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ABSTRACT. We give Chung-Teicher type conditions for the SLLN in general Banach spaces
under the assumption that the weak law of large numbers holds. An example is provided
showing that these conditions can hold when some earlier known conditions fail.
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Let (%, |ll]) be a real, separable Banach space. A strongly measurable mapping X
from a probability space (Q,%,%) into % is said to be a random element.

If E||X|| < o, then the expectation EX is defined by the Bochner integral.

Strong laws of large numbers (SLLN) for random elements, i.e., (X;+---+X,)/n -0
a.s.,nm — oo, were investigated by Mourier [14], Fortet and Mourier [8], Beck [3], Beck and
Giesy [4], Hoffman-Jergensen and Pisier [10], Heinkel [9], Taylor [17], Woyczynski [19],
and Adler, Rosalsky, and Taylor [1]. Their efforts have concentrated on a complete
characterization of all those Banach spaces in which the SLLN holds under condi-
tions of classical probability theory or on finding conditions on the random elements
which ensure the SLLN. It is known (Woyczynski [19]) that in certain Banach spaces
the Chung’s condition (Chung [7]) implies the SLLN for a sequence of independent
random elements.

Some handy conditions for the SLLN in Banach spaces were given by Kuelbs and
Zinn [13] and by Alt [2].

Extensions of the Chung-Teicher type conditions (cf. Chung [7], Teicher [18], Chow
and Teicher [6]) for the SLLN for sequences of independent random elements in Hilbert
space were found by Szynal and Kuczmaszewska [16], Choi and Sung [5], and Sung [15].

The aim of our paper is to give conditions for the SLLN in Banach spaces which
can be applied in more general cases than those of Choi and Sung [5], Sung [15],
Adler, Rosalsky, and Taylor [1] and Kuczmaszewska and Szynal [12]. We present also
an example showing that these conditions can be applied when some earlier known
conditions fail. We make use of the following lemmas.

LEMMA 1 (cf. Yurinskii [20]). Let X1, X, ...,X, be independent B-valued random el-
ements with E|| X;|| < oo, i =1,2,...,n. Let Fy be o-field generated by (X,,X>,...,Xx),
k=1,2,...,nandlet Fy={Q,D}. Then for1 <k <mn,

n
, Wwhere S, = ZXi. (1)

i=1

[E(ISll 1 i) = (ISl | Fr1) | < [1Xl| + E[| Xi



http://ijmms.hindawi.com
http://www.hindawi.com

30 A. KUCZMASZEWSKA AND D. SZYNAL

LEMMA 2 (cf. Choi and Sung [5]). Let {X,, n > 1} be a sequence of independent, B-
valued random elements. Then

— —0 as,n— x (2)

if and only if
Sak

ok —0 as,k— o and — —0, n— oo. 3)

Let a function ¢ : R — R* be nonnegative, even, continuous and nondecreasing on
(0, 00) with limy_ ¢p(x) = c0 and such that
(@) ¢p(x)/x N or
(b) p(x)/x 7,

and ¢(x)/x? N, x — o, for some p, 1 <p <2.

THEOREM 3. Let {X,, n > 1} be a sequence of independent B-valued random
elements. Suppose that in the case (a) for some p, 1 <p < 2,

W) 2520 PE sl 2t U E e () <>

-py ip ¢p(||xi||) —
B) n 21:11 E¢”(i)+¢’”(||xi||) o(1),
(O Zho PUIXll = an) < o,
for some sequence {a,, n = 1} of positive numbers such that
© p o7 (|[xa]])
D) Lt PP @) E g () <
or in the case (b) for some p, 1 <p <2,

() B P

(A1) Zj:2J PE ¢(J)+¢ ||X;H D | IPE d>(l wy(Eal) < o0
s g ell)

(B0 o 2 PRy =00

and (C) is satisfied for some sequence {a,, n = 1} of positive numbers such that
o (||xn])

(Dy) Zn 1P (an)E m < 0,
Then
n
n > (X —EXp) 20, n— o, (4)
k=1
if and only if
n
n > (Xk—EXy) — 0 as,n— o, (5)
k=1

where X; = XiI[I Xyl < k].

