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THE NUMBER OF CONNECTED COMPONENTS
OF CERTAIN REAL ALGEBRAIC CURVES
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ABSTRACT. For an integer n > 2, let p(z) = [1}., (z— o) and q(z) = [}, (z — Bx), where
K, By are real. We find the number of connected components of the real algebraic curve
{(x,y) € R2:|p(x+iy)|—la(x+iy)| = 0} for some «; and . Moreover, in these cases,
we show that each connected component contains zeros of p(z) +q(z), and we investigate
the locus of zeros of p(z) +q(z).

2000 Mathematics Subject Classification. Primary 26C10; Secondary 30C15.

1. Introduction. Throughout the paper, n is an integer > 2. Let f(x,y) be an inte-
gral polynomial of degree n. Let A be the real algebraic curve defined by A = {(x,y) €
R2: f(x,y) = 0}. It is known that A consists of at most finitely many connected com-
ponents. More precisely, when the curve is real nonsingular, each unbounded compo-
nent is homeomorphic to a line and each bounded component is homeomorphic to
a circle. We will call a bounded component an oval, and an unbounded component
an co-component. Also, we will write “component” instead of “connected component”
for convenience. Let p(z) = [1;-1(z— o) and q(z) = [1;-; (z — Bx), where o, By are
real. The zeros of g(z) := p(z) + q(z) are clearly contained in the locus of the real
algebraic curve

C:={(x,y) €R?: |p(x+iy)| - |ax+iy)| =0}. 1.1)

In fact, in their study of “cylindrical algebraic decomposition,” Arnon, Collins, and
McCallum [1, 2] provide an algorithm for calculating the number of components given
a specific example. However, we do not know the answer in the general case. We
provide a different idea in this paper from that in [1, 2]. With the above terminology,
here are some general questions.

(a) Given P(x,y) = 0 for real variables x and 7y, how many components are there?
It is still unclear how to describe all possibilities for the topological nature of all com-
ponents of an arbitrary P(x,y) = 0; this is the essence of the Hilbert’s 16th problem.
On the other hand, one of the most significant theorems of real algebraic geometry
(Harnack (see [3, pages 257-258]), 1876) tells us that the number of components is at
most one more than the genus.

(b) The curve C has finitely many components. Must each component have zeros of
g(z)=0?
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We answer the questions (a) and (b) for some real algebraic curves of the form (1.1).
Define, for real variables x and 1,

P(x,y):= |px+iy)|* - lax+iv) |’ (1.2)

where {xy,..., 0, B1,...,Bn} € {1,2,...,21n}. The simplest case for the questions (a)
and (b) is {ox} = {1,2,3,...,n} and {Bx} = {(n+1,n+2,...,2n}. Then all zeros of
P(x,y) obviously lie on the vertical line x =n+1/2, so P(x,y) has only one compo-
nent. We will study the case {ox} = {2,2,...,2} and {Bx} ={1l,n+1,n+1,...,n+1}in
Section 3. Moreover, in Section 2, we will investigate the locus of zeros of the more
general polynomial equation

g, t)i=(x-2)"+(x-1)(x-t)"1=0, t=3. (1.3)

2. The zeros of g(x,t) = 0. We need the following two lemmas. First, Lemma 2.1
easily follows from the theorems of Hurwitz (see [4, page 4]) and Rouché (see [4,
page 2]).

LEMMA 2.1. Let n > m > 0 be integers. Let A, B, and C be real numbers with C + 0.
If a trinomial equation

Az"+Bz"™+C=0 with|B|=|A|+|C]| 2.1)

has no zeros on |z| = 1, then it has exactly m zeros strictly inside |z| = 1.

LEMMA 2.2. The zeros of g(x,t) are (2+an:)/(1+an;), where each a;l’lt/("’l) isa

zero of the trinomial equation (2 —-t)z"+(1-t)z+1=0.

PROOF. From g(x,t) =0, we obtain —(x —2)/(x—1) = ((x —t)/(x—2))*" 1. Let

x-2 (x-t\"!
_x—lz(x—2> - =2

where a := a,; is a complex number. From —(x — 2)/(x — 1) = a, we find that
x = (2+a)/(1+a), and it easily follows from ((x —t)/(x —2))* ! = a that x =
(2al/®=D _t)/(al/™m-D _ 1), Equating these two formulae for x leads to a™/" ! +
(1-t)a+2—t = 0. The result follows by multiplying each side by a=/ -1, O

Now we find a relation between x (a zero of g(x,t) = 0) and z (a zero of (2—t)z" +
(1-t)z+1 =0) as follows:

2z 141 1
S oeirn VT 3
50 1/(n-1)
_ _ n-—
z 1 = %, that is, z = (%) ) (2.4)

Using Lemmas 2.1 and 2.2, we have the following proposition.

