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ON PARTITIONS WITH DIFFERENCE CONDITIONS
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ABSTRACT. We present two general theorems having interesting special cases. From one
of them we give a new proof for theorems of Gordon using a bijection and from another
we have a new combinatorial interpretation associated with a theorem of Gollnitz.
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1. Introduction. Many of the identities given by Slater [5] have been used in the
proofs of several combinatorial results in partitions. In this paper, we use Slater [5,
equations 34, 36, 48, 53, and 57], listed, in this order, below
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to prove some results in partitions where we use the standard notation
(a;q)0 =1,
(@) n=0-a)1-aq)---(1-aq" "), ! |q/<1. (1.6)
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In our proofs we follow some ideas employed by Andrews [1].
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2. The first general theorem

THEOREM 2.1. Let Cy(n) be the number of partitions of n into distinct parts of the
formn=ai+- - -+a, such thatas = (k+1) or (k+2)(mod4) witha; 2 k+1, a; = (k+1)
or (k+2)(mod4) ifaj.1 = (k+2) or (k+3)(mod4), and aj = k or (k+3)(mod4) if
ajy1 =k or (k+1)(mod4). Then, for k =0,

B S (—a:9%) ,a™
Cr(n)g" = — . (2.1)
EO ,ZO (a%a*),
PROOF. We define f(s,n) as the number of partitions of the type enumerated by
Cx (n) with the added restriction that the number of parts is exactly s. The following
identity is true for f(s,n):

fs,n)=f(s-1,n-2s—k+1)+f(s—1,n—-4s—k+2)+ f(s,n—4s). 2.2)

To prove this we split the partitions enumerated by f(s,n) into three classes: (a)
those in which k +1 is a part, (b) those in which k + 2 is a part and (c) those with all
parts greater than k + 2.

If in those in class (a) we drop the part k+ 1 and subtract 2 from each of the remain-
ing parts we are left with a partition of n—(k+1) —2(s—1) =n—2s—k+1 in exactly
s — 1 parts each greater than or equal to k + 1 and these are the ones enumerated
by f(s—1,n—2s—k+1). From those in class (b) we drop the part k + 2 and sub-
tract 4 from each of the remaining parts obtaining partitions that are enumerated by
f(s—=1,n—4s —k+2) and for the ones in class (c) we subtract 4 from each part
obtaining the partitions enumerated by f (s, —4s).

Defining

F(z,a)= > > f(s,m)zq" (2.3)

n=0s=0

and using (2.2) we obtain
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= zq""' F(zq%,q) +zq*"*F (zq*,q) + F(za*,q).
(2.4)
If F(z,q9) = > ,_oYnz™ we may compare coefficients of z" in (2.4) obtaining
Yn = Yn—1q2n+k_l +Yn—1q4n+k_2+)/nq4n- (2_5)
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Therefore

onsk-1 (1+a*)
(1-q*n)

and observing that yo = 1 we may iterate (2.6) to get

Yn=4d Yn-1 (2.6)

(- a;a%),q" **n

=T %), @7
From this
S (= a;a?) am e
F(z,q) = K (2.8)
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and therefore
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~ — 5 = (@haY),

If we consider k = 0 in this theorem and denote Cy(1) by C(n) we have that C(n) is
the number of partitions of n into distinct parts of the form n = a; +a> + - - - + as,
where a; =1 or 2(mod4), a; = 3 or 4(mod4) if aj;; =1 or 4(mod4) and a; =1 or
2(mod4) if a1 =2 or 3(mod4). O

If we let D(n) denote the number of partitions of n into even parts = +4(mod 12)
and distinct odd parts = +5(mod 12) and let E(n) denote the number of partitions of
n into even parts = =4(mod12) and distinct odd parts = +1(mod12), then we have
the following theorem.

THEOREM 2.2. C(n) =D(n)+E(n-1) for every positive integer n.