PROOF. Suppose that (4) holds.
Let ¥ = 1. We note that

00

zP(X,;thn): z ([ Xnl| = n) - I(||Xnl| = an) +I(||Xn]| = n) - I(||Xn|| < an)]
n=1 1

S
Il

"([1Xall)
¢>27(n) + 27 (|| Xnl])

HXnH <an) (6)

IA
Mz

P([[Xnl| = an) +2 ZE

3
Il
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I ) © " (|| Xull)
< 2 P(I1Xnll = an) +2 2, " @nE e e imeh

n=1 n=1

< 00,

where we put ¥ = p in the case (a) and » = 1 in the case (b).
Hence {X;,, n =1} and {X;,;, n = 1} are equivalent. Therefore, by (4), we have

IS (- EX)) @
i=1

Write
n n
Xf=X,—-EXy, k=1, S,=>X, Si=> X{. (8)
k=1
Define
Yo, = E([|Sy[l 1 F:) —E(|IShll | Fi-1), 9)

where ¥; = o (X{,X5,...,X) and Fo = {Q, D}.
Note that {Y,,;, 1 <i < n} is a martingale difference for fixed n. Then we have

ISKI—E[ISi]l = > Yn,i. (10)

i=1

Now we prove that E||S)||/n — 0, n — 0. Using (9) and Lemma 1, we get

— - 2
P([lISz[1-EllSzll] > ne) < e *n2E(|IS; |- ElS;]])

" 2
=e’n’E( > Yn,i> =e*n? Y E(YZ)
i-1 i

n (11)
<e2n 2 S E(IX7 |+ ElIX7 )
i=1
PR PN p IIXH”
<8e2n 2 Y E||X/||° <8¢ %n ZLE )
i=1 i=1
Hence in the case (a) by (B), we get
P(|ISE|—E|Sg|]] > ne) < 16e7%n VZL‘”E PAIxill) =o(1), (12
¢>ﬂ(l)+¢>” [1Xi[])
while in the case (b) by (B;)
n
P(||ISEII-EllSzll| > ne) <166 2n? > iPE oUXil) _ oy a3

¢ (@) + (1 Xil])

i=1

Therefore, in the case (a) and (b) we have

ISxlI-ENlSi ) =0, n— . (14)
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Thus we conclude, from [|S;f||/n £ 0, n — «, and (14), that

EllSzll
n

— 0, n— oo, (15)

Now we are going to prove that ||S;||/n — 0 a.s., n — c. By Lemma 2 it is enough to
prove that [|S3; |/2k - 0 a.s., k — o or equivalently, as ElS; /2% = 0, k — oo, that

(IS5l —ENSKI) — 0 as., k — oco. (16)

Taking into account the identity

n n i—-1
(ISE=ENSEINZ = D Y2423 Yni S Yoy, (17)
= i=2 j=1
we see that
) 2n 2 i—
2720 (|[50| — El[S5u ) = 2721 ( SR 42 Yo S an,j). a8)
i=1 i j=
Now, put
Zong =Y J(||Xill < ai) —E[Y3. I([|1Xi]] < ai) | Fi1], 1=<i<2m. (19)

Then by Chebyshev’s inequality, equation (9) and Lemma 1, we have

S

2‘Vl

ZZZ'"L

i=1

2
> 522"> <g? Z 2- 4"E(Zzzn 1)

n=1 i=1

_222 4"215 Yo I ([1Xil] < ai) ]

*222 4"ZE X +ElXFID (X < a)]  (0)
Zn
<g 208 Z 27 E[]|X; II1(11Xi]| < a:)]
n=1 i=1

12 ®
(22) S r ) <a)

Hence we see that in the case (a) under the assumptions (C) and (D) we have

zP(
n=1 i=1

[

oo | < o2 (22} S - E[ X P I (1 < as
>t | <& o Zt IXP (Xl < a)

> Zom;

212y & (1X;
<e(s )z qw','( )” 1(]|xil] < a:) (21)
=1
g bl
( )Z P(ai)E ¢2n(l)+¢2p <
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Similarly, in the case (b) under the assumptions (C) and (D;) we lead to

