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ABSTRACT. We determine exact solutions of steady, plane viscous incompressible magne-
tohydrodynamic (MHD) aligned and non-MHD fluid flows when the polar representation
of the streamline patterns for these flows are of the form (0 — f(r))/g(r) = constant.

Keywords and phrases. Magnetohydrodynamics, steady plane flows, exact solutions.

2000 Mathematics Subject Classification. Primary 76WO05.

1. Introduction. The objective of this paper is to determine exact solutions of
steady, plane viscous incompressible magnetohydrodynamic (MHD) aligned and non-
MHD fluid flows when the polar representation of the streamline patterns for these
flows are of the form (0 — f(r))/g(r) = constant. These exact solutions are obtained
employing the approach first introduced by Martin [4] for plane viscous flows. This
approach involves using a natural curvilinear coordinate system (¢, ) in the physical
plane (x,y), where ¢ = constant are the streamlines and ¢ = constant is an arbitrary
family of curves. Chandna and Labropulu [1] obtained the exact solutions of steady
plane viscous flows by taking the arbitrary family of curves ¢ = constant to be x =
constant. More recently, Labropulu and Chandna [3] studied steady plane MHD aligned
flows using this method by setting the arbitrary family of curves ¢(x,y) = constant
to be either &(x,y) = constant or n(x,y) = constant, where &(x,y) +in(x,y) is an
analytic function of z = x +iy.

In this paper, we pose and answer the following two questions:

(i) Given a family of plane curves (0 — f(¥))/g(r) = constant, can fluid flow along
these curves?

(ii) Given a family of streamlines (6 — f(r))/g(r) = constant, what is the exact inte-
gral of the flow defined by the given streamline pattern?

To investigate our first question, we assume that fluid flows along the given family
of curves (60— f(r))/g(r) = constant. Since the streamfunction (v, 0) = constant as
well along these curves, it follows that there exists some function y(y) such that

0-f(r) ,
z JAV 7 , =0, 1.1
9(r) y(yp), ¥y () (1.1)
where y’ () is the derivative of y(y).
For this work, the curves ¢ = constant are taken to be » = constant. Thus, the
(r,y)-coordinate system is used. Taking v, (r,0) and v, (r,0) to be the components
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of velocity vector field in polar coordinates, we have

_loy 1 _ w1 Jogwm (foY
YTr o0 Trgmy )y T o y’ﬂp)[ gz(r)*'<g(r)) ]' (1-2)

The plan of this paper is as follows: in Section 2, the equations governing the steady
plane motion of infinitely conducting aligned MHD, finitely conducting aligned MHD
and non-MHD fluid flows are presented. Section 3 shows the transformation of these
equations in the (¢, )-net. In Section 4, we outline the method of determining whether
a given family of curves can be the streamlines. Section 5 consists of applications of
this method.

2. Flow equations. The governing equations of a viscous incompressible and elec-
trically conducting fluid flow, in the presence of a magnetic field, are (see [5])

divv =0,
p(U-grad)v +gradp = uV2v +u* (curl H) x H, 2.1
u*%curl (curlH) = curl (v x H),
where v is the velocity vector field, H the magnetic field, p the pressure function,
and the constants p, u, u*, and o are the fluid density, coefficient of viscosity, mag-

netic permeability and the electrical conductivity, respectively. The magnetic field H
satisfies an additional equation

divH =0, (2.2)

expressing the absence of magnetic poles in the flow. In the case of aligned (or parallel)
flows the magnetic field is everywhere parallel to the velocity field, so that

H = B, (2.3)
where B is some unknown scalar function such that
v-gradf =0. (2.4)

In this paper, we study plane motion in the (x,y)-plane and we define the vorticity

function w, current density function Q, and energy function h given by
ov  ou 0H> O0H; 1 > 5

=——-=—, Q=—""-——, h=—- + +p, 2.5

“=ox oy ox 0y Zp(u vi)+p (2.5)

where u(x,y),v(x,y) are the velocity components and H; (x,y),H>(x,y) the mag-

netic components. In this work, we deal with both infinitely and finitely conducting

fluids. Third equation of system (2.1) is identically satisfied for an infinitely conduct-

ing MHD aligned flow. However, this equation requires the current density Q to be a

constant, say Qg, for a finitely conducting MHD aligned flow.
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2.1. Infinitely conducting flow. Using (2.3) and (2.5) in system (2.1), we find that
an infinitely conducting steady plane MHD aligned flow is governed by the following
system of six partial differential equations:

a—u + a—v =0 (continuity)
ox 0y Y
oh

—+ua—w—pvw+u*BvQ =0
ox oy .
(linear momentum),

oh ow * B
3y —-u Ix +puw—pu*fud=0
(2.6)
u% +v % =0 (solenoidal),
ox oy
a—v - a—u =w (vorticity)
ox 0y ¥
o8B 9B _ )
Bw+v Ix —uay =Q (current density)

for the six functions u(x,y),v(x,y),h(x,y),w(x,y),Q(x,y), and f(x,y). Once a
solution of this system is determined, the pressure function p(x,y) and the magnetic
vector field H are found by using (2.3) and (2.5).

2.2. Finitely conducting and non-MHD flows. A finitely conducting steady plane
MHD aligned flow is governed by system (2.6) of six partial differential equations when
current density function Q is replaced by constant Qg in this system.

Ordinary incompressible viscous flow in the absence of external forces is governed
by the continuity, the linear momentum and the vorticity equations of system (2.6)
when Q = 0 and B = 0 are substituted in this system.