PROPOSITION 2.3. The function g(x,t) has only one zero xo in Rx < 3/2, and has
no zerosin3/2 < Rx < (t+2)/2.
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PROOF. Observe that the strip 3/2 < Rx < (t +2)/2 is zero-free, since, for such
X, |x—-2] <|x—-t| and |x — 2| < |[x —1|. Now we consider the trinomial equation
(2-t)z"+(1-t)z+1 =0. It has no zero on |z| = 1, since, if there were such a zero
z, then by (2.4), 1 = |z 1] = |(x - 1)/(2 = x)]|, that is, x = 3/2 + iB for some real
number B. This is a contradiction. Hence, by Lemma 2.1, the trinomial equation (2 —
t)z"+ (1-t)z+1 =0 has exactly one zero z, interior to |z| = 1. Then |zo| = | ((x¢ —
1)/(2 —x0))Y"=D| < 1, that is, |xg—1| < |2 — x| for some real number x,. Hence
Rxo < 3/2 which proves the proposition. O

Next, we study further the unique zero x( given by Proposition 2.3.

PROPOSITION 2.4. Letn be an integer > 3 andt > 3. Then the only zero xy of g(x,t)
inRx < (t+2)/2 is real and

14+2(—e+1/n)"1 1+2(e+1/n)"1
1+ (—€e+1/n)n1! 1+(e+1/m)n-1’

where e = e(n,t) =2"(t-2)/(t —1)"+1,

(2.5)

PROOF. For n an integer > 3, let € = e(n,t) = 2" (t-2)/(t—1)""1. Then 0 < € <
1/(t — 1), since (2/(t—-1))" < 1/(t —2) and n > 3. Then the trinomial equation
(2-t)z"+(1-t)z+1 =0 has at least one real zero zoin (1/(t—-1)—€,1/(t—1) +€).
In fact, by algebra, we can see that the left side of the trinomial equation is

—(2"+ (1 42™M(=2+ ) (=1 +) ™)) (=2+)(-1+1) " <0 (2.6)
atz=1/(t-1)+¢, and
—(=2" 4 (1=2"(=2+)(—-1+))")(=2+t)(-1+t)">0 (2.7)

atz=1/(t—1)—€.Set zo = ((x0—1)/(2 —x0))/®V_ Since z, is real, so is xg. Now
we obtain the inequality |((xg—1)/(2 —x))Y/™ D —1/(t -1)| < €, and from this we
have the inequality (2.5). A simple calculation yields that (1+2A)/(1+A) < (t+2)/2
for A > 0. This proves the result. O

REMARK 2.5. (a) For n = 2 and t > 3, we can easily check that g(x,t) has two real
zeros. Here the smaller zero is < (t +2)/2, but it does not satisfy (2.5).

(b) In Lemma 2.2, we encountered a trinomial equation (t —2)z" +(t—1)z—1=0
(t = 3). Here we define a more general polynomial

hz)=(t-2)z2"+({t-1)z—s (s=0). (2.8)
Then we have the following zero distributions. The function h(z) has

all its zeros with modulus > 1 if s >2t-3,
one (real) zero with modulus = 1 and all others > 1 if s =2t-3, (2.9)
one (real) zero with modulus < 1 and all others >1 if0<s<1.
This can be proved by elementary calculation, Lemma 2.1, and Enestrom-Kakeya the-
orem (see [4, page 136]). However, we did not consider the case 1 < s < 2t — 3. We

conjecture that, for 1 < s < 2t — 3, h(z) has one (real) zero with modulus < 1 and all
others > 1, as the case 0 < s < 1, but it remains an open problem.
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3. The number of components of |(z—-2)"| = [(z—-1)(z— (n+1))""!|. Let

g2)i=(z-2)"+(z-1(z—m+1)" . (3.1)

If g(z) =0, then [(z—1)(z— (n+1))"1/(z-2)"|%2 = 1. This motivates, for real vari-
ables x and v, the introduction of

(x=12+33) ((x=(n+1)° +y2)""
((x—=2)2+y2)"

G(x,y):= -1. (3.2)
Here G(x,y) is obviously symmetric about the x-axis. In this section, we find the
number of components of G(x,y) = 0 and show that each component has zeros
of g(z) = 0. First, using Proposition 2.3, we find that the number of components of
G(x,y) =0is at least two.

