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ABSTRACT. We give explicitly the recurrence coefficients of a nonsymmetric semi-classical
sequence of polynomials of class s = 1. This sequence generalizes the Jacobi polynomial
sequence, that is, we give a new orthogonal sequence {P,({X’Ml) (x,u)}, where p is an ar-
bitrary parameter with R (1 —u) > 0 in such a way that for p = 0 one has the well-known
Jacobi polynomial sequence {£,%%"V (x)}, n = 0.
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1. Introduction. Many authors [1, 2, 3] have studied semi-classical sequences of
polynomials of class s = 1. In particular, Bachéne [2, page 87] gave the system fulfilled
by such sequences using the structure relation and Belmehdi [3, page 272] gave the
same system (in a more simple way) using directly the functional equation. This system
is not linear and has not been sorted out before. The aim of this paper is to present a
method that may give us some solutions.

In Section 2, we recall the general features which are needed in what follows.
Section 3 is devoted to the setting of the problem, to give an integral representation
and the expressions of the moments of the form $(x, &+ 1) (1) which generalizes the
form $(«x,x+ 1), where $(x,B) is the Jacobi functional.

In Section 4, the recurrence coefficients of the semi-classical sequence of polynomi-
als orthogonal with respect to $(x, «+1)(u) are explicitly given using the Laguerre-
Freud equation of semi-classical orthogonal sequences of class s = 1 given in
[3, page 272].

2. Preliminaries. Let % be the vector space of polynomials with coefficients in C
and P’ be its algebraic dual. We denote by (u, f) the action of u € ?" on f € ?. In
particular, we denote by (u), := (1,x"), n > 0 the moments of u. Let us define the
following operations on %’:

o the left-multiplication of a linear functional by a polynomial

(gu,f)=(u,gf), f,.geP, ue?, (2.1)
¢ the derivative of a linear functional

W, fy=—(u,f", feP,ue?, (2.2)
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¢ the homothetic of a linear functional
(hau,f) = (u,haf), aeC-{0}, (2.3)
where
(haf)(x) = flax), feP, ue?, (2.4)
o the translation of a linear functional
(Tou, f):=(u,7-pf), beC, (2.5)
where
(Tof)(x) = f(x-b), feP, uc?, (2.6)

e the division of a linear functional by a polynomial of first degree

{((x—c)'u, f):=(u,0.f), cecC, 2.7
where
(0cf) () =%, fer, ue?, (2.8)
e using (2.1) and (2.2) we can easily prove
(fu) =f'u+fu’, feP, ue?. (2.9)

DEFINITION 2.1 (see [4]). A sequence of polynomials {Pp},»0 is said to be a monic
orthogonal polynomial sequence with respect to the linear functional u if
(i) degP, = n and the leading coefficient of P, (x) is equal to 1.
(i) (u,PpPp) =¥nSnm, n,m=0,7, #0, n=0.

It is well known that a sequence of monic orthogonal polynomial satisfies a three-
term recurrence relation
Py(x)=1,  Pi(x)=x-Bo,

A~ N A (2.10)
Ppio(x) = (X_Bn+l)Pn+1(x) —Yn+1Pn(x), n=0,

with (Bn,Yn+1) € CXC—-{0}, n > 0.

In such conditions, we say that u is regular or quasi-definite (see [4]). In what follows,
we assume that the linear functionals are regular.

A shifting leaves invariant the orthogonality for the sequence {P,},>¢. In fact,
Pp(x) =a"P,(ax +b), n = 0, fulfills the recurrence relation [6] and [8, page 265]

Po(x)=1,  Pi(x)=x~Po,

3 N 3 o (2.11)
Priz(x) = (X = Bns1) Pns1 (X) = Pns1Pn(x), n=0

with B, = (Bu—=b)/a, Yni1 = (Yni1)/a?, n=0, a e C—{0}.
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DEFINITION 2.2 (see [4]). {ﬁn}nzo (respectively, the linear functional u) is semi-
classical of class s, if and only if the following statement holds: [6] and [7, pages
143-144].

There exist two polynomials ¢ of degree p > 1 and ¢ of degree t > 0, such that

(pu) +ypu =0,
[T Uwe)+d' ()] +[{u,0:(p)+02(P))]) #0, (2.12)

CEZy

where Z; is the set of zeros of ¢. The class of {Py}n>0 Or u is given by s =
max(p —1,t—2) [7, pages 143-144].