3. Alternate formulation. The equation of continuity in system (2.6) implies the
existence of a streamfunction ¢ = @(x,y) such that

aw _ w _
ox oy
We take ¢ (x,y) = constant to be some arbitrary family of curves which generates with
the streamlines @ (x,y) = constant a curvilinear net, so that in the physical plane the
independent variables x,y can be replaced by ¢, y.
Let

u. 3.1)

x=x(p,p), y=y(p,yp), (3.2)

define a curvilinear net in the (x,y)-plane with the squared element of arc length
along any curve given by

ds* =E(¢p,p)dp? + 2F (p, ) dpdy + G(p, ) dy?, (3.3)
where
_(ox\* (oy)? _dx ox | dy Ay C(ox\*, (3y)?
E‘(ﬁ) *(%)’ =g oy T ap oy’ G‘(aw) +(aw)' (3.4)
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Equations (3.2) can be solved to obtain ¢ = ¢(x,y), ¢ = @(x,y) such that

ox oy ox __,0p Oy _ 0w 0y _,0¢
aqb_Jay oy Jay’ op Jax az,u_fax’ (35)
provided 0 < |J| < oo, where J is the transformation Jacobian and,
Joox oy X0y | peTEr oy, (3.6)

Copoy oy o
3.1. Infinitely conducting flows. Following Martin [4] and Chandna and Labropulu

[1], we transform system (2.6) into the ¢y-coordinates and we have the following
theorem.

THEOREM 3.1. If the streamlines Y (x,y) = constant of a viscous, incompressible
infinitely conducting MHD aligned flow are chosen as one set of coordinate curves in
a curvilinear coordinate system ¢, in the physical plane, then system (2.6) in (x,y)-
coordinates may be replaced by the system:

oh Jw ow
e “[Fﬁ—’fw]

5 5 5 (linear momentum),

oh _ [-0w 0w £RO
Jaq/ fu[Gaq5 Faw]ﬂ[u BQ-pw]
O (W) _ 0 (W _
8([/(Er11> 8¢)<Er12) =0 (Gauss)

3.7)
Bw — %% =Q (current density),
1[ o (F 0 (E ..

w= W[%(W) - w(w)] (vorticity),
B .
ﬁ =0 (solenoidal)

of six equations for seven functions E, F, G, h, j, w, and B of ¢, .
The Christofell symbols I'Z, and I', in system (3.7) are given by

1 O0E oF oE 1 oG oE
2 _ 1 | _pob ot ok > _ L | p0G L OF
r11_2W2|: Fop " 2Eag an], I 2W2[Ea¢ Faw]' (3.8)
Using the integrability condition 0°h/0¢oyw = 0°h/0ywd¢ in the linear momen-
tum equations of Theorem 3.1, we find that the unknown functions E (¢, ), F(¢, ),
G(p,P), Q(p,P),w(¢,y), and B(y) satisfy the following equations:

T
500m)- () o
uWA2w+%[u*Bprw] =0, % =0, (3.11)
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where

A w_i[i(£@_£@>+i(£aﬂ_£aﬁ>]
T wlop\wop woy) dy\woy W ap
defines the Beltrami’s differential operator of second order.
Equations (3.9), (3.10), and (3.11) form an underdetermined system since the coor-
dinate lines ¢ = constant have been left arbitrary. This underdetermined system can

be made determinate in a number of different ways and one such possible way is to
let p(x,y) = 0(x,y), where (r,0)-net is the polar coordinate system.

(3.12)

3.2. Finitely conducting and non-MHD flows. Finitely conducting MHD aligned
flow in the (¢, @)-net is governed by (3.9), (3.10), and (3.11) with Q = Qq, where Q is
a constant.

Ordinary viscous flow is governed by (3.9), (3.10), and (3.11) with Q =0, =0, and
this reduced system is well studied by Martin [4] and Govindaraju [2].

4. Method. To analyze whether a given family of curves (60— f(v))/g(v) = constant
can or cannot be the streamlines, we assume the affirmative so that there exists some
function y () such that

0—f(r) ,
o) =y), y'(y) =0, 4.1)

where y’ () is the derivative of the unknown function y (y).
Using (4.1), ¢ =7 and x =¥ cos6, y =+sin0, in (3.4), we find that E,F,G, and J are
given by

E=1+72[f )+ My’  G=r2g20y > (p),

, (4.2)
F=72[f'N+g MyW)]gmr)y' (), J=W=rgr)y (y).

4.1. Infinitely conducting flow. Employing (4.2) and ¢ = v in (3.9), (3.10), and
(3.11), we find that Gauss’ equation (3.10) is identically satisfied and our flow is gov-
erned by

2 2
rg(r)y%w)%)—2r[f'<r>+g'<r>y<w)]£,—a“’w
L+72f%(r) 2rf (r)g (r) rg'?(r) , ] 1 2w
[ o T g YT Tgm YW ) sy

’ 7 2
+[—f’(r)—rf”(r)+21ff g’ () + (ZTg ()

g(r) gr)

_ (1+r2f'2<w>) Y (W) 2rf(ng' () yw)y" (W)
rg(r) Y2 (@) g) Y2 (@)

—g’(r)—rg”(r))y(w 4.3)

+aty - ﬁ]aa—f | %B(w@—f _o,

_rg’tm y2<w>y"(w>}aw
gy  y*ry)  |ow
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wz[1f'(T)+f”(T)_2f’(r)g’(r)} 1
r gr) gr) g>() Y (@)

[1g'<r>+g”<r>_2g’2(r)]y(w) [ 1 +f’2<r>]y”<w> @4)
rgr) gr) gir) |y () |[r2g2(r)  g2(r) |y (@) ’

L2 g () yw)y" W) | g% @) Y W)y (@)
g3(r) Y3 (y) g:r)  y3 ()

C1+r2f () g Ny )]
r2g2(r)y"* (@)

of three equations in four unknown functions w,Q,y(y), and S(y). Equation (4.3), is

one equation in two unknown functions when w and Q are eliminated using (4.4) and

(4.5). Summing up, we have the following theorem.

Q=By)w B () (4.5)

THEOREM 4.1. If a steady, plane, viscous, incompressible, electrically conducting
fluid of infinite electrical conductivity flows along (6 — f(v))/g(¥) = constant in the
presence of an MHD aligned field, then the known functions f(v),g(v) and the un-
known functions B(y),y () must satisfy (4.3), where w and Q are given by (4.4) and
(4.5), respectively.

4.2. Finitely conducting and non-MHD flows. In the case of finitely conducting
flows, Q = Qg is an arbitrary constant. Using (4.4) in (4.3) and (4.5), we get two coupled
equations in unknown functions y (y) and B(y) and, therefore, we have the following
theorem.