PROOF. We have
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= >.D(n)q"+q > E(n)q",
n=0 n=0

where we have used identities (1.4) and (1.5) after replacing in (1.4) “q” by “—q” which
completes the proof. O
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We list below the partitions of 21 enumerated by C(21) and D(21) and the ones of
20 enumerated by E(20).
It is interesting to observe that

C(n) = Fe(n) —Fo(n), (2.11)

where F,(n) (respectively, Fy(n)) is the number of partitions of n into parts # 0,
+2(mod 12) with no repeated multiples of 3 and with an even (respectively, odd) num-
ber of parts divisible by 3.

TABLE 2.1.
C(21)=12 D(21) =5 E(20) =
21 17+4 20
20+1 16+5 16+4
12+8+1 8+8+5 8+8+4
16+5 8+5+4+4 8+4+4+4
12+9 5+4+4+4+4 | 4+4+4+4+4
17+3+1 11+8+1
16+4+1 11+4+4+1
13+7+1
13+6+2
9+7+5
12+5+3+1
9+7+4+1

In fact, by replacing “q” by “—q” in (1.3) we have

(1 +q12n—1)(1 +q12n—11)(1 _qIZn)

s

1_[ 1+q12n 5 1+q12n77)(1_q12n)+q
n=1

n=1

00

1+q3n 1 1+q3n—2)(1_q3n)

n=1
(2.12)
and observing that, by (2.10),
S w_ g Q@) (1 +g% %) (1-g°")
C =
z:: (n)q l:[l (1_q4n)
M° e (=@ o 13
n#0 (mod4) n
= —= = > (F.(n)-F
T - =) go( (n) - Fo(n))q

n=+1,+4,+5(mod12)

we have (2.11).
Next, we state and prove our second general result.



ON PARTITIONS WITH DIFFERENCE CONDITIONS 523

3. The second general theorem

THEOREM 3.1. For £ > 0 let Ay(n) be the number of partitions of n of the form
Nn=ap+ax+---+as_1+dxs such that as > a (respectively, a + 1), where £ =
2a (respectively,2a + 1), azi—1 —ap; = 1 or 2 (respectively, 0 or 1 and a,; > azi+1).
Then

(_q.q,Z) qn2+£n
’ n
o (a@%a?),

[
Me

> Ayn)q" = (3.1)

n=0 n

PROOF. We define, for A =1 or 2, ga(2s,n) as the number of partitions of the type
enumerated by Ay (n) with the added restriction that the number of parts is exactly
2s and such that ass_1 +ass = € +2A—1. For n = s = 0, we define g(2s,n) = 1 and
gr(s,n)=0ifn<0ors<O0orn=0ands>0.

In what follows we prove two identities for g (2s,n).

i) g12s,m)=g2(2s-2,n-2s-0)+g1(2s-2,n-2s—L+1)+g:(2s,n-2s),
(i) g2(2s,mn) = g1(2s,n—2s).

To prove the first one we split the partitions enumerated by g;(2s,7) into two
classes: (a) those partitions in which | (£+1)/2] is a part; (b) those in which | (£+1)/2]
is not a part.

The ones in class (a) can have as the two smallest parts either “| (£+4) /2| +|(£+1)/2]”
or “| (£+2)/2]+ | (£+1)/2].” In the first case, if we remove the two smallest parts and
subtract 1 from each of the remaining parts we are left with a partition of n— (£+2) —
(2s—2) =n—2s—4 into exactly 2s — 2 parts where ass_3 +dss_» = £+ 3. These are the
partitions enumerated by g» (2s —2,n —2s —¥).

From those in class (a) having “| (£ +2)/2] + [ (£+1)/2]” as the two smallest parts
we remove these two and subtract 1 from each of the remaining parts. We are, in this
case, left with a partition of n— (£ +1) —(2s—2) = n—-2s - +1 into exactly 2s — 2
parts where ays 3 +azs_» = £ +1 which are enumerated by g; (2s —2,n—2s-£+1).

It is important to observe that after doing these operations the restrictions on dif-
ference between parts is not changed.

Now we consider the partitions in class (b). Considering that | (£+1)/2] is not a part
we can subtract 1 from each part obtaining partitions of n —2s into 2s parts which
are the ones enumerated by g; (25,1 —25).