If u is a semi-classical functional of class s, then v = (h;-1 o T_p)u is also semi-
classical of the same class and it verifies the equation (¢,v)" + @1 v = 0, where

p1(x) =atplax+Db), Y1 (x) =a'"ty(ax+Db). (2.13)

3. Generalization of $(x, x+ 1) as a semi-classical sequence of class s = 1

3.1. Problem setting. If u is a classical linear function, that is,
(p)u) +p(x)u=0, degp <2, degy =1, (3.1)
from (2.9) the multiplication by x gives
(xp(x)u) —px)u+xwx)u=0, deg(xep) <3, deg(xy—¢) <2. (3.2)
If we consider the following perturbed equation

e O u()) +((H=1)p () +xy (x) u(p) =0,

(3.3)
deg(x¢p) <3,  deg(xy+(u-1)¢) <2,

we obtain, under some conditions on u, a linear functional u(u) of class s = 1 which
generalizes the classical linear functional u.

EXAMPLES

(1) THE HERMITE CASE. One knows that the functional equation for the Hermite
linear functional, noted %, is [6, page 117]

9 +2x3% =0 (3.4)
multiplied by x gives
(x%)" +(2x*—-1)% = 0. (3.5)
Thus, we consider the functional equation

(x%(u) "+ (2x* —2u—1)% (1) = 0 (3.6)
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which is the functional equation of the well-known generalized-Hermite linear func-
tional, noted ¥ (u), which is regular for u # —n—1/2, n > 0, and semi-classical of
class s = 1 for pu +# 0 [4] and [5, page 243]. Notice that #(0) = .

(2) THE JACOBI CASE. Let us consider the functional equation for the Jacobi form,

J(e, B):
(x*=1) (e, ) + (= (@ +B+2)x+x—B) F(ex,f) =0 (3.7)
multiplication by x gives the following equation:
((x*=x)$(e,B) = (x> = 1) $(ct, B) + (= (ax+ B+2)x* + (= B)x) (e, B) =0. (3.8)
Thus, consider
((x=x)$ (e, BY () + (== B=3)x* + (&= Bx+ 1= p) F (. B) (1) = 0. (3.9)

Notice that $(e, B)(0) = $(«, B).
(a) The Gegenbauer case («x = ). In this case (3.9) becomes

((x3=x)F(x,00 (1) + ((n—2x=3)x%+1—p)F(ex, ) () =0 (3.10)

which is the functional equation of the symmetric semi-classical functional, regular
foru#2n+2a+1,u+2n+1,n=0,ofclass s = 1 for u # 0, and $(«x, ) (0) = $(x, x).
In fact, in [1, page 317], we have

(P =x)u) +2(—(&+B+2)x>+B+1)u=0 (3.11)

and if we denote by {P,},., the sequence of monic polynomials orthogonal with
respect to u, then {P,},,., fulfills (2.10) such that

ano,
. (n+B+)(n+&+p+1)
Yo v &+ B+1)(2n+ G+ f+2) (3.12)
_ m+1)(n+&+1)
Yons2 = n+a&+p+2)2n+&+p+3)’

for n > 0. Put
2(&+p+2)=pu-QRx+3), 2(B+1)=1-pu, (3.13)

we obtain ((x3 —x)u) + (u—2x—-3)x%+1-p)u =0 with

Bn:(),
. (Cn+2x+1-p)Rn+1-p)
Yol = n2a+1-p)(dn+20+3—p) (3-14)
4n+1)(n+x+1)
Yon+2 =

(An+20+3-p)dn+2x+5-p)’

forn > 0.
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(b) $(x, x+1) case. If in (3.9), B = x+ 1 we get
(x*=x) (e, a+ 1) () + (=20 =4)x? = x +1—p) F (e, +1) () = 0. (3.15)

In what follows, we will look for the regular linear functional, $(«x, &+ 1) (u) which is
a solution of (3.15) and we denote by {P,, },>0 the sequence of monic orthogonal poly-
nomials with respect to $(x, ¢+ 1) (u) and by B4, yn, n > 0 the recurrence coefficients
of P,.

REMARK 3.1. The solutions of the functional equation (3.15) depend on the value
of ($(&,x+1) (1)1 = Bo, in fact,

(((x*=x)F (e, x+1) () + (U—20x—4)x% —x+1—p)$(et, x+1) (1), 1) =0, (3.16)
then, using (2.2), one has

((u=2x-4)x*—x+1—p)F(et, 0+ 1) (), 1)
={($(ct,x+1) (), (U—2cx—4)x? —x+1—p)) (3.17)
= (u-20=4)($(t,x+1) (1)), = (Flo, x+ 1) (1)1 +1-p =0,

but ($(ex, x+1) ()2 = y1+B§ and (§(et,x+1) (1)1 = Bo then
(M-20—4)y1 + (u—2x—4)B5—Bo+1—p=0. (3.18)
First we search an integral representation in order to obtain fy.