THEOREM 4.2. If a steady, plane, viscous, incompressible, electrically conducting
fluid of finite electrical conductivity flows along (0 — f(v))/g(v) = constant, in the
presence of an aligned magnetic field, then the known functions f(r),g(r) and the
unknown functions B(y),y (@) must satisfy

2 2
Tg(r)y’(w)%%f%[f’(r)+g’(r)y(W)]£,a°Z,

1 rf2r) 2rf'(r)g (r) rg'l(r) , } 1 22w
[rg(r)* ar T e YT g YW ) e
ey f(r)g (r) gtw -, )

+[ Sy —rfr(r)+2r 20 +<21’ 20 g (r)-rg”(r) |y(y)
_( 1 +Vf’2(un> Y (W) 2rf g () y)y ()
rg(r)  gr) )y () gw) Y2 (y)
72 144
_rg” M)y wy () |ow ()= P19

ar) Y2 }aw*[g(”’/ W) u]ar_o’

(4.6)
2 ’ ’ 2
Blpyw— LT Lf ) +g (nyy)] B (W) = o, @.7)

r2g2(r)y"? (@)
where w is given by (4.4).
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In the case of non-MHD fluid flow, Q = = 0, the known functions f(r),g(7) and
the unknown function y (y) satisfy (4.6) with w given by (4.4).

5. Applications. This section deals with various flows to illustrate the method.

EXAMPLE 5.1 (Flow with 8 —m,73 —m,7? = constant as streamlines). We assume
that

O =mir’+mer?+y); y'(p) =0, m =0, (5.1)

where y (y) is an unknown function of .

Comparing (5.1) with (4.1), we have

fr) =mrdi+mor?, gr)=1. (5.2)

The streamline pattern for this flow is shown in Figure 5.1.

2.0

1.0

0.0

-1.0

-2.0
-2.0

FIGURE 5.1. Streamline pattern for 0 —myr3—mor? = W.

INFINITY CONDUCTING FLOW. Employing (4.4) and (4.5) in (4.3), we get

12

> Ap(y)r" =0, (5.3)

n=0,
n+1,2
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y//((p)
A 7M M b
o(p) = i 2(P) + My () + 'Z(W)
_ B Y (@) 9m1 * 2 1
Ag((.ll) —9m1 6m1(y,3(w) —H B (W)]y,(w)l
2 Y (lll) _8m3
A M 32 M>
4(y) = (@) +32m3 NET T (p),
As(yp) =24mymoM; (@) +216mym; y,z((i)) _ S0mam; M (),
36m3

As(@) = 18m2M, (@) — 72m (

re.

Ag(p) = 16miM; (@) — 648mim, (

y/Z(

/3( )

Az (@) = -360mym (

y"(y) )
Y/B(w) ’

Ag(p) = 96mym3M, () —378m§<
Ao(y) = 216m3m3M, (y),

An(p) = 216mima M, (g),

A (@) = 81miM; (),

o =g () |

M) = (o B2 X W), BWIB (W)
Z(W) [p H B (W)]y,j(w) +U y,z(w)

ym’”) +279m? y”(‘(/;)) _

u

M, (),

Equation (5.3) is a polynomial of degree 12 in » with coefficients as functions of g
only. Since 7, are independent variables it follows that (5.3) can only hold true for
all values of 7 if the coefficients of different power of  vanish simultaneously and we

have

Using

Apn(@)=0, n=0,3,4,...,12.

my +0and A (@) =0in Ag(y) =0, we get

() -

Substituting (5.5) in A3z (y) = 0, we have

-1=0.

2
[p B ()] ,(W)

Employing (5.5) and (5.6) in Ag(y) = 0, we obtain

SV W) W BWB W) _
YW u yRy)

(5.4)

(5.5)

(5.6)

(5.7)
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Upon substitution of (5.5) to (5.7), Ag () = 0 yields
Y (p)=0 (5.8)

which upon integration with respect to ¢ gives

Y(@) =a1y + o, (5.9)

where a; + 0 and ) are arbitrary constants. Using (5.9) in (5.7) and integrating the
resulting equation, we get B(y) = Bo, where By = 0 is an arbitrary constant. Employing
B(w) = Bo and (5.9) in (5.6), we get a; = (1/u)[p —p*B3]. Thus, the unknown functions
y(y) and B(y) are given by

1
y<w>=;(p—u*63)w+wO, B(w) = Bo, (5.10)

where o and By # /p/u* are arbitrary constants. Using (5.1), (5.10), and v, =
(1/r)(0y/00), v, = —0y/0r, we find that the solutions are given by

U 1 H 2
V= ————>—, vy = ———[3mr? + 2myr],
w2 g™ 27l
H, = HBo . [COSG—(3m1r2+2m27)sin6],
[p—p*B5lL r
upBo [sin@ s ]
Hy=—""—"——| ——+(3mr°+2myr)cos0 |,
S omwmll e TOM™ i
_ e 97””%_*24_0 200 0y % R2) 42
_(p—u*Bé)z[ 4 (P =3uTBo)r* = o+ 2my (p —2p By)
+2mymz (2p —Su*Bg)r® —4ma (p — 2u* ) (0 - Wo)} +Po,
u
w=—2F_[9mir+2ms],  Q=Bow,
gy T el

(5.11)

where pg is an arbitrary constant. Since the pressure p must be a single-valued func-
tion, we must take m, = 0.