The proof of (ii) follows from the fact that if we subtract 1 from each part of a
partition such that ass_1 + a»s > £+ 3 the resulting one is such that aj,_, + a5, > £+1.

Now we define

00

Ga(z,q) = >, D ga2s,n)z%q". (3.2)
n=0s=0

Using (i) we have
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22qt? S Z 1(2s=2,n—4s—0+2)(zg?)> 2gqn4s—t+2
n=0s=0

g1 (2s—2,n—-2s—L+1)(zq)¥ 2qn2s-1+1

2€+§:

n[\/_]g

+ Z Zgl(ZS,n—ZS)(Zq)2SqTL—25
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=2°q""2G1 (2%, a) +2°q""' G\ (zq,9) + G1 (z4,), (3.3)
where on the first term of the sum, we used (ii).

Now, comparing the coefficients of z?" in (3.3) after making the substitution

Gi1(z,q) = D ynz*" (3.4)

we have

Yn = q4n+€72yn71 +q2n+€—1yn71 +q2nyn. (35)

Therefore

onie (142"
(1-q°n)

and, observing that y, = 1, we may iterate this n —1 times to get:

Yn=4d Yn-1 (3.6)
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L i 3.7)
Then
© ne+fn
Gi(z,a)= > %zﬁ 3.8)
n= n
and the theorem follows since
S S S (Caa)),
S Amat=Y Y ai2smat=Gi(1,q) =Y N (3.9)
n=0 n=0s=0 n=0 (q 4 )n O

PARTICULAR CASES OF THEOREM 3.1. If we take £ = 0 in Theorem 3.1 we have the
following result.

THEOREM 3.2. The number of partitions of n into an even number of parts, 2s, such
thatasj_1—a»j =1 or2 and a,, = 0 is equal to the number of partitions of n into parts
= +1,4(mod38).

PROOF. By Theorem 3.1 and (1.2), we have

< I o Y O Y L= 1
ng(n)q => Ve 1:[ 0 ) (3.105)
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For £ = 1 we have the following theorem.

THEOREM 3.3. A;(n) is equal to the number of partitions of n into parts = 2,3,
7(mod 8).

PROOF. By Andrews [2, Theorem 3 and Corollary 2.7, page 21] with g replaced by
q? and after a = —q, we have

00 R nn+1)

> A(mgt =D % = (-a*%a").(-a%a%).

= o " : (3.11)
1:[ q8n 1 ( _an—S)(l_qsn—G)' O

In [4], Santos and Mondek gave a family of partitions including as a special case the
following theorem of Gollnitz.

“Let G»(n) denote the number of partitions of n into parts, where each part is con-
gruent to one of 2, 3 or 7(mod8). Let Hy(n) denote the number of partitions of n of
the form by + by + - - - +bj, where b; = b1 + 2 and strict inequality holds if b; is odd;
in addition, b; = 2. Then for each n, G>(n) = Ho(n).”

It is clear that by our Theorem 3.3 we have a new combinatorial interpretation for
partitions enumerated by H>(n).

For £ = 2 we get the following result.

THEOREM 3.4. The number of partitions of n into an even number of parts, 2s, such
that azj-1 —azj = 1 or 2, and axs = 1, is equal to the number of partitions of n into
parts = +3,4(mod8).

PROOF. By Theorem 3.1 and (1.1), we have

00

S -a;4q ) = 1
S atmar= 3 S - T g 01
O

4. A bijection. We now describe a transformation between the partitions defined
by A, (n) and partitions of » into s parts.

The partitions of n with an even number of parts 2s where a,;_1 —a; = 1 or 2,
aps = 1 can be transformed into partitions of n into s parts just by adding the parts
arj-1+ayj, i.e., the partition

ay+az+---+azj-1+azj+azjs1+---+aos 4.1)
is transformed into
bi+by+---+bj+---+bs, 4.2)

where b; = azj_1 +azj, bj—bj.1 =2 and bj—b;., = 3 if bj,; is even with the restric-
tion b > 3.
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TABLE 4.2.