3.2. An integral representation

PROPOSITION 3.2. An integral representation of a linear functional $(x, x+1) (u) is

T((Ra+3-w/2) (*
((1—u)/2)r(1 +x) Jo1

(F(, o+ 1) (), f(x)) = : x| H(1-x2)"(1—x) f(x)dx

(3.19)
with Re(1 —pu) > 0, that is, Re(—u) > —1 and Re(x+1) > 0.
PROOF. A solution of (3.15) has the integral representation
(o, x+1) (), f) =LU(X)f(x)dx, fe® (3.20)
if the following conditions hold [5]:
(P =x)U)) + (u-2x-4)x>—x+1-p)U(x) =0, 321

(xP-x)UX)f(x)]-=0, feP,

where C is an acceptable integration path. We solve the first condition as a differential
equation:

(x3=x)Ux)) + ((H—20—4)x? —x +1—p)U(x) =0 (3.22)
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or, equivalently,
(x3=x)U (x) + (u—20-1)x?> —x —u)U(x) = 0,

Ux) (u-20-Dx*-x-p  (u-2x-1)x*-x—-p

Ulx) x3—x x(x—-1)(x+1)
Thus
Ux)  p (x+1) o
Ux)  x (x=1) " (x+1)
and

—u _ 2\ & _
U(X):1kx| (1-x*)%1-x), Ix|<1,
0, [x| > 1.

If we assume Re(1—pu) > 0, Re(x+1) > 0, then

(3 =x)U) f(x)] e = k(2 =x) x| (1-x2) (1 -x)f(x)]"] =0

holds.

DETERMINATION OF THE NORMALISATION FACTOR.
+1
(Pl oe+1) (), 1) = li x| (1-x%)%(1-x)dx
-1
+1
= li Ix]7H(1-x?)%dx
-1

+1
:2k1J (x)*(1-x*)%dx
0
_op Lp(l-p )_

—2k123( 5 ,X+1)=1,

where B(p, q) is the beta function. Thus, from

1—p )zklf((lfu)/Z)r(fo) _

(;ﬁ(a,ml)(u),l)=k13(T!“+1 I((2x+3-p)/2)

we get

[((Qa+3—u)/2)
(- /2)I1+x)’

k1:r

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

Conversely, using this integral representation, we give explicitly the expressions of

the moments and the functional equation (3.15).

O

3.3. The expressions of the moments. Using the integral representation we have a
relation between ($(c,x+1) (u))2n+1 and ($(x, x+1)(u))2,+2 and a relation between
(P, x+1)(U))2p+2 and ($(x, x+1)(u))2,. Then, using these two relations, we obtain

the functional equation.

LEMMA 3.3. Using the integral representation we have

($lot, x+1) (1)) oy = = (Flo, &+ 1) (1)) 912, M =0.

(3.30)
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PROOF.

+1

<}(a,a+1><u>,x2”“+x2"*2>:klj |7 (1= x2) (1= x) (x> + x2*2) dx
-1

+1

= li X2 x| H (1= x2) M dx =0
1

(3.31)
because x?"*1|x|7#(1—x?)**! is an odd function. O
LEMMA 3.4. Using the integral representation we have
I'(2n+3- 2)M(x+1
(Flot,x+1) (1)) oo = (( H/2)T ) (3.32)

r(2n+20+5-pu)/2)

and, in particular,

Cn+20+3—p) (e, x+1) (1)) oy = Cn+1—p) (F(x,x+1) (U)o, n=0.

(3.33)
PROOF. From
+1
(}((x,(x+1)(u),x2"*2):klj [x]7H(1=x2)*(1-x)x*>"2dx
o (3.34)
=k1J X2 x| TR (1 = x?) Y dx
-1
taking into account that x2"+3|x | #(1 - x?)% is an odd function,
+1
(}(a,a+1)(u),x2"+2):2klj X221 (] — XY dx
10 2n+3 (3.35)
_op, gttt H
—2k123< 5 ,(X+1),
where B(p,q) is the beta function
— r(2n+3-u)/2)I(x+1)
2n+2\ _
(oot DX = o0 2t 5-1)/2)
2n+1- I'2n+1- 2)MN(x+1
p T(( u)/2)I( ) (3.36)

T 2n+2a+3-p T(2n+20+3-p)/2)

2n+1—-u

= - 2n
2n+2a+3_u(§6((x,(x+1)(u),x Y, n=x=0.