FINITELY CONDUCTING FLOW. Using (4.4) in (4.6) and (4.7), we get

12

> Bu(y)r" =0, (5.12)
nn:1,2

6

> Culy)r™ =0, (5.13)

n=0
n+=1l
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where
2p y"(y) 4y" (@)
Bo(p) = £ 2 M )
W)= YA T,
y'(@)\  9mip
B =9 -6 - —
() =9m m1<y’3(w)> uy (@)’

7 2 17
B — 8m2M +32 2 Y (ljl)78m2p Y'(QU)’
4 (W) m; My (@) m; Y Z(y) v y3 (W)

y'(p) 36mumeqp y"(y)

Bs(y) = 24mymoM; () +216m;mp

Y (@) u
a2 o3 (Y W)Y 2 ¥ () 36mip y"(y)
Bs(yp) = 18m7 72m2<)”3(d/)) +279m1)”2(111) u
_ (Y (W)Y
B (w) = -360mym3 (X5 05)
Bo(w) = 16m M, () —648mima (V50T )
By(y) = 96m1m3M1<w>—378m§(;’,3((i))) :
Bio(y) = 216mim3 M, (),
Bi1(y) = 216mima M, (@),
B2 (y) = 81miM; (y),
1 (Y W\T
M = r y
1) [y'w)(w(w))]
Bw)y"(w) B () B(w)
G = - . GCo(y) =4m. —Qo,
W= 5 ) Ty W Ty
_ B(y) a2
G (@) =9my Cy(p) =4ms5Co(y),

y' (@)’
Cs(@) = 12mymaCo(y),  Co(w) = 9m2Co(y).

Taking C3(y) = 0, we obtain

B(y) =0.

(5.14)

(5.15)

Thus, we conclude that this streamline pattern is not permissible for a finitely con-

ducting MHD aligned fluid flow.
NON-MHD FLow. Employing (4.4) in (4.6), we have

12
> Du(yp)r™ =0.

n=0,
n=+l1,2

(5.16)

Equation (5.16) is the same as (5.12) above with D, (/) = B,(y). Using the conse-

quence of D12(y) =0 and Dg(y) =0 in D3(y) = 0, we get
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Imip 1
9m, — = 5.17
Yow oy (5.17)
which implies that y’ () = p/u. Thus, the unknown function y (y) is given by
}’(LI/)=%¢,U+LI/0, (5.18)

where ¢ is an arbitrary constant of integration. The exact solutions are given by
(5.11) with B¢ = 0. Summing up the above results, we have the following theorem.

THEOREM 5.2. Streamline pattern 0 —m v —m»v?2 = constant is not permissible for
a finitely conducting MHD aligned flow but is permissible for an infinitely conducting
MHD aligned flow with solutions given by (5.11) and non-MHD flows with solutions given
by (5.11) with By = 0.

EXAMPLE 5.3 (Flow with 6 — ar =constant as streamlines). We let the family of cur-
ves 0 —ar = constant be the streamlines so that we have

O=ar+y), y (p)=+0, (5.19)

where y (y) is some unknown function of .

Comparing (5.19) with (4.1), we get
fr)y=ar, gr)=1 (5.20)

The streamline pattern for this flow is shown in Figure 5.2.

20.0

10.0

0.0

-10.0

-20.0 ;
-20.0 -10.0 0.0 10.0 20.0

FIGURE 5.2. Streamline pattern for 8 —ar = .
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INFINITELY CONDUCTING FLOW. Using (4.4) and (4.5) in (4.3), we obtain

4

ZA”(W),M:O, (5.21)
where _

ot =0 [ (T2 ) 2B )
Al((p):a+2a( ,3(( ))) o-u Bzwn]y(w

s = ke i () |

_ o3 (Y W)y ol (T
As() 2a<y,3(w))a Ad(w) “[ww)(y“(w))]

Equation (5.21) is a fourth degree polynomial in + with coefficients as functions of g
only. Since 7,y are independent variables it follows that (5.21) can only hold true for
all values of 7 if the coefficients of different powers of * vanish simultaneously and
we have

(5.22)

Ag(p) = A1(Y) = Az (y) = A3(p) = Ag () = 0. (5.23)

Equation A3 () = 0 holds true in one of the following three cases:
@ a0, (y"W/y ) =0
(i) a=0,(y"(W)/y’ W) 0,
(iii) a=0, (y" () /y> (W) =
In the following, we study these three cases separately.
CASE (i). In this case, all the coefficients A, (y), n = 0,1,...,4 vanish simultane-
ously if

1
y(w)=—;(p—u*ﬁ%)w+wo, B(w) = Bo, (5.24)

where o and Bg # +/p/u* are arbitrary constants.
Using (5.24) in (5.19), we obtain

1
Gzar—ﬁ(p—u*ﬁ’%)ww/o, (5.25)
and the solutions for this flow are given by
u ap
Vi=—r———p, V2= — 5,
L LBl [o—p* B3]
leLoz[asinG—cosg], HZ:—LOZ[aCOSG+y],
[p — 1+ B3] r [p —u* B3] r
a*y? pu’ au
p= In7 - + Po, W=—7FT"—""—"57", Q= Bow,
(p—u*B5) 2(p— B2 0 [p—p*B5lr °

(5.26)
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where py is an arbitrary constant. Thus, we have: 0 — ar = constant is a permissible
streamline pattern for an infinitely conducting MHD aligned fluid flow and the exact
integral for this flow is given by (5.26).

CASE (ii). In this case, A,,(¢) =0, n=0,1,...,4, are identically satisfied if

y' (@)
Y3 ()

where B is an arbitrary constant of integration. Equation (5.27) is one equation in two
unknowns () and y(y) when (y”((p)/y’3(tp))’ + 0. There are two ways of getting
solutions for this case. One way is to prescribe S(y) and solve (5.27) to get y(y) and
the second way is to choose a y () such that (y”((//)/y’g(tp))’ + 0 and use (5.27) to
find B(y).

The exact solutions, for this flow, are given by

B2 () = u%[p—uy/(w)( ),+4uy’(w)+Buy’2(w)], (5.27)

1
Hy - cos 9 B,(L//) ’ H,y = sin 0 ﬁ/(t//) ’
r oy () roy'(y) (5.28)
p:i[ H (}”’(W))'i P ]+vo, '

2r2ly () \y3) /) y2(y)
1 y"(yp) 1 B'(y)

= — , Q= - = ,
2y’ () w1 YA (@)

where py is an arbitrary constant and S(y),y(y) are arbitrary functions of ¢ such
that (5.27) is satisfied.