PROPOSITION 3.1. The locus of
[z-2)"| =|(z-1)(z-t)" '], t=3 (3.3)

has at least two components.

PrROOF. We showed in Proposition 2.3 that g(x,t) has one real zero <2 and n—1
zeros with real part > (t +2)/2 > 2. So it suffices to show that, on z = 2 + is (s real),
the two absolute values are never equal. On z = 2+ is (s real),

g2 (£-2)2>0. (3.4)

O

[z=D)(z=0)"" = (z=2)"|*=(1+5%) ((t=2)2 +s2)""

Next, we show that the points where the locus of G(x,y) = 0 has vertical tangents
lie on the real axis. We use this later to show that the locus consists of either one
oval, one co-component or three co-components. In order to prove this, we need the
following lemma.

LEMMA 3.2. Let n be an integer > 3. Define

-2x+3 nol —2X+1n+2
fx) '7<(n—1)(—2x+n+2)) T (m-D(-2x+n+3)" (3.5)
Then all real zeros of f(x) are
n’+n-5 n even
2n—4 '’ ’
n?+n->5 3.6)

n—4 ,v¥(n), nodd,

where (n? +n —5)/(2n —4) is a double zero in each case and 3/2 < v = r(n) <
(n?+n+1)/2n.

PROOF. From f(x) =0, we find that

( —2x+3 )"-1 —2x+n+2

(n-1)(-2x+n+2) T m-D(—2x+n+3 % (3.7)
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where a := a,, is a complex number. From (-2x+3)/(n—1)(=2x+n+2) = a/®- D,
we get

3—al/m-D(n-1)(n+2)
C —242al/n-D(n-1)

X = (3.8)

and also

n+2—-an-1)(n+3)
- —2+2a(n-1)
from (-2x+n+2)/(n—1)(—2x +n+3) = a. Equating these two formulae for x leads
to (m-1)a®™ VY —na+1 =0, and so a’/™ D is a zero of the trinomial equation
w(y):=n-1)y"—ny"1+1 =0. Now, we have

(3.9

w(y)

(y-1)2
Since al/™-1 is real if and only if the corresponding x in (3.7) is real, the number of
real zeros of f(x) is equal to that of w(y). By (3.10), w () has a real double zero at 1,
and its corresponding x is (n>+n->5)/(2n—4), since (-2x+3)/n—1)(-2x+n+2) =1.
On the other hand, it follows from Enestrom-Kakeya theorem that w(y)/(y —1)? has
no zero for |y| > 1. Also it is obvious that w(y)/(y —1)2 has no real zero > 0. In
order to find the real zeros of f(x), we first need to determine whether w(y) has
a real zero on (—1,0) or not. We see that w'(y) = n(n—-1)y"2(y —1). So if n is
even, then w'(y) < 0 for —1 < y < 0. Moreover, w(0) = 1 > 0, which implies there
are no real zeros of w(y) other than 1. Hence f(x) has only one (double) real zero
(n®+mn-5)/(2n—4). Suppose that nis odd. Then w’(y) >0on-1<y <0, w(-1) =
2(1—-n) <0, and w(0) > 0. This implies that there must be exactly one real zero on
(—1,0). Say xy is its corresponding real number. Then by (3.7)

=m-Dy" 2+ m-2)y"3+(n-3)y"+. - +2y+1. (3.10)

< —2xp+3
(n-1)(-2x0+n+2)

-1 <0. (3.11)

Simple calculations yield that 3/2 < x¢ < (n®+n+1)/2n. This completes the proof.
O
Now we have the following Proposition.

PROPOSITION 3.3. The points where the locus of G(x,y) = 0 has vertical tangents
lie on the real axis.