00 Zn
> P( > Zom,
n=1 i=1

> 522”> < 5’2(21—152) i i’Z”E[||X{||2pI(||Xi|| < lli)]
213y & ¢ (Xl
<e*(55 )§ $2 () + 2 (Xl =

Therefore, by the Borel-Cantelli lemma, we state that

(22)

on on
(Zn)_z{ D Y5 I(Xil] < ai) = X E[Yi I(11Xil| < ai) | 9’3‘1]} —0 as,n— o,

i=1 i=1

(23)
Now, note that in the case (a) the assumption (B) implies
2 2z
(") X E[Ya I (|IXl] < i) | Fioa]
i=1
2 2 2 2 2
< (@) Y E(IXFI+ENXFD? <8(2™) 7 S E(IX/l) (24)
i=1 i=1
< P (|1X4l)
<16(2") P > i’E d’ ‘ o(1).
@) 2 E s gr (1D
Similarly, in the case (b), by By, we get
(@) S B[V (1] < an) | Foa] < 16(27) ”stw _o(1). (25)
AU L ¢ () +p([1X:]])
Therefore, in the case (a) and (b), we obtain
Zan (IXxi]| <ai) — 0 as,n— oo, (26)
Using the assumption (C), we get
27!.
Y2 I(IXi] 2 a) —0 as,n— oo (27)
i=1
which proves in the end that
2"
3 Y, —0 as,n— . (28)
i=1

Now we see that {YmZJ 1Ynj, 2 <i<mn} is amartingale difference for fixed n.
Therefore, in the case (a), after using Chebyshev’s inequality, (9), and Lemma 1,
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we get
© n i-1
ZP( 272nzY2n,izY2n’j >8)
n=1 i-2 j=1

o0 2n i-1 2
<g? Z 2-4n zE(YZ",i Z YZ",]')

n=1 i=2 j=1

d 2" 2 ri-1 2
<2 3o X a| (Il gl) (3 vens) |

n=1 i=2 j=1

0 2n 21‘—1 5
e 3 2 S 3 El| (20)

<(

212y o 1PN ,
< (B)eSimar S el
i=1 j=1

12

N

)e *sznx 0 ZEIIX °

vl

N

29 S WA S  en (XD
<(%5)2 El Egrto (X 27 E g+ e (1T
Similarly, in the case (b), we have

ZP( 2" Z"Zan Zyzn
n=1

i=2
<(21)fzzl%mmxnpzyqxnp (30)
“\15

214y, (X)) < ¢ (1X1)
( ) le d>(l)+<l>||X1H Z ¢(j)+<l>(||Xj|\)

Now using the Borel-Cantelli lemma we obtain

2n i-1

27 Z Yon i Z an,j — 0 as.,n— oo. 31)
i=2 j=1
Thus by (15) and (18) we see that
S
27 —0 a.S., N — o0, (32)

so we have

n
| 2 (xi-EX])
i=1

‘ — 0 a.s., n— o, (33)
But {X,, n>1} and {X,, n = 1} are equivalent, so that

D> (Xi—EX))
n=1

which completes to proof of Theorem 3. O

’ — 0 as.,n— o (34)



ON CONDITIONS FOR THE STRONG LAW OF LARGE NUMBERS ... 35

Theorem 3 generalizes results of [2, 5, 10].

Before giving an example showing that the presented conditions under which WLLN
is equivalent to the SLLN can be applied when some earlier known ones fail we quote
the following results in this subject.

THEOREM 4 [13]. Let {X;,,, n = 1} be a sequence of independent B-valued random
variables such that

(@ Xj/j—0as.,j— o,

(b) for some p € [1,2] and some v € (0, )

. on+l v
Z( > M&Wmmmﬂ < 0. (35)

n=1 \ j=2n+1

Then
Sn P . ; Sn
— —0 d onl ——0 a.s.,, n — oo, 36
- if an Ol’l)/lfn a.s., n— oo (36)

THEOREM 5 [13]. Let {X;,,, n = 1} be a sequence of independent B-valued random
variables such that

(@ Xl <M;/LLj for some constant M < co, where LLj =1log(log(j Vv e®)), and

(b) Sn_1{—e/A(n)} < o forall e >0 where A(n) = Z?i;HEIIXJIIZ/ZZ("”). Then

‘%" Lo if and only if%ao a.s., n — oo, (37)