Thus, we have: 0 = constant is a permissible streamline pattern for steady plane
rotational infinitely conducting MHD aligned fluid flow and the exact integral for this
flow is given by (5.28), where B(y) and y(y) are arbitrary functions of ¢ such that
(5.27) and (y”((/})/y’3(tp))’ + 0 are satisfied.

As an example, we take y () = 6u/pp. With this choice, equation (5.27) gives

B2 (w) - ;}[ﬁj N 31%5} (5.29)
and the solutions (5.28) take the form
U1=—p?fé2, v2 =0,
Hi = —%’B(wczsze, H; = —%B(w)sglz@, (5.30)
pope 0= Q=B<w>w—%,

where B(y) is given by (5.29).
CASE (iii). Integrating (y” (¢)/y’3(y))’ = 0 three times with respect to ¢, we find
that the function y(y) is given implicitly by

ay* (@) +cey) +c =y, (5.31)
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where c1,c», and c3 are arbitrary constants such that ¢; and ¢, are not zero simulta-
neously. Using (5.31) and a =0in A, (¢) =0, n=0,1,...,4, we obtain

B2 () = u%[p+4uy’(w)—u3y’2<w)], (5.32)

where y (y) is given by (5.31) and B is an arbitrary constant of integration.
The exact solutions for this flow are given by

v1=%[2c19+cz], vy =0,
H, = B(w)(2c19+cz)cose, H2=M(2C10+C2)Sin9,
r ¥ (5.33)
p:pof%[2C19+C2]2,
w=-2%" a-pww-LP o010,

where py is an arbitrary constant, y(y) and B(y) are given by (5.31) and (5.32) re-
spectively. Since the pressure must be single-valued, we must take c; = 0. If ¢; = 0,
then the flow turns out to be irrotational.

FINITELY CONDUCTING FLOW. Using (4.4) in (4.6) and (4.7), we get
4 2
S Ba(p)r™=0, > Ca(g)r™ =0, (5.34)
n=0 n=0

where

Bo(w) = L B [ (Y"<W>)’]’+2p Y ()

Y2 Ly ) \y3 ) YR
m =ar2a(Lls) + 47
nw) =-a 2 g (Vo) |
Bs(y) = 72013(;::;((?;)) ) (5.35)
m =a[ g5 () |

BwW)y”(w) B ()

C = ]
W="05w Ty
aB(y) BWY" (@) a*B (y)
Cl(y) = . Caly) = - Q.
1(y) Y W) (W) =a Y3 (W) Y2 (W) 0

Equations (5.34) must hold true for all values of . Since 7,y are independent vari-
ables, then we have

Bo(y) = B1(y) = Ba(y) = B3(y) = B4 (y) = Co(p) = C1 (@) = Co2(y) =0. (5.36)
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Requiring C; () = 0, we have
a=0 (5.37)

since () + 0. Using a = 0, the equations By (¢) = 0, Bo(¢) =0, B3(y@) =0, B4 (@) =0

are identically satisfied and Bo(y) =0, Co(y) =0, Co () = 0 give

1 ()”'((,U))'_ 4 p 1 — W

Y \y*w)/) y W) wuy*w 7 (5.38)
B2(w) =Boy'* (@), Q=0

where o and By are arbitrary constants integration. Proceeding as in infinitely con-
ducting flow, we find that the exact solutions for this flow are given by

1
_cosO B(y) _sin@ B(y)
Hy = TR 2= T V) (5.39)
_ Lo (YWY p _ 1 y"(w)
P~ 2l ) 5] e 0y

where py is an arbitrary constant and y (), B(y) are given by (5.38). Thus, we have:
0 = constant is a permissible streamline pattern for a finitely conducting MHD aligned
fluid flow and the exact solutions of this flow are given by (5.39) with y () and B(y)
given by (5.38).

NON-MHD rFLow. Employing (4.4) in (4.6), we obtain

4
> Du(yp)r"™ =0, (40
n=0
where
" w) [ 1 (y' W)\, 20 ¥ W)
D _ r _ —_— - y
@ = e v ) |+ 4w
B Y W\, ap 1
Dl(w)—a+2a(y73(w)) * vy (W)’ (5.41)
_ oY) o 1 y W\ |
D2 (g) =-a v (W) +2a [y’(tlJ) (y’g(lll)) ] ’
o (YWY [ (YN
Ds(y) = —2a <y'3<w))‘ Dy =a [y'<w>(y'3<w>) |

Since » and  are independent variables and (5.40) is a fourth-degree polynomial with
coefficients as functions of ¢ only, then we must have

Do(@) =D1(y) = D2(y@) = D3(y) = Ds(yp) = 0. (5.42)
Requiring D3 () = 0, we get the following three cases:
M a=0, (y"()/y”> W) =0,
(i) a=0, (" ()/y”’ W) #0,

(iii) @ =0, (y" () /y” () =0.
We study these three cases separately as follows.
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CASE (). Using (y”(@)/y*(@)) =0, in Do(y) = 0, D1(y) =0, D2(y) = 0, and in
D4 () =0, we have

y () = —%ww/o, (5.43)

where (g is an arbitrary constant. In this case, solutions are given by (5.26) with 8 = 0.
CASE (ii). With a = 0, equations D;(y) = 0, D>(y) = 0, and D4 () = 0 are identi-
cally satisfied and D () = 0 gives

1 /Y'Y 4 p 1
- _L - o, 5.44
Y (@) <y’3(tl/)) y (@) uy P (>-44)

where ) is an arbitrary constant. For this case, exact solutions are given by (5.28)
with B(y) = 0.
CASE (iii). For this case, equations (5.42) are identically satisfied if

y(p) =cy+c, (5.45)

where ¢, + 0 and ¢ are arbitrary constants. The solutions for this case are given by

= = —po——F— _
V= ve=0 P =po ez @ 0, (5.46)

where p is an arbitrary constant.
Summing up, we have the following theorem.

THEOREM 5.4. Streamline pattern 6 — ar = constant in a steady plane motion is
permissible for an infinitely conducting MHD aligned and non-MHD fluid flow. It is also
permissible for a finitely conducting MHD aligned flow if a = 0.