PROOF. It suffices to show that (0,1)-VG(x,y) =0and G(x,y) = 0implies y = 0.
A calculation shows that (0,1) - VG(x,y) = 0G/0y = 0 if and only if v = 0 or y? =
A(x), where

2(n-2)x3-(n?+5n-17)x?+2(n*+n-12)x - (n’-2n-11)

Alx) = -2n-2)x+n2+n-5 (3.12)
Suppose that y2 = A(x). Then
1
o Gl 4x2_16x+15° n=2
x):=G(x,y) =
Y —2x+3 )"’1_ 2x+n+2 "3
m-1)(-2x+n+2) n-1)(-2x+n+3)° -7

(3.13)
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by simplifying the equations. So it is clear that there are no zeros of f(x) in the
case of n = 2. Suppose that n = 3. By Lemma 3.2, (n2+n-5)/(2n—4) is a (dou-
ble) real zero of f(x) and, in particular, if n is even, such a real zero is unique. But
A((m? +n-5)/(2n —4)) is not defined. So this is a contradiction. Suppose that n
is odd. Then by Lemma 3.2, all zeros of f(x) are (n2+n—-5)/(2n —4) and r(n),
where 3/2 <r(n) < M2 +n+1)/2n. As above, A((n2+mn—-5)/(2n —4)) is not de-
fined. So it is enough to consider 7 (7). Now, we have that A(3/2) = —-1/4 < 0 and
A(MP+n+1)/2n) = —n*-2nd+5n2—4n+1)/4n? < 0. So if we show that A’ (x) <0
on3/2 <x < (m?+n+1)/2n,then y? = A(x) < 0, which is a contradiction. We see that

25(x)

A,(X)z_ 2
(-2(n-2)x+n2+n-5)

(3.14)

where s(x) =4(n-2)2x3-4n-2)2(n+4)x2+n?+5m-17)n?+n-5)x -n*-n3+
12n? +10n — 38. So it is enough to show that s(x) >0on3/2 <x < (n?+n+1)/2n.
Now

EATE Y

s<2)72(n 1)°(n+1) >0,

S<n2+n+1>: (n-1’@n-1)(n*-2n+2) (3.15)
2n n3 ’

Sx)=(6R-n)x+n*+5n-17)2Q2-n)x+n’+n->5).

Hence, (n?+5n—-17)/6(n—-2) and (n®+mn-5)/2(n—-2) are the zeros of s’(x), and
we can check that

n2+5n—17<§<n2+n+1<n2+n—5 "3
6(n-2) 2 2n 2m-2)" 7
(3.16)
§<n2+5n717<n2+n+1<n2+n75 oA
2 6(n-2) 2n 2(n-2) "’ -
This proves the result, since s(3/2) >0 and s((n®+n+1)/2n) > 0. O

Next we establish the following Proposition.

PROPOSITION 3.4. For fixed yy + 0,

(@ limy_..G(x,)0) =0,

(b) for |x| large, the limit is approached from above for x — —o and the limit is
approached from below for x — + oo,

(¢) G(x,0) has exactly three real zeros. Moreover, (0G/0x)(x,yo) has at most four
real zeros,

(d)

(3.17)

0x? X

02G >0 asx — —oo,
(x,70
<0 asx — .

PROOF. Let vy be nonzero and fixed. It is obvious that limy_ .. G(x,»o) = 0. By a
calculation, we have

—2n((x-n-1)2+y3)"B(x,0)

G
(x,yO) - ((x_2)2 +y§)"+1((x—n— 1)2 +y§)

0x

- (3.18)
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where
B(X)=B(x:y0)

=m-2)y¢+(n*—n+1)(x-2)y2—(x-1)(x-2) (x—(n+1)) ((n-2)x-n+3)
(3.19)

is a polynomial in x of degree 4 whose leading coefficient is 2 — n. So it follows from
the positivity of the leading coefficient of the numerator of the right side of (3.18)
that, for |x| large, (0G/0x)(x,y0) > 0, that is, G(x, () is increasing on (x1, ) and
(—c0,—x1) for x; is sufficiently large. On the other hand, by (a), limy_ .« G(x,Y0) =
0. Hence (b) holds. For (c), we observe that (0G/0x)(x,0) has the three real zeros
1,n+1,(n-3)/(n-2), and we can check that G(1,0) = G(n+1,0) = -1 < 0 and
G((n-3)/(n-2),0) > 0.So G(x,0) has exactly three real zeros. The second assertion
of (c) is easily seen from deg B(x) = 4, since (x,y) # (n+1,0). Finally, we see that
02G 2n((x-n-1)2+y8)"C(x)

N T T Y L (P vl

(3.20)

where C(x) is a polynomial in x of degree 7 whose leading coefficient is 2(2 —n). So
it follows from the negativity of the leading coefficient of the numerator of the right
side of (3.20) that (d) holds. O