($(et, +1) (u),x*"42) =

Using (3.30) and (3.33) we can find the functional equation (3.15).
From (3.33), we have, for n > 0,

(@n+20+3 - p) (e, x+ 1) (1) 2psp = @n+1—p) (P(X,x+1) (), (3.37)

with (3.30), one has

n+20+4—) (e, 0x+1) (1)) 20

(3.38)
=—($(,x+1) (1) ops +Cn+1—p) (F(t,x+1)(1))o,, n=0.
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Using (2.1) and (2.2), we get, for n > 0,
(63 =x) F (o, x+1) () + (u—2x—4)x% —x— (u—1)) F (&, x+1) (), x*") =0.  (3.39)
From (3.15) and (3.33), we have, for n > 0,
n+2a+5-p) (o, o+ 1) (1) opss = Rn+3 =) (F(o, x+1) (1)) ppyr-  (3.40)
Thus, taking into account (3.30), one has

Cn+20+5—p) (F(,x+1) (1)) 215

(3.41)
= —(F(o, &+ 1) (1)) gy + (RN+2 = ) ($(X, X+ 1) (U)) ppsgy M= 0.
From

{(x3=x)F (o, x+1) () + (H—2x—4)x* —x— (u—1)) F(x, x+1) (), x> 1y =0, n=0.
(3.42)

equations (3.39) and (3.42) give

(x3=x)F (o, x+1) () + (u—2x—4) x? —x— (u—1)) (&, x+1) (u),x™) =0, n=0.
(3.43)

Hence

(3 =x)F(t, 0+ 1) () + (=20 4) x> —x = (u—1)) (e, x+1) (1) = 0. (3.44)
O

COROLLARY 3.5. From (3.30) and (3.33) we deduce the expressions of the moments:

n QRi+1l-p)
1 = — PO =
(F (o 1) (1)) 21 1})(20(+2i+3—u)’ n=0 (3.45)

(}(aaa'i_ 1)(“))2n+2 = —(ép(fxs“+1)(u))2n+1= nz0.

4. The recurrence coefficients S,,y,, n >0

4.1. The system satisfied by recurrence coefficients of semi-classical sequences
of class s = 1. Assuming that u is semi-classical of class s = 1, then u satisfies

(pu) +ypu=0 (4.1)
with
3 3 2
P(x) = > crxk, Dilek] #0,  wx) =D arxk, laz| +|ai] #0  (4.2)
k=0 k=0 k=0

(see [3, page 272]). Furthermore, the nonlinear system satisfied by the recurrence
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coefficients of semi-classical orthogonal sequences of class s =1 is

n-1 n-1
(a2 =2nc3) (yn+yne1) =4c3 D> yk+2 > (0p,9) (Bk) —w(Bn), m=2,

k=1 k=0
(a2 —2c3)(y1+y2) =2(08,9)(Bo) —w(B1), (4.3)
azyr = -y (Bo),

(a2—(2n+1)c3)yne1Bne1 = > b (Br) +c3 <2yn (an+ > Bk> +3> Yk(Bk+Bk1))
k=0 k=0 k=1

+C2<(2n+ Dyni1+2 > yk) —(a2Bn+ai)yns1, n=1,
k=1

(a2 —c3)y1B1 = P(Bo) +¥1(2c3Bo+c2—azfo—an).

In our case, since c3 = —c; = 1, ¢ = ¢g = 0, the first equation of (4.3) becomes
n-1 n-1
(M=2n-20=4) (Yn+yni1) =4 D yi+2 > (05,$)(Bk) —w(Bn), n=2. (45)
k=1 k=0
Using (2.7), we get

n-1 n-1
(U=2n-20—4)yni1 = —(U=-2n-20—4)yn+4 D> yr+2 > (B2 +B2+BnBr—1)
k=1 k=0

—(U—2x-4)B%+Bn—(1—p)

n-1 n-1 n-1
=—(U-2n-20-4)yn+4 > yr+2 > Bi+2Bn > Bk
k=1 k=0 k=0

+2n+2a+4-w) L+ Bu+u-2n-1, n=2
(4.6)

then

n n n
(H—2n—=2x=6)yni2 = —(H—-2N—20—6)yni1+4 > yk+2 > Be+2Bns1 > Pk
k=1 k=0 k=0

+(2n+20+6—u)Be, +Bpi1+u—2n-3, nx=1.
4.7)

If we subtract both identities,
(M=2n-20=6)yni2 = —(U=2N-2X=6)Yni1 + (U—2N-200—4) yn+1

+(U-2n-20—4)y, +4yn +282

(4.8)

n n-1
+2Bni1 D Bk—2Bn D B+ (2n+2x+6-p)p3,,
k=0 k=0

—n+20+4—)B:+Bni1—Bn—2, n=1.