EXAMPLE 5.5 (Flow with 0 —a;7™ —a,Inr = constant as streamlines). We assume
O=ar"+aInr+y(yp); y(y)=+0, (5.47)

where a1, a;, and m are arbitrary constants and, therefore, we have
fr)=a1r™+azlnr, gr)=1. (5.48)

The streamline pattern for this flow is shown in Figure 5.3.

INFINITELY CONDUCTING FLOW. Proceeding as in Example 5.5, we find that the
functions y () and B(y) must satisfy

4
> An(p)rmm=3 =0, (5.49)
n=0
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-2.0 -1.0 0.0 1.0 2.0

FIGURE 5.3. Streamline pattern for 0 —av™ —a>Inr = ¢, m = 3.

Ao<w>:(1+ag)2[ 1 (Y"WJ))']'Haz(lm%)(y”(w)'

A (p) =4maiax(1 +a§)[

Y (@) \y 3 (y) y 3 (y)

rr 2
VA va | (o)

+4(1+a3)

Y3 H Ty

y' ) *B(w)B’(Lp)}
YAy u ’

1 <Y”((l/) )r],+a1a2m(2m2_7m+10) Yy ()

Yy (@) \y3(y) Y2 ()
Y () ) u* Byw)B (y)

Y3 W) ——aamm-2)

u Y2 (@)
1 * Q2
——arm(m-2)[p-p*B (w)][
u

—2a1m(m—2)(1+3a§)(

m azy"(tu)
Y (@) Y3 (y)

] +aim?(m-2)2,

Az(w)=2a%m2(1+3a§)[ 1 (y”(tm>f],

Az(yp) = 4a§a2m3[

Y (@) \y 3 (y)
y" ()
Y3 (@)

y"' ()
Y2 (y)

)y”(w) N *B(W)B'(W)}

—12a%a2m2(m—1)( ) +aim?(5m?—-6m+4)

2 mlm-1 [ —u*p?
ualm (m ) (P u B (W) y,g(w) u yrZ(w)

Y (g) )"

1 (y”(w) )']’72a§m3(3m*2)(y'3(w)

Y (@) \y 3 (y)

s =aim] 5 (Vi) |

(5.50)
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Equation (5.49) holds true for all values of » provided all coefficients vanish simulta-
neously and we have

Ag() = A1 (Y) = Az (y) = A3(p) = Ay (@) = 0. (5.51)

In particular, A; (@) =0, A2 () =0, A3(yp) = 0,and A4 () = 0 are identically satisfied
in one of the following four cases:
@ ar+0,m=2,y (@)= (1/u(m-2))(p—pu*Bg), BWw) = Po, Bo = Jp/u*,
(b) y" (@) =0,a, 0, m=2, B(y) = Bo,
(© a1 =0, [A/y" (W) W)y W) #0
(@ ar =0, [(1/y" (W)Y W)y W) =0
We study these four cases separately as follows.
CASE (a). In this case, Ayg(y) = 0 is identically satisfied and we have: 8 —a;r™ —
ayInr = constant with m = 2 is a permissible streamline pattern and the exact integral
for this flow is given by

-2 -2
o M=) pm 2)[mal,,m-1+&],
r[p—p*Bj] p—H*B§ r
H = uBO(m—ZZ) [cos@—az sin @ —malrm’lsiHG],
p—uB; v
Hy = HBO(W*ZZ) [sm@ﬂzz cos o +mar™1cos 9],
p—uBs ¥
’u2a1m2(m,2)2[ am 2m-2 2 m 2:|
5 ¥ v
p—u*By 2(m-1) m-—2
2 (1+a3
p=1 1 uim - 22) ( 2112 +m2aly?m-2 +2ma1azrm2) +po; m=1,
(p urp3)*\ T

2 2
ualz[a lnr——]—lp H (1+a2+2a1a2>+p0; m=1,

LP—H* By 25 (p-pep3) \ 7 r
2 _
= um (m 22)a1 m_27 QZBOwi
p—HuB;
(5.52)
where pg is an arbitrary constant of integration and m = 2.
CASE (b). Since y”' (y) = 0, then we get
YY) =Db1y + by, (5.53)

where b, + 0 and b» are arbitrary constants. Using B(y) = Bo and (5.53), Ag(y) is
identically satisfied and we have: 8 —a,72 —a»In7 = constant is a possible streamline
pattern and the exact integral associated with this flow is given by
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v -1 v —i[Za T+@]
1= bl_ry 2= bl 1 r 5
H, = @[cos@—azan 72a11fsin9],
bl v
HZ:@[MHMTCOS@]’
bl s
4a 1 1+a3 ;
p=no—%(p—u*ﬁé)w—alrz—azlnr—bz]—f%[%+4a§1’2+4a1az],
bt 2bil 7
w:@ Q= Bow,

(5.54)

where py is an arbitrary constant. Since the pressure function p must be single-valued,
we must take B3 = p/u*.
CASE (c). All coefficients A,,(y), n=0,1,...,4 vanish simultaneously if

y%w>>_4 y" (W)

2 :L 4 ’ (1 2 ’
B2 () u*( Y () —( +a2)y(w)<y,3(w) a2

b ”ww+p)
3Y 7
(5.55)
where b3 is an arbitrary constant and y(y) is an arbitrary function of ¢ such that

[(1/y"(g)) (y”(w)/y’g(w))’]’ #+ 0. Thus, 0 —a,Inr = constant can serve as streamline
pattern and the exact integral for this rotational flow is given by

o= — v, = — 22
ey P ry'(w)
cosO—a,sin® B(y) sin@+a,cos6 B(y)
Hl = 5 2= 5
v y' (@) ¥ Y ()
_H 2 i[ Y (W) o 1 (¥ (W) ']_l p 1+a3
p= 2(1+(,12)V2 2a; Y“?’((I/)+(1+a2)}/'((ﬂ)<}"3((ﬂ)> 272w 72 + po,
1+a3 y”(y) 1+a3 B (y)
= ] Q: - )
7y () PO 2 )

(5.56)

where pg is an arbitrary constant, f(y) is given by (5.55) and y(y) is an arbitrary
function of .