THEOREM 6 [15]. Let {X;,, n > 1} be a sequence of independent B-valued random
variables, and let {a,} and {b,} be constants that 0 < b,, 7. Suppose that
oo a2Eb(|Ixl]) <io1 atEe (X))
@ 2z bip(ay) 21 $(a;)
.. 2Ep (|]x;
m)ﬁZLﬁ7%HD~Q
(i) X2 PUIX:ll > aq) < oo,

) o a4E¢(||Xi||)
iv) 22, W <

Then S,/ b, N 0, if and only if S,/ b,,—0 a.s., n — oo.

EXAMPLE 7. Let
lzz{x:{xn,nzl}eﬂ&‘”, Ixl?=> Ixn2<oo} (38)
n=1

and let e" denotes the element having 1 for its nth coordinate and O in the other
coordinates.

Assume that {&,, n > 1} is a sequence of independent random variables such that

o B j C(LLj)?+1
PE=0)=1, ‘%ﬁ‘i@uVM%J‘ jlogj (39)
) 1 2 2(LLj)?+2
P(Ej:ij3):j1+5! P( j:O):l_jlﬂs_ JIOgJ
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j=1,0<6 <1, and define X,, = ,e,.
We see that

o n+1 r
5 ( 5 E||xj||">

2(n+l)p
n=1

j=2n+1

Me

=2

2(n+l)p

n=1

j=2m+1

w [ 2l j3p-1+8) " o onBp-(1+8)\"
g n, -
=2 Z ) Z 2n+l)p =2 Z 2 2np)p
1 \j=2"+1 n=1

n—
_ 2 Z INEP=8)1r _ o
2pr ’
n=1

(zgl 71 (LLj)?P 109 (LLj)? +1)/jlogj+j3”/j“+5)])y
(40)

Moreover, we note that the condition (a) of Theorem 5 (see [13]) is not satisfied.
Therefore neither Theorem 4 nor Theorem 5 can be applied in this case.

Now we state that the series (i) with ¢(x) = |x|**%, 0 <5 <1, by, = nand a, =
n/LLn in Theorem 6 (see [15]) can be written in the form

aFES(IIXGI) 'S, Eg (X))
jip(a;) izzlai b(ai)

j=2
_ i 72 (Y0 Lj)?) - (LLj)2 +1)/jlog ) + (7 H+) /(j+?)
~ LLj)Z j4(j1+5/(LLj)1+5)
i ((i'*9/(LLi)?) - (((LLi)? +1)/ilogi) + (i31+9) /i1+9)) 1)
(LLl)Z (i“‘s/(LLi)“‘S)
* ( 2/(LLJ) ) 2(1+6) J— 2 l'2(1+6)
= z (]H‘S/(LLJ)H‘s z (LLl)Z (i1+5/(LLi)1+5)
Jj=3 i=1
i 5-1 J-1 346 ® 348 ® 2425
=D J15 1'1 =3 -5 115 J'225:
i3 (LLj)*° = (LLQ) +0 i LLJ) (LLj)1+ = (LLj)*~
Thus we cannot also use Theorem 6.
But we can show that the assumptions of Theorem 3 are fulfiled as
o op s sie1ap ||X|| © o 1 i1
(A 2 d By 21 TE ¢<l>+¢ () = =27 (ogs + ) T
ﬁgi + i(l{r& ) <,
n2yn, _o(llxl) <n2y" l( L1 ):0(1)
i=1 <1>+d>(\x ) =17 \ilogi © i(1+9) :

1
znzlp[uxnn > ] = St <o,

¢ ([[xa 1) ° 2 1
(D) Zy- 1(]5((1”)Em =CXn (nlogn(LLn)lﬂs + n3(1+5)(LL11)1+5> < .
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Now it is enough to see that (4) holds. Taking into account that >,,_; P[X;, = Xy ]

we need only to verify that

Al

Using Chebyshev’s inequality and the fact that I? is a space of the type 2, we have

[ >ng] <Cle )ZE”;:” ~o(1), (43)

which completes the proof that
(44)