16 — 9+7

13+3 — 7+6+2+1
12+4 — 7+5+3+1
11+5 — 6+5+3+2
10+6 — 6+4+4+2

9+7 — 5+4+4+3
8+5+3 «— S5+4+3+3+2+2+1

This operation can be easily reversed in the following way:

o If bjis even we writeitas apj_1 +a»;, whereay;j_1 = (bj/2)+1and ayj = (b;/2)-1.
¢ If b; is odd we writeitas a»j_1 +a»j, where a»;_; = (bj+1)/2and a,; = (b;—-1)/2.
With this transformation we get the original one

ay+az+---+as (4.3)

with exactly the same restrictions, i.e., azj_1 —a»>j = 1 or 2 and aos > 1.

To illustrate this we list the partitions of 16 as described in Theorem 3.4 and the
ones obtained by the transformation given above.

Theorem 4.1 follows from this transformation and (1.1).

THEOREM 4.1. The number of partitions of n of the formn = by + by + - - - + by,
wherebj—bj1 =2, by=3,andb;—bj,1 =3 if bj,1 is even, is equal to the number of
partitions of n into parts = +3,4(mod8).

This Theorem was proved by Gordon in [3, Theorem 3, page 741].
Also by Theorem 3.2 and the bijection described we have the following theorem.

THEOREM 4.2. The number of partitions of any positive integer n into parts = 1,4
or 7(mod8) is equal to the number of partitions of the formn =ny +n + - - - + ng,
where n; > njy1+2,andn; = nij1+3 ifn;iseven (1 <i<k-1).

This result has been proved by Gordon in [3, Theorem 2, page 741].

ACKNOWLEDGEMENTS. We would like to thank the referee for suggesting the in-
terpretation for our C(n) given in (2.11) and also for many corrections. The work of
Santos was partially supported by FAPESP.

REFERENCES

[1]  G. E. Andrews, Applications of basic hypergeometric functions, SIAM Rev. 16 (1974), 441-

484. MR 50#5044. Zbl 299.33004.

, The Theory of Partitions, Cambridge Mathematical Library, Cambridge University

Press, Cambridge, 1998, Reprint of the 1976 original. MR 99¢:11126. Zbl 980.49233.

[3] B. Gordon, Some continued fractions of the Rogers-Ramanujan type, Duke Math. J. 32
(1965), 741-748. MR 32#1477. Zbl 178.33404.

[4] J. P. de O. Santos and P. Mondek, Extending theorems of Gollnitz, a new family of partition
identities, Ramanujan J. 3 (1999), no. 4, 359-365. CMP 1 738 902. Zbl 991.19548.

(2]



http://www.ams.org/mathscinet-getitem?mr=50:5044
http://www.emis.de/cgi-bin/MATH-item?299.33004
http://www.ams.org/mathscinet-getitem?mr=99c:11126
http://www.emis.de/cgi-bin/MATH-item?980.49233
http://www.ams.org/mathscinet-getitem?mr=32:1477
http://www.emis.de/cgi-bin/MATH-item?178.33404
http://www.ams.org/mathscinet-getitem?mr=1+738+902
http://www.emis.de/cgi-bin/MATH-item?991.19548

ON PARTITIONS WITH DIFFERENCE CONDITIONS 527

[5] L. J. Slater, Further identities of the Rogers-Ramanujan type, Proc. London Math. Soc. (2)
54 (1952), 147-167. MR 14,138e. Zbl 046.27204.

JosE PLINIO O. SANTOS: IMECC-UNICAMP Cx.P. 6065, 13083-970, CAMPINAS, SP, BRASIL
E-mail address: josepli@ime.unicamp.br, santos@math.psu.edu

PAULO MONDEK: CCET-UFMS CX.P. 549, 79070-900, CAMPO GRANDE, MS, BRASIL
E-mail address: mondek@hilbert.dmt.ufms.br


http://www.ams.org/mathscinet-getitem?mr=14:138e
http://www.emis.de/cgi-bin/MATH-item?046.27204
mailto:josepli@ime.unicamp.br, santos@math.psu.edu
mailto:mondek@hilbert.dmt.ufms.br