CASE (d). Integrating [(1/;/’((//))(y”(q/)/y’3((p))’]’ = 0 four times with respect to
Y, we obtain

ay (W) +ey?(Y) +esy (@) +ca =y, (5.57)

where ci,c2,c3, and c4 are arbitrary constants of integration such that cy,c2, and c3
are not zero simultaneously. Using a; = 0 and [(1/y’((p))(y”(qj)/y’3(Lp))’]’ =0in
Ap (@) =0 and integrating the resulting equation with respect to , we get
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2oy = M [avrcun _an Y W) p 2
B = 4y ) —aa T ey | (5.58)

where cs is an arbitrary constant of integration and y () is given implicitly by (5.57).
The exact solutions for this flow are given by

V) = %[301(97a21n1’)2 +2c2(0—axInr) +c3],

Vy = @[3c1(6—azlnr)2+202(9—azlnr)+C3],
H;, = MB(W)L'%C](9—azln1’)2+2C2(9—a2h’11’)+C3],
H, = Mﬁ(w)[%lw—azlnﬂz+202(9—a21n1f)+C3],

p= (1+a§)%(—ua2[6c1(0—azlnr) +2c2]-3u(1+a3)c

—-p[9c2(0—a> lnr)4 +12c1c2(0—an lnr)3 +4crc3(0 —azInr)

+(6c1c3+4c2) (0—azInr)’ +c2]) + po,

1 2
w=- ::;12 [6¢2(0—azIny) +2¢2],
1+a3 2 2
Q=BW)w- > B (Y)[3c1(0—axInr)" +2c2(0—axInr) +c3]°,

(5.59)

where py is an arbitrary constant of integration and B(y) is given by (5.58). Since the
pressure function must be single-valued, we must take ¢c; = ¢, = 0.If ¢; = ¢, = 0, then
w = 0 and the flow is irrotational.

FINITELY CONDUCTING FLOW. Employing (4.4) in (4.6) and (4.7), we get

4 2
> Bu(yp)r"m3 =0, > Cu()r™=24C3(p) =0, (5.60)
n=0 n=0

where

e[ 1 (¥ 2y (Y W)
Bow) = 08| s (i) | +4a20200 (5555)
a(1sat) Y W) 20" W)

1 144 rq7 ) ’y
Bi (@) =4ma,a, (1 +a%)[>/’<w) <;3(((5}))> ] +ara;m(2m?® - 7m+10) ;/2((5))

—2aym(m—-2)(1+3a3) (;:;iii) +am?(m—-2)2

aimp m y' (@)
UL
u )[y'w/) *a y'3<w>]’
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: 5 2.2 2 1 Y () ’_ 2. 2 _ Y ()
By (@) =2aim (1+3a2)[}"(ll/) ()/'3(111)) ] 12asa,m*(m 1)()/,3“!/))
124 2 rr
+aim?(5m?—6m+4) y,z((i)) ——paf 2(m-1) yfs((i))
— 443 s[_ L (Y'WINT 5 8,3 o (Y (W)
B3(y) =4ajam [Y’((IJ)<3"3((I/)> ] 2aym’(3m 2)(}/,3((#)) ,
_ e[ 1 (YW 5.61
Balg) = aym [y’(t#) <y’3(w)) ] ' 60
Bwy”" (@) B ()
C =(1+a3 - ,
o) ={ +a2)[ y (W) y’z(w)]
Y 1C Bwy” ()  B(w)
G gy 2mam| SR -]
C 202 B(W)Y”(W)_B,(W) , C _
() = aim?| ) y'2<w>] SW)
Requiring (5.60) to hold true for all values of 7, we get
Bi(y)=C;(y)=0, i=0,1,2,3,4, j=0,1,2,3. (5.62)
From C3(y) = 0 and Co(y) = 0, we have
Q=0 and B(Y)=kiy (¢)+k, (5.63)

respectively, where k; and k, are arbitrary constants of integration. Using (5.63) in
C1(yp) =0, we obtain

a; =0. (5.64)

Employing (5.64), we find that B;(y) =0, i =0,1,2,3,4 are identically satisfied if

L (y"Ww\7 Y '\ Ly 20y (y)
1+a3 [ . ] 4 . 4= == =0. (5.65
a5y () | +90(Satn) ~432r + vy =0 699
Thus, the exact solutions for finitely conducting flow are given by
v 1 v, = 22
YTy Ty (w)’
cos@—a>sinfd B(y) sin@+a»cosf B(y)
le y H2: 5
v y' (@) ¥ y' (@)
7L ”((/J) 2 1 y'(y) ] 1 1+a2
P2 ““2[ Y3 +“2)y'<w><y/3<w> 2Pyt
_1+a3 y' (W) _l+ai B(y)
1’2 ,3(W) B(w) TZ }/’2(([/)'
(5.66)

where pg is an arbitrary constant, f(y) is given by (5.63) and y (y) is given by (5.65).
Since the pressure function should be single-valued, the function y(y) must also
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satisfy the following equation:

Y (@)Y o[ L (YW, 20y (@) _
2“““(y6<w>>'*““*”“)[y%w)<y“<w))] ) 667

Using this equation and (5.65), we find that y” (¢) = 0 and the flow is irrotational.

NON-MHD FLow. Substituting (4.4) in (4.6), we obtain
4
2. Du(y)r™™=3 =0, (5.68)
n=0

where D, (y) are given by B, () of the finitely conducting case. The coefficients
D, (y), n=1,...,4 vanish simultaneously in one of the following four cases:

@ a1 #0,m=2,y(¢)=p/uim=-2),

(b) a1 +#0,m=2,y"(¢) =0,

© ar =0, [(1/y (W)Y (W) /Y W) +0,

(@ ar =0, [(1/y" ()" W)y )] =0.
We study these four cases separately as follows:

CASE (a). In this case Do () = 0 is also satisfied and the exact integral is given by
(5.52) with By = 0.