682 MOHAMED JALEL ATIA

Thus the first equation of (4.3) becomes

n n-1
(H—2n=20—6)yn+2 = 2¥ns1+ (U—21—20) Yn +2Bns1 >, Bk —2Bn . Bk
k=0 k=0

+(2n+26+6-w)B2, - 2n+20+2—u)p2

+ (Bn+1 —Bn) -2, nx>1.
On the other hand, (4.4) becomes

4.9)

(H=2n—-20=5)yn1Bns1 = z b (Bi) + (23’11 ("Bn+ Z Bk) +3 Z Yk(Bk+ﬁk—l))
k=0

= k=0 k=1

+Cz((27’l+ Dyna+2) Yk) —((U=20=4)Bn—1)yn1
k=1

= > (Bi-Bi)+ (2}/n <n3n+ > Bk) +3> }’k(Bk+Bk—1))
k=0 k=0 k=1

—((u=-200-4)Bn—1)yns+1, n=1.
(4.10)

Shifting the indices and subtracting, we get

(U=—2Nn-20=7)Yn+2Bn+2 = (U=2N—-2=5)Yn+1Bn+1

+ ngl —Bui1+3Yns1 (Bu + Bn)

n+l1
+ (ZYn+2 ((n+ DBns1+ Z Bk))

k=0
- (2yn+1 (nﬁn +> Bk)) —((M—20=4)Brs1—1)yns2
k=0
+((U-200—4)Bn—1)yn+1, n=0.

(4.11)
Thus, from (4.9) and (4.11) we have the following.
PROPOSITION 4.1.
(M—2n—-20—6)yn+2
n n-1

:2yn+1+<u—2n—2a)yn+25n+1g)ﬁk—25ng)ﬁk (4.12)

+n+20+6—p)B2 - 2Cn+20+2—p)Bo+ (Bus1 —Bn) -2, n=1
(H—=20=6)(y1 +y2) = 2(BE +PoB1 + 5 —1)—(u—2x—4) B3 +p1— (1 - p) (4.13)
(M=20—4)y1 = —(u-2x—4) 5+ Bo— (1—p). (4.14)
(UH=2Nn-26—=7)yn+2Bn+2

= B3~ Bra1+ 242+ 8= ) Yne2Bns1 + (=21 — 20— 2) yn1 Pt “@1s)

n
+(u-2n-26-1)yn1Bn+ (2 Z Bx + 1) (Yn+2 _}/n+l)y n=0
k=0

(H—=20=5)y1B1 = B§—Bo+y1(2Bo— (L —20c—4)Bo +1). (4.16)
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Next, we will find the expressions of the recurrence parameters S,,yn, n = 0.
Since Bo=—(u—1)/(u—2x—3) and from (4.14) we have

(M—20—4)B5+Po— (1—p)
U—2x—4

Y1=-—

_ _R2 Bo p-1
LTI Y sy
2 (4.17)
__( -1 )_ u-1 . -1
~ \p-2a-3 (M-20-3)(u-2x—4) pu-20—4
__( p-1 )2 p-1  _(x+1)(1—p)
© \p-2a-3 U-2ax—-3 " (Qx+3-p)2’
Using (4.16), (4.17) gives
3 _ (U —Do— Cox—d4) —
g, = BoBoryi(-(W-20-6)fo+1) _pu-20-4) - QRa+1) 4.18)

(M=2x=5)y1 Ra+3—p) Qo+5—p)

With B, B1, and y4, (4.13) gives

VN 2(B3 +BoB1+B5—1) —(u—2x-4)Bi +B1—(1-p) _2(2x+3—p)
y2 1 U—20—6 Qx+5-u)2’
(4.19)

With Bo, B1,y1, and y», (4.15) and some easy computations

CH(E-20-6) + (et 1)

= . 4.2
B2 (Ra+5—p) (Ra+7—p) (4.20)
PROPOSITION 4.2. Assuming
___ k-1
Bo = 203’
B = (_l)nu(u—zn—z(x—zl)+(—1)"+1(2o<+1)
ne Cn+2a0+3-p)2n+2x+5-u)
(4.21)
_2(n+o<+1)(2n+1—u)
Yo = e G o+ 3 )2
_(2n+2)2n+2x+3-p)
Yoni2 = (4n+2x+5-u)2 ’
form=0andassume u +2n+1, u#2n+2x+1,x+ -n-1,n=0.
LEMMA 4.3. IfE, = >}_oBr, n =0, then
2n+1—-u ) 2n+2
Ep=——""7"7—""7" E = >0. 4.22
an <4n+2(x+3—u voendl n+2x+5-u’ nz0 (4.22)
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PROOF. Ej = fy. For n > 0, we have

