = {k;}, it is shown by [7, Thm. 7] that xx — L(Sg) implies x; — L(Sp), i.e.,
Sp < So. We begin this section by giving the converse of [7, Thm. 7].
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THEOREM 1. Suppose B = {l,} is a lacunary refinement of the lacunary sequence
0 ={k,}. Letl, := (ky_1,ky] and J, :== (I, 1,1, 1, = 1,2,3,.... If there exists 6 > 0 such
that

| Jl
;]

>0 forevery]Jjcl;. (2.1)

Then x — L(Se) implies x, — L(Sg), L.e., So < Sg.

PROOF. For any € > 0, and every J;, we can find I; such that J; < I;; then we have

<ﬁ)’{kelj:\xk—lesH _ <||§;||)<|Ilﬁ>‘{kejj:|Xk_L|ZEH

) (i)
< — keli:|xy—L|=¢ 2.2
<|Jj| lkerx-tizd] 2
1 1
S(S)(m)‘{kEIlekiL'ZE} y
and the proof completes immediately. O

THEOREM 2. Suppose B = {1, }, 0 = {k,} are two lacunary sequences. Let I, := (ky_1,
kil Jri= o, b,y =1,2,3,...,and1;j =1;nJj, i, j = 1,2, 3,.... If there exists 6 > O,
such that

1151
1]

=0 foreveryi,j=1,2,3,..., providedl;j + O. (2.3)

Then x — L(Se) implies xi — L(Sg), Le., So < Sp.

PROOF. Let @ = BuU 6. Then « is a lacunary refinement of the lacunary sequence
B, also 0. The interval sequence of « is {I;; = I; n J; : I;j = @}. From Theorem 1,
the condition in Theorem 2: |I;;|/|I;| = §, for every i,j = 1,2,3,..., provided [;; + &
yields that xy — L(Sg) implies x; — L(Sy). Since « is also a lacunary refinement of the
lacunary sequence 8, from [4, Thm. 7] we have that xx — L(Sy) implies xyx — L(Sg).
The proof follows immediately. O

In Theorem 2, if the condition is replaced by |I;;|/|J;| = §, for every i,j =1,2,3,...,
provided I;; # &, it can be seen that x; — L(Sg) implies x; — L(S¢). Combining this
remark and Theorem 2 we get the following theorem.

THEOREM 3. Suppose B = {l,},0 = {k,} are two lacunary sequences. LetI, := (k,_1,
kel Jri= (L, v =1,2,3,...,and I;j =I;n J;,i,j = 1,2,3,.... If there exists > 0,
such that

;5]
(1L +1J41)
Then xy — L(Sp) if and only if xx — L(Sg), i.e., So = Sg.

>0, foreveryi,j=1,2,3,..., providedl;j + O. (2.4)

Theorem 2 provides a sufficient condition for lacunary sequence B = {l,-},0 = {k,}
to yield the inclusion relation Sy < Sg. In Theorem 4 we give some necessary and
sufficient conditions for two lacunary sequences to have the relationship.
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THEOREM 4. Suppose B = {l,},0 = {k,} are two lacunary sequences. Let J, :=
(Lr—1, L1, Iy i= (ky—1,ky 1, ¥ =1, 2,3,.... There exists a sequence x and a number L
such that Sg—limx = L and S —limx # L, if and only if there exist {S;},{t;} < N and
6 > 0 which satisfies the following conditions:

) Js NIy, = O;
(i) Limy; | Js, /I, = oo;
(i) |Js; NI |/ 115 2 8,0 =1,2,3,....

PROOF

(1) NECESSITY. If there exists a sequence x = {xx} and a number L such that Sg -
limx = L and Sy —limx =+ L, then there exist a subsequence {t;} =N, > 0,and 6 > 0,
such that

(” ‘)|{kelt Ixk—Llzel| 26, i=1,23,... 2.5)
For each t;, there exist a positive integer s; and a whole number #; such that
Js;+jnly, # ¢ forevery j=0,1,2,...,i=1,2,3,.... (2.6)

Then, we can write

o< (%)er[t [xk — L|>s}|
1
(hl)‘ (Ufslﬂ)f”t [k — L|>E}
1)<
(7> |{kEJSl+JmItl Ixy —L| = &} |
I, | s
1
(T) |{k€JS+JmItl lxy —L| = &}|
0,7
1
+ (W Z |{k€.]5i+jmlti . |xk*L‘ = E}| (27)
Ll 7 o<j<r
1
=(7> Z [{k € Js+jnIt, t Ixk—L| = €}
‘Itil =07
1
+<W Z |{k€JS,+J [xk L|>E}|
Ll o<j<r
1
:(7> Z er.]_vﬁjﬂlti:‘Xk—HZEH
‘Itl'| =07
| ;451 1
Z ( |;+|J )<|J v|>|{kejsi+j:|xk—L|ZE}|.
0<j<r; ti Si+j

Since Sg—limx = L, if s; + j is sufficiently large, we have

( 1 ) > |{ke]sﬁj:|xk—L|zg}|<g. 2.8)

|Js,-,+j| 0<j<ri
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It can be seen that Zo<j<yi(|_]si+j|/|1ti |) < 1. Hence, we get

5=< (ﬁ)ukelti:mru > |
L

- 15) (2.9)
5(7) 2 |{keJSi,+ijti:|Xk—L|ZE}’+§.