CASE (b). Since y” (y) =0, we get

y(@) =b1y+by, (5.69)

where by # 0 and b; are arbitrary constants. Using y"' (¢) = 0,Do(y) = 0 is identically
satisfied and the exact solutions are given by (5.54) with 8y = 0.
CASE (c). All coefficients D, (y), n =0,1,...,4 vanish simultaneously if

; L (y"wWwy\7 Y W\ Y wWw) 2p y"(@)
1+a3 [ ( ) ] +4 ( ) +4 +== =
a3y ) sy Ty ) Ty W)

and the exact solutions are given by (5.56) with S(y) = 0 and y () given by (5.70).

CASE (d). Integrating [(1/y’ (¢))(y” (@)/y">(@))'] = 0 four times with respect to
@, we obtain

0, (5.70)

ay (W) +ey?(Y) +esy (@) +ca =y, (5.71)

where c1,c2,c3, and ¢4 are arbitrary constants such that ¢, ¢, and c3 are not equal to
zero simultaneously. Using (5.71) in Do(y) = 0, we get

C1=Cp = 0, (572)

and the exact integral for this irrotational flow is given by (5.59) with () = 0 and
Yy (@) =1/cs.
Summing up, we have the following theorem.

THEOREM 5.6. The streamline pattern 6 — a,v'™ — a,Inr = constant is permissible
for an infinitely conducting MHD aligned, a finitely conducting MHD aligned witha, = 0
and for non-MHD fluid flows.
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EXAMPLE 5.7 (Flow with 6 — ™ = constant as streamlines). We let
0—r™=y), (5.73)

and we find that

D SR
y() = Hm_2) P H Bw o, m =2,

ay+b, m=2,

Bo, Bo+ I%’mi&

B(y) =
Bo, m =2,
7u(m—22) , m=+2,
v = | [p—u*Bilr
"
s m:2|
Lar
(um(ﬁn/l*_ZZ) m_ll m=f=21
vy =1 PHB
21, m=2,
a
u(m—2),280[cos@_mrm,lsme], m=2,
p—Hu* B r
=1 reoso
7[%—273m9], m=2,
lal r
u(m_z)fo[Sln0+mrm‘1cose], m =2,
p—u*By ¥
=11 rsino
—[Sm +21fcos€], m=2,
La
22003 (417 D)2 2(m—2)2
pom n=2)_yem_ LHONZ2) 2)2[%+m21’2m’2]+lﬂo, m=2, m=l,
2(m-1) (p—p*pj) 2(p—u*pg)-Lr
2 2
= H PH
= Inr — +po, Mm=+=2, m=1,
p—u*Bj 2(p - p*B3) 2
po- s lp-uBR)l0-r*—b] - L[ L var?], m-2
a? 0 2a? Lr? ’ ’
-2 .
um_(wiﬁz) m_z’ m#&z’
w = 4p H™bg
-, m=2,
a
Q= Bow,

(5.74)

where g, Bo =0, a # 0, b, and py are arbitrary constants. The streamline pattern is
given in Figure 5.4.
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FIGURE 5.4. Streamline pattern for 6 —v™ = g, m = 4.

EXAMPLE 5.8 (Flow with 0 —a;¥2 —a»r = constant as streamlines). We take
O0—a\r*—axr =y(y), (5.75)
and we have

1
W) == lo—u Bilwtwo,  Bw)=Fo Bo=, /u%,

u u

V= Vp = ——————(2a1v +az),
Lo BRlr [0 —u* B3]
uBo [Cose .
H=- - (2a r+a2)sm0],
ol Bl (2
upBo [sin@
Hy=——F——= —+(2alr+a2)c039],
[p-uB3IL v (5.76)
p? 2 2
p=———[6ararr+asinr—4a, (0 —a1r° - )]
[p—u*B%][ :
_piuzzz[% +4a§rz+4a1azr+a§]+p0,
2[p—p*Bsl" LT
e R
Ww=—-——"——|da + = |, Q= Bow,
w3 r

where o, Bo + +/p/u*, and py are arbitrary constants. Figure 5.5 shows the flow pat-
tern for this example.
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2.0

FIGURE 5.5. Streamline pattern for 0 —a 172 —asr = .

EXAMPLE 5.9 (Flow with 0 —a; (In¥)2—a,Inr=constant as streamlines). We assume
that

0-ai(Inr)?—azInr = y(y), (5.77)

and we have

1
y(y) = —5[p—u*6%]w+w(>, B(w) = Bo,

vy = 2u — vy = — 2u . [ZallnrJr@]’
[o—u*B5lr [p—u*B5] v r
2pBo .
H =—-——""——[cos0-(2a;Inr +a,) sind],
o w 1 ]
2pBo .
H; =———""——[sin0+(2a;Inr +a;) cos 0],
2= o BRI 1iny +az) cos ]
4pPa, 2u’p 2
=————[2alnr+a1+az| - ————— |1+ (a;Inr + +
p [D—H*B(z)]rz[ aiInr +ai +az] [pfu*BZ]Zrz[ (2aiInr +az)"] + po,
w:—% Q = Bow,

[p—u*B3lr?’
(5.78)

where po and By + /p/u* are arbitrary constants. The flow pattern is shown in
Figure 5.6.

EXAMPLE 5.10 (Flow with 7260 = constant as streamlines). We let

r?0=y() (5.79)
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FIGURE 5.6. Streamline pattern for 0 —aj (Inv)? —aoInr = .
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and we have

0.0 2.0 4.0 6.0

FIGURE 5.7. Streamline pattern for »20 = .

y(p) = a1y +az, B<w>:,/u’¥*,

8.0
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r 2r0
’Ul:i! vzz_iy

ay aq
H, = /LL[COSGJrZGSinQ], H, = ILL[SHI@—Z@COS@], (5.80)

u* a u* a;
4pu pr? 5
= —Inr - = (1+46°) + po,

p= a8 (14409 +py

w:—ﬁ, Q= lﬁw,
a p*

where a; = 0, ap, and po are arbitrary constants. The streamlines are shown in
Figure 5.7.
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