(42)

n
ZX EX znf]—»O, n — oo.

n
ZX - EX])

S
L0 as,n— o
n

COROLLARY 8. If (B) and (By) are replaced by the condition

n! lE[ alll ‘H]=01, 45
lzl b () (1) (45)
and in the case (b) additionally EXy =0, k > 1, then
S—"—P»O a.s., n—»oolfandonlylf——»Oas n — oo. (46)
PROOF. It is enough to show that the condition
n! lE[ e (1XilD ]:01 47
lzl b ) (1) (47)
implies
n
> EXI(|Xi]| <i)]| — 0, n— oo. (48)
i-1
Indeed in the case (a) we have
- . &AEXI (|| X]| < i
S EXI(|Xi]| <i)|| =n"Y| D %
- =l (49)

<ty [ ® ”Xl)” |=om,

i=1

while in the case (b),
EXGI(]|Xi|| = )

" iE
(50)

snlizliE[d’ElUé;H)] =o(1). -

ST EXAI(|1X4] < 1)

i=1

n—l
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COROLLARY 9. Let {X,, n > 1} be a sequence of independent %B-valued random
elements. If

) Jj-1
. X
S j2E ZH X° Zzz 2|| I < o,
=PI 2+ |||
n
n? > i’E bl > =o(l), (51)
S 2+l

Z ([|Xn]] = an) < o

for some sequence {a,, n = 1} of positive numbers with

o0 2
X
> aig% < o, (52)
nmt o Xl
then
n
AN (Xe—EX) 20, n— (53)
k=1
if and only if
n
(Xk—-EX;) — 0 as,n— . (54)
k=1

To prove the above-given assertion it is enough to use in the case (b) of the
Theorem 3 the function ¢ (x) = x?.

COROLLARY 10. Let {X,, n > 1} be a sequence of independent random elements in
a Banach space of 44, 0 < @ < 1 [12]. Suppose that in the case (a) the conditions (A), (B),
(C) and (D) are satisfied with p = 1 + «, or in the case (b) the conditions (A1), (By),(C),
and (D) are satisfied with p =1+ «. Then

n
Z (Xk—EXy) — 0 a.s,n— o. (55)

PROOF. It is enough to show that (4) holds. Indeed in the case (a), we get
2

n n n
[ Z —-EX})|| > ns] <& 2E|| Y (X —EXp)|| <42 E|[X]]°
k=1 k=1 k=1 (56)
<8e2n2 i kPE P (1X]) =0(1)
ks iy ~ o0
and in the case (b), we have
n n X 14
[ Z -EX}) >ns} Z (H il )
k=t k=t (57)
n
<8 Z ||Xk|| 0(1)

(k)+<i> [1Xkl])
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But{X;, n > 1} and {X,, n = 1} are equivalent, therefore we have (4) which com-
pletes the proof of Corollary 10. O

Now we give a generalization of Theorem 3 replacing the condition (A) or (A;) by
less restrictive ones.
We need the following lemma (see [6, page 329]).

LEMMA 11. Ifx;, 1 <j<mn, are real numbers, S, = Z;lej and

Qin = > X Xiy+ Xy, 1<k=mn, (58)

1<iy<ip<---<ip<n
then for 2 < k <mn,
n
Qkn = z Xij—l,j—l and Si(l =k!- Qkn +Ck, (59)
j=k

where cy is a generic designation for a finite linear combination (coefficients indepen-
hj ,
dent of n) of terms [17L, (XL, x;”) of order k, that is,

m
Dhj=k, ls<h;j<k lsms=k. (60)
j=1

Using this lemma we can prove the following result.

THEOREM 12. Let {X,, n > 1} be a sequence of independent B-valued random ele-
ments. Suppose that in the case (a) for some p, 1 <p <2,

S LA N R k1||
W) 2=k i —¢n<Jk>+¢v (1,10 S o m-. or (D
ng 1.p ‘f’n(”leH) < fOVkZZ

=1 E ov G +ov ([[x5,1])

(B) and (C)-(D) are satisfied, or the case (b) for somep, 1 <p <2,

il i _ ¢ (1%, [1)

b+ ([, [) Ska=k= ik pGe-v+o ([, [N

J2—-1 - ¢(HXJ'1||)
< 7
2= E G () <

(B1), and (C)-(D,) are satisfied.
Then (4) holds if and only if (5) does.