Calculus of

n
Eapy1 = Z (Bak + B2k+1)

i H(u—4k—-20x—2)+20+1
(4k+20+1—p)(4k+2cx+3—p)

. p(u—4k-20—4)-2x—1
(4k+20+3—u)(4k+2x+5—p)
_i 1 H-2a-1 1 U+2a+1

~

=0

S 2(-4k—20—-1+p) 2 (—4k-20—3+p)
+l u+20+1 +l u—20x—1
2 (—4k—-2x—-3+u) 2 (—4k-20-5+u) (4.23)
:i 1 p-20-1 +l U—2x—1
P 2 (—-4k-20x—1+u) 2 (—-4k-2x-5+u)
u—20—1 1 Uu—2cx—1

1
T2 (20—1+p) 2 (-4n—-20-5+u)
u

B 2001 1 1
T 2 (—20(—1+u_—4n—2(x—5+u)
(M—20—-1)(-4n—-20x—-5+u+2x+1-p)

B 2(2a—1+u)(—4n—-20—5+u)
. M-20-1 —-4n-4
T2 ((—20(—1+u)(—4n—20<—5+u)>

2n+2
E = 4 2 , n=0. .
2n+1 @ns20+5-m U+EANn+20+5, n= (4.24)

Erns2 = Ezps1 + Bon2

Ezpio=—

CAn+20+5-u

2n+2 U(u—4n-20—-6)+20+1

CAn+20+5-p (An+20+5-p)(An+20+7—p)

1

u(u—20(—4n—6)+2(x+1)

2n+2+
( " IN+20x+7—U

1

_4n+2a+5—u

((2n+2)(4n+2(x+7)7(2n+2)u+u(u 200—4n — 6)+2(x+1)
IN+2x+7—-U

1 W= (6n+2a+8)u+2n+2)4n+20+7) +2x+1
_4n+2cx+57u< AN+20+7-U )
1 An+20+5-u)2n+3—-u)
_4n+2cx+5—u< 4n+20+7-u )’
(4.25)
%, U#An+20+7, n=0. (4.26)

O
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PROOF OF PROPOSITION 4.2. Suppose that we have

Bo = —u_“zi_al_g,

Bawr = (415 1”2L4+k3_-25>?4413l z(ia:sl—)u) , O=k=m,

Bor =~ (415 i”z;ikf-zf)?fﬁ : 2((2)(0:’1_)“) o d=ksm, @27
Yok+1 =2 (k;z‘:;z‘fgti;u) , 0<k=mn,

Yorsa = (2k+2)(2k+2x+3—p) O<k<n-1,

(4k+20+5—p)?2 ’

and, using (4.10), (4.13), we prove by induction B2n+2, Bon+3, Y2n+2, and yopni3. The
substitution n — 2n in (4.10) gives

(U—20—4n—6)y2n+2 = 2Yon+1 + (U —20—4N) Yon +2Bonr1E2n — 2BanEon-1
+ (4N = P+ 200+ 6) B3,y — (AN —p+ 20+ 2) B3, (4.28)
+(Ban+1—B2n) =2, m=1.

We suppose known y2y,41, Yon, B2n+1, B2n, Eon, and Ezy, 1 and then we evaluate yo,, 2
for the proof by recurrence; because of cumbersome computation, using Maple. The
substitution n — 2n +1 in (4.10) gives (see appendix)

(M—200=4n—8)y2n+3 = 2yons2 + (U2 —4N~2)yon+1 + 2B2n+2E2n+1 —2B2n+1E2n
+(An—p+20+8)B3, .0 —Un—pu+2x+4)p3,.,

+ (Bon+2 —Bon+1) —2, n=0.