11,1 j=or;

This implies that (1/[I;]) Zj:o,yi [{k € Js,+jNIy; : |xx —L| = €}| = 6/2, which ensures
that at least one of the following inequalities hold:

(o) kot s =Ll = e} | = 2, (2.10)
[It, | 4
or
1 1)
(—)|{ke]si+yimlti:|xk—L|ze}| > —. (2.11)
|Iti| 4

Suppose the first one holds, i.e., (1/|I;;1)|[{k € Js, NIy, : |xx —L| = €}| = §/4. From
this inequality and since |{k € J;, NIy, : |xx —L| = €}| < |J;, nI;;|, we conclude that
6/4 < |Js; N1, 1/11;;| which proves (iii).

For such s;, t; chosen in the proof of (iii), from (2.10), we have

) 1
Z < (m)|{k€]_qiﬂlti : ‘Xk*L| Z$}|

< (‘d:l\)(‘]ti‘) |[{k € Js; NI, : Ixk—L| = €}|.
Since (1/1Js;DI{k € Js; N1, : |xx —L| = €}| — 0, as i — o0, (2.12) implies | Js, |/ [I;| — oo,
as i — oo, which proves (ii). It is clear that the intervals Js,,I;; chosen in the proof of
(iii) satisfy (i).

(1I1) SUFFICIENCY. Suppose that for the two lacunary sequences B = {l,},0 = {k;}
there exist sequences {s;},{t;} = N and 6 > 0 which satisfy the conditions (i), (ii), and
(iii) in the theorem. Define

(2.12)

(2.13)

1, ifkeJnl,
X, =
0, otherwise.

For any 1 < € <0, if j # s; for any i = 1,2,3,..., (1/|J;) |[{k € Jj : |xx — 0| = €}| =
|@1/1Jj| =05 if j = s, for some i, (1/|Js, D I{k € J;n: [xx =01 = €} = [Js, 0 11,1 /1],
[It;1/|Js;| — 0. Hence Sg —limx = 0. But (1/|I;;I{k € I, : |[xx — 0] = &}| = |J
It |/ I, | = 6, for i = 1,2,3,.... This implies that S¢ —limx = 0.

O D A

COROLLARY 1. Suppose B = {L,}, 0 = {k,} are two lacunary sequences. Let J, :
(L1, U LIy o= (kypo1, ke 1,r = 1,2,3,... . If there exist {s;}, {t;} = N such that Js; 2 I;,,i =
1,2,3,..., and lim; | J5, |/ |I;;| = o, then there exists a sequence x and a number L such
that Sg—limx = L and S¢ —limx = L.

PROOF. The conditions of the Corollary 1 imply all the conditions of the Theorem 4.
So the corollary follow Theorem 4 immediately. O
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3. The Space Xy. Let 0 = {k,} be a lacunary sequence. A Syp-convergent sequence
X is not necessary to be bounded. The superior norm in [* does not apply to the set
So, where [* is the set of bounded complex numbers. Hence we need to define a new
norm on a suitable space. If we apply the superior norm in the subset of [*, Sg N[>,
we get a closed subset of [*°.

THEOREM 5. SpnN I is a closed subset of l* with the superior norm.

PROOF. Suppose {x"} < Sy NI~ is a convergent sequence and it converges to x €
1*. We need to prove that x € Sp nl. Assume x" — L,(Sg),n = 1,2,3,.... Take a
positive decreasing convergent sequence {&,}, then for every n = 1,2,3,..., there is
a positive integer m,,, such that if n > m,, then || x — x"||» < &, /4. Without loss of
generality, we just assume m,, = n. For the fixed n, there is k,,, such that

1 & 1
(o, )kttt = G <

1 3 1
(hrn> {kEIm: |xl’:+1_Ln+l| > n+1}‘ <Z-

{kelyn: X —Ln| < %}m{kebﬂ: X =Ly | < 2 } +0. (3.2)

(3.1

Then

Pick a member k in this intersection, we can write
|Ln—Lns1| < |x¢ —La| + |XIZHI_L11+1 | + |Xl?_xl?+1|
< [xf —Lu| + x0T = Lo | +[lx = x| +Ix -x"",  (3.3)

&n € &n €
PRLUNILLIAS B T
4 4 4 4

This implies that {L,,} is a Cauchy sequence in C, and there is a complex number L
such that L,, — L, as n — o. We need to prove that x — L(Sp). For any € > 0, there is
n, such that ¢, < €/4, |x —x"||o < &/4,|Ly —L| < €/4, then

(hiy)Hk €l :|x—L| > ¢}

1
5(}1—)|{k61y:|xn—Ln|+HX_xn”°°+|L”_L| = e} |

v

1 e & (3.4)
s(h—r)erIV:lx”—LnHZ+Z zSH
=<i)erI'|x"—L\>£H—»O as v — o

hy v ni = 2 ) .

This gives that x — L(Sg), which completes the proof. O
Let 0 = {k, } be a lacunary sequence. for every L € C, define
Xp:={x€Sg:x —L(Sg)} and Xp:={X;:LeC}. (3.5)

If x - L(Sp), ¥ — K(Sp), and a € C, it can be seen that

x+y — (L+K)(So) and ax — aL(Sy), (3.6)
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where x + vy = {x,, + ¥»} and ax = {ax,}. Then the following definitions on Xy well
defined

Xi+ Xk = Xiak and aXp = X,1. (3.7)

For every X; € Xy, we define a norm of it by || X, | := |L|.

THEOREM 6. With the addition, scalar multiplication and norm defined on Xg as
above, Xy is a Banach space.

PROOF. To prove that Xy is complete norm space, we just notice that {X;,} is a
Cauchy sequence of Xp, if and only if {L,;} is a Cauchy sequence of C, and for any
complex number L, the sequence with constant terms L should converge to L(Sy).
Rest of the proof is clear. O
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