14 00 P k*
(A}) ij:ka Pl

PROOF. Using Lemma 11 we get

i=1

on k
(IS5 11 Ellsial)* = (2‘" 2> an,i>

n
k-2 an
=>cn (2" > YZ",i) Ag-nan + CrAgn +k1(2") *Qpam,
h=1 -
(61)
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where ¢y, ¢2,...,ck—2 are constants, 0 < h < k—2, Ax_pn is finite linear combination of
terms []7,[(27)~hi 327 Yzh,f,i] satisfying h; =2 for 1 <i<i<m<k, Yitihi=k—h

and

Qopon =1, Qgon = Z Yon i« --- - Yon .

1<iy<---<ip=<2M

Now note that, for h; > 2,

m on hi/2
sn{(Z”)ZZYZZnJ} —0 as,n— oo,
: s

g [(2“)’“ gYiﬁ:’J}
i=1 j=1

as

2?’[
(") Y2, —0 as,n— o,
i1

(cf. the proof of Theorem 3).
ThusforO<h <k-2,

Ak—h,Z" — 0 as.,n— o,

Now we show that

2n Jk-1 J2-1

—kn X . RN —

2 Z anvlk Z YZ";Jk—l Z YZ";JI 0 as.,n 0,
Jrk=k Jrk-1=k-1 J1=1

To prove (66) it is enough to see that in the case (a)

(62)

(63)

(64)

(65)

(66)

00 on Jk—1 J2—1
DP(27F Y Yoy D Yonjcee D You| > €
n=1 Jrk=k Jrk-1=k-1 Ji=1
0 2n Jr-1 Jo-1 2
<Y 2MEL Y Yomy D Yomjcoe D Yom
n=1 =k Jee1=k-1 ji=1
00 n Jr—1 J2—1
=g 2 27%n Y EY ), > EYf -+ > EYi.
n=1 Jk=k Jk-1=k-1 =1
) on ) Jk—1 ) J2—1 )
gz Y on#n X E|XG T > ElXG 1T X ElNXGl
n=1 Jk=k Jrk-1=k-1 J1=1
g 220k 2 ooy XGNP R X P 2a IXG 1)
= 22k _ kp( VE J-v Z Jllf—lE J-p s Z JVE JI}’
Jk=k ko jk-1=k-1 Ji-1 Ji=1 J1
297k @ P(l1X;
- EZkZ Z J.I;p(k—l)E ¢ (X511
22k =1 = b7 (i) + 7 (| X 1))
It d? (I|X5, 1) ! o7 ([1X5,11)
XD B J;*X, e D E o T <
P &7 (i) + P (X5, D) 27 v G+ P (1X5,1D)

(67)
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while in the case (b)

00 2" Jk-1 Jo-1
ZP 2~ kn Z YZ"Jk Z anvfk—l ce Z YZ"JI > &
n=1 Jrk=k Jrk-1=k-1 J1=1
g220k =gy XGNP e X P e [IXG I
S L I T e
Jkk ko jpa=k-1 Jk-1 a=1 1
ek S ke Xj
< = Jkp(k 1) ¢(|| JkH) ' (68)
o1 2 $0) + b1, 1)
Jrk—1 J2-1
X X
« Z jf,lE ¢(|| Jk—1||) A Z 'pE (]S(H JIH) < o0

SR G (G T AT T e G+ b (X

J1=1

By (61), we see that 27" Zle Yon ; is a root of a kth degree polynomial in which the
leading coefficient is unity and the remaining coefficients (cf. (65) and (66)) converge
almost surely to zero. Therefore, the conclusion

27[
27(|IS3al| = EllSS|]) =27 > Yon; — 0 as, n — o, (69)
i=1

follows from the well-known relations between the roots and coefficients of a polyno-
mial. Similarly, as in the proof of Theorem 3 we can complete the proof of Theorem 12.
O

REMARK 13. The presented results extend also to random elements theorems of
[18] and [11].
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