(4.29)
The substitution n — 2n + 1 in (4.13) gives (see appendix)
(H—20x—4n—=7)yon2Bon+2 = Bips1 — Pons1 + (—U+20+41+5) Bons1 Yons2
—(—u+20+4n+2)Boni1Yent1
(4.30)
—(—p+2x+4n+1)Bonyons1
+ (2E2n +1) (}’Zn+2 —Yon+1 ): n=0.
Finally, the substitution n — 2n + 2 in (4.13) gives (see appendix)
(M—20—4n—5)yons3Bons+3 = Binio — Bonsz + (i + 26+ 4n +10) Bans2Yon+3
—(—p+2x+4n+4)Bon+2Yon+2
(4.31)

—(—pu+20+4n+3)Bon+1Yon+2

+(2E2n+1+1)(YZn+3_}’2n+2)a n=0. O
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REMARKS. (1) An homothetie of rapport —1 gives a generalization of $ (x+ 1, x),
with (2.11), (2.13) we have

(P =x)u) + (u-20—-4)x*+x—(u—1))u =0, 4.32)
_ u-1
Bo= a3’

=(_1w+ﬂﬂu—2n—2a—4ﬂw—1ﬂ”W2a+n

B Cn+2x+3-u)2n+2x+5-u)

m+a+1)2n+1-pu) (4.33)

(An+20+3—u)?

Yon+1 =

2n+2)2n+20+3—u)
(An+20+5-u)?

Yon+2 =

for n > 0.
(2) For u = 2x +4, we have an apparent particular case

((x*=x)u) +(x-Qa+3)u=0, (4.34)

Bo=—-(2x+3),

n Ro+4)(-2n) + (1)1 2o +1)
Bn+1:(—1) (21’1—1)(21’l+1) y
Mm+ax+1)2n—-20—3) (4.35)
(4n-1)2 ’
_(2n+2)(2n-1)
Yen+2 = T (4n+1)?2

Yon+1 =2

forn > 0.

5. Appendix. In this appendix, we give both the input and output of the Maple
programme used to carry out the computations of Section 4.
> restart;
> betal:=-(mu-1)/(mu-2*alpha-3);
R
BO:= H—20—-3
> gammal:=factor(simplify(1/(mu-2*alpha-4)*((2*alpha+4-mu)*betal"2
+betal+mu-1)));
L 1+x)(u-1)
(U—2cx—-3)?
> betal:=collect(factor(simplify(1/((mu-2*alpha-5)*gammal)*(betal"3
-betaO+gammal®* (- (mu-2*alpha-6)*beta0+1)))),mu);
El:=collect(simplify(betalO+betal),mu);

yl:=

PP+ (2a-4)p-2a-1
C (U-20-3)(u—2x—5)
B 2

T p-2x-5

B1:

El:



AN EXAMPLE OF NONSYMMETRIC SEMI-CLASSICAL FORM ... 687

> gamma2:=factor(simplify(-gammal+1l/(mu-2*alpha-6)*(2*betal”2
+2*betal0*betal+2*betal”2-2-(mu-2*alpha-4)*betal”2+betal-1+mu)));

U—200—3

B
Y (U—20—5)2

> beta2:=collect(factor(simplify(1l/((mu-2*alpha-4-3)*gamma2)
*(betal”3-betal+(4-mu+2*alpha+4)*betal*gamma2+(2+mu-2*alpha-4)
*pbetal*gammal+(3+mu-2*alpha-4)*betal0*gammal+(2*beta0+1)
*(gamma2-gammal)))) ,mu) ;E2:=collect(simplify(beta2+E1l) ,mu);

W+ (—20—6)u+20+1

B”:_(u—za_sxu—Za—n
k-3
E2:= i 2a7

> gamma3:=factor(simplify(1/(mu-2*alpha-8)*(2*gamma2+(mu-2*alpha-2)
*gammal+2*beta2*El-2*betal*betal0+(8-mu+2*alpha)*beta2”2
-(2*alpha+4-mu) *betal”2+beta2-betal-2)));

(@+2)(u-3)

Y3 = )2

> beta3:=collect(factor(simplify(1l/((mu-2*alpha-4-5)*gamma3)
*(beta2”3-beta2+(6-mu+2*alpha+4)*beta2*gamma3+(mu-2*alpha-4)
*beta2*gamma2+(1+mu-2*alpha-4) *betal*gamma2+(2*E1+1)
*(gamma3-gamma2)))),mu) ;E3:=collect(simplify(beta3+E2) ,mu);

M+ (2a-8)u—2a-1

B3:= (U=—2x—7)(u—20—9)
4
E3:= promy e

> gamma4:=factor(simplify(1/(mu-2*alpha-10)*(2*gamma3+(mu-2*alpha-4)
*gamma2+2*beta3*E2-2*beta2*E1+(10-mu+2*alpha) *beta3”2
-(2*alpha+6-mu) *beta2"2+beta3-beta2-2)));

u—20—5

Y= A a0y

> betad4:=collect(factor(simplify(1l/((mu-2*alpha-4-4*1-3)*gammad)
*(beta3"3-beta3+(4*1+4-mu+2*alpha+4) *beta3*gammasd
+(-4*%1+2+mu-2*alpha-4) *beta3*gamma3+(-4*1+3+mu-2*alpha-4)
*beta2*gamma3+(2*E2+1) * (gammad-gamma3)))) ,mu);

