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ABSTRACT. We find maximum principles for solutions of semilinear elliptic partial differ-
ential equations of the forms: (1) A2u + of (u) =0, x € R and (2) AAu + x(Au)k +gu =0,
« < 0 in some region Q C R™.
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1. Introduction. In [1], Chow and Dunninger proved the following result: let u €
C*(Q) N C%(Q) be a nonconstant solution of
Au+cu=0 in QCR", xeR",

(1.1)
Au=0 onoQ.

Then u satisfies a maximum principle. In this paper, we extend this result to solu-
tions of semilinear partial differential equations of the forms:

(1) A%u + xf(u) = 0, where « is a positive constant and f(u) is a positive, non-
decreasing, differentiable function.

(2) AAu+ x(Au)* + gu = 0, where « is a nonpositive constant, k is an odd integer,
and g > 0 is a twice continuously differentiable function.

2. The maximum principles. The new results are in the following two theorems.
THEOREM 2.1. Letu = u(xi,x2,...,Xn) be a nonconstant solution of
Au+of(u) =0, (2.1)

where « is a positive constant, and f(u) is a positive, nondecreasing, differentiable
function; and if Au = 0 on 0Q, then u attains its maximum on o).

PROOF. Letu € C*(Q)NC2(Q) be a solution of (2.1), then u satisfies the equations
Au =h, Ah = o f(u). 2.2)

Now define

u(x)

L(x) =2« f(s)ds+h>. (2.3)
0
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Denoting one of the variables, xi, by g and differentiating (2.3) twice with respect
to B, we get

Lg =20f(u(x))upg+2hhg

Lgp = 2af" (u(x))ug +2af (u(x))upp +2h3 + 2hhgg. @)
If we sum over all 8 = x, we get
AL =20 f (u(x))|gradu|? + 2o f (u(x))Au + 2| grad h|> + 2h Ah. (2.5)
Substituting (2.2) into (2.5), we get
AL =20 f (u(x))|gradu|? + 2| grad h|. (2.6)

Since f’(u) = 0 we see that AL > 0. But AL + 0 as u is nonconstant. Hence L is a
nonconstant subharmonic function. And it follows from the maximum principle of
subharmonic functions that L(x) cannot attain its maximum at any interior point of
Q, that is,

L(xo) > L(x) (2.7)
for some x(y € 0Q and for all x € Q.
It follows from (2.7) that
u(xop) 5 u(x) 5
ZO(J f(s)ds+ (Au(xo)) >2aJ f(s)ds+ (Au(x))”. (2.8)
0 0

However, since (Au(xg)) = 0, it yields

u(x) u(x)

u(xg)
ZaJ ’ f(s)ds > 2« F(s)ds+ (Au(x))* > 2« f(s)ds (2.9)
0 0 0

or, since & > 0, we have

[u(xo) | > lu(x)l, VxeQ. (2.10)

THEOREM 2.2. Let u be a nonconstant solution of the partial differential equation
AAU+ o (Au) K+ g(x1,x2,...,xn) U =0, (2.11)

where « is a nonpositive constant, k is an odd integer and g > 0 is twice continuously
differential and is such that

2
Agz8(ggradﬁ> . (2.12)

Then
|u(x0) | < lu(x)]. (2.13)

For some x( € 0Q and for all x € 0Q) provided

Au=0 onoQ, g(xo) < g(x). (2.14)
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PROOF. A nonconstant solution u of (2.11) satisfies the equations
Au=h, Ah=-«h* (2.15)
As in the proof of Theorem 2.1, we consider the function

L(x) = gu®+h®. (2.16)
O

Differentiating twice with respect to x; and summing over all xy, s, we get

2 2
s ) (e

+2|grad h|? + 2ugAu +2hAh.

(2.17)

Since @« < 0 and g > 0, we can conclude with the help of (2.12) and (2.15) that L is
subharmonic and it follows from the maximum principles of subharmonic functions
that there exist a point xy € 0Q such that

g(x0)u?(x0) + (Au(x0))* > g(x)u?(x) + (Au(x))* (2.18)

for all x € Q. But since Au = 0 on 9Q, the assertion is proved with the help of (2.14).

3. Concluding remarks. (a) If ox = 0, then (2.11) reduces to
AAu+gu =0. (3.1)

Thus, Theorem 2 of Chow and Dunninger [1] regarding (3.1) becomes a particular case
of Theorem 2.2.
(b) Theorem 1 of Dunninger [2] can be extended to

AAU+ xAu+Bu =0, 3.2)

where « < 0 and B > 0 are constants.
Clearly, if k =1 and g = «, equation (3.2) is obtained from (2.11).
(c) Theorem 2.1 can be extended to the solutions of the partial differential equation

A’u+aAu+Bf(u) =0, (3.3)

where ot <0, B> 0 are constants and f(u) is a positive, nondecreasing, and a differ-
entiable function.

(d) One may give extensions of the maximum principle to solutions of equations as
A(hAu) + x(hAu)* + gu = 0 under suitable assumptions.
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