M+ (-10-2c)p 20+ 1

Ba:= (M—-2x—9)(u—20—11)

> gamma2n:=2*n*(2*n+2*alpha+1l-mu)/(4*n+2*alpha+1l-mu) "2;

ni2n+20c+1-u)

2n:=2
yen An+20+1-p)2
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> gamma2npl:=2*(n+alpha+1)*(2*n+1-mu) /(4*n+2*aTpha+3-mu) "2;

Mm+ax+1)2n+1-u)
(An+20+3—u)?

y2npl:=2

> beta2n:=-(mu*(mu-4*n-2*alpha-2)+2*alpha+l) /((4*n+2*alpha+1-mu)
*(4*n+2*alpha+3-mu));

U(u—4n—-2u0—2)+2x+1

Bon = S (An+2a+1-p)(dn+200+3—p)

> convert(beta2n, parfrac,n);

—2x—1+u 172 20+ 1+u

_1/2—4n—20(—1+u St an-20-3+u

> beta2npl:=(mu*(mu-4*n-2*alpha-4)-2*alpha-1)/((4*n+2*alpha+3-mu)
*(4*n+2*alpha+5-mu));

u(u—4n-200—-4)-2c0-1

2npl =
B2np dn+20+3—-p)dAn+20x+5—u)

> convert(beta2npl, parfrac,n);

200+ 1+ —2x—1+u
Y oa—sp P Y T —2a—s+ u
> E2n:=-2*n+1-mu)/(4*n+2*alpha+3-mu);
2n+1—-u

E2ni=-——_——"—
" In+20x+3—u

> E2npl:=-(2*n+2)/(4*n+2*alpha+5-mu);
E2nml:=-(2*n)/(4*n+2*alpha+1-mu);

2n+2
E2npl:=————
np INn+2x+5—u
n
E2 l=-2——"—"—
nm Nn+20+1—u

> gamma2np?2:=factor(simpTify(1/(mu-2*alpha-4*n-6)
*(2*gamma2npl+(mu-2*alpha-4*n)*gamma2n+2*beta2npl*E2n-2
*beta2n*E2nml+(4*n+6-mu+2*alpha)*beta2npl”2
-(4*n+2*alpha+2-mu) *beta2n”2+beta2npl-beta2n-2)));

nm+1)(-2n+u—-3-2x)
(-4n—-2x—5+u)?

y2np2:=-2

> beta2np2:=factor(simplify(1/((mu-2*alpha-4-4*n-3)*gamma2np2)
*(beta2npl”3-beta2npl+(4*n+4-mu+2*alpha+4)*beta2npl*gamma2np?2
+(-4*n+2+mu-2*alpha-4)*beta2npl*gamma2npl+(-4*n+3+mu-2*alpha-4)
*beta2n*gamma2npl+(2*E2n+1) * (gamma2np2-gamma2npl))));

M2 —2ux—4un—6p+1+2«x

2np2 = —
B2np (-4n-200—-5+uU)(u—20x—-7—-4n)




(1]

[2]

(3]

(4]

[5]

(7]

(8]

AN EXAMPLE OF NONSYMMETRIC SEMI-CLASSICAL FORM ... 689

gamma2np3:=factor(simplify(1/(mu-2*alpha-4*n-8)
*(2*gamma2np2+(mu-2*alpha-4*n-2)*gamma2npl+2*beta2np2*E2npl-2
*peta2npl*E2n+(4*n+8-mu+2*alpha) *beta2np2”2-(4*n+2*alpha+4-mu)
*beta2npl”2+beta2np2-beta2npl-2)));

m+2+o0)(u—-2n-3)
(M—-20—7—4n)?

y2np3:i= -2

beta2np3:=(factor(simplify(1l/((mu-2*alpha-4-4*n-5)*gamma2np3)
*(beta2np2”3-beta2np2+(4*n+6-mu+2*alpha+4) *beta2np2*gamma2np3
+(-4*n+mu-2*alpha-4)*beta2np2*gamma2np2+(-4*n+1+mu-2*alpha-4)
*beta2npl*gamma2np2+(2*E2npl+1) * (gamma2np3-gamma2np2)))));

u—4un-8u-2px—-20—-1
(U—20x—7—-4n)(u—-200—9-4n)

B2np3:=
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