By Proposition 3.4(c), G(x,0) has exactly three real zeros, and for fixed y # 0 the
graph of G(x,y) indicates that the value 0 can be taken on at most three times. Thus,
by Propositions 3.1 and 3.3, the locus consists of

{one oval, one co-component} or {three co-components}. (3.21)
Next we examine the number of real zeros of (0G/0x)(x,y) for |y| sufficiently large.
LEMMA 3.5. For |yo| sufficiently large, (0G/0x)(x,y0) has exactly two real zeros.
PROOF. Let yq be sufficiently large and fixed. From (3.18),

—2n((x-n-1)2+y3)"B(x,0)
((x=22+38)"  ((x-n-1)2+ )"

aj(x,yo) = (3.22)

0x
Since (x —n—1)2 +y§ + 0, (0G/0x)(x,Y0) = 0 is equivalent to B(x, o) = 0. Then
B(x)=B(x,y) = (ux+v)-(x-1)(x-2)(x-(n+1))((n-2)x-n+3), (3.23)

where u and v are positive numbers with v /u large. Observe that the zeros of ux +v
and - (x-1)(x-2)(x—-(n+1))((n-2)x—n+3) are —v/u, (n-3)/(n-2), 1, 2,
n+ 1. By sign changes, we observe that there are no real zeros of B(x) on (—oco,—v/u)U
(m-3)/(n-2),1)u(2,n+1), and there is atleast onereal zeroof B(x) on (—v/u,(n—
3)/(n—2)). Also there are no real zeros of B(x) on [0,(n—-3)/(n—-2)]u(1,2), since
v/u is large. On the other hand, we can check that B(—x) has only one sign change
in its coefficients. Hence, by Descartes’ rule of signs and the above, there is only one
real zero of B(x) on (—v/u,0). But the degree of B(x) is four, so the number of real
zeros on (n+1,) is either one or three. It is obvious that more than two real zeros
are not on (n+1, ). Hence (0G/dx)(x,yp) has exactly two real zeros. O
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By Proposition 3.4(a), (b) and Lemma 3.5, there is only one real x with G(x,y) =0
for |y | sufficiently large. This shows that originally there could have been at most one
co-component. Hence, by the above, equation (3.21), Proposition 2.3, and the proof of
Proposition 3.1, we have the following theorem.

THEOREM 3.6. The locus of
|(z-2"| = [z-D(z-(m+1)""| (3.24)

has exactly two components; one oval and one «-component. Each component has zeros
of (z=-2)"+(z-1)(z—(n+1))" 1 =0.

Here Figure 3.1 (n = 3) is enlightening.

y
2

—_

<D

2

FIGURE 3.1. |(z-2)3| = |(z—-1)(z—4)?].

REMARK 3.7. Let n and m be positive integers with 1 < k < n. If we choose {o} =
{L2,...mn+m+1l,n+m+2,....2n} and {fx} = {m+1,m+2,....m-+n}in (1.2),
we can show that the locus of P(x,y) = 0 has at least two components.

ACKNOWLEDGEMENT. This work was supported by the Brain Korea 21 Project. The
author wishes to thank Professor Kenneth B. Stolarsky for his help and encourage-
ment.

REFERENCES

[I] D. S. Arnon, G. E. Collins, and S. McCallum, Cylindrical algebraic decomposition. I:

the basic algorithm, SIAM J. Comput. 13 (1984), no. 4, 865-877. MR 86h:68067a.

Zbl 562.14001.

, Cylindrical algebraic decomposition. II: an adjacency algorithm for the plane, SIAM

J. Comput. 13 (1984), no. 4, 878-889. MR 86h:68067b. Zbl 562.14001.

[3] S.Lang, Introduction to Algebraic Geometry, Interscience Tracts in Pure and Applied Mathe-
matics, no. 5, Interscience Publishers, New York, 1958. MR 20#7021. Zbl 095.15301.

[2]



http://www.ams.org/mathscinet-getitem?mr=86h:68067a
http://www.emis.de/cgi-bin/MATH-item?562.14001
http://www.ams.org/mathscinet-getitem?mr=86h:68067b
http://www.emis.de/cgi-bin/MATH-item?562.14001
http://www.ams.org/mathscinet-getitem?mr=20:7021
http://www.emis.de/cgi-bin/MATH-item?095.15301

THE NUMBER OF CONNECTED COMPONENTS ... 701

[4] M.Marden, Geometry of Polynomials, 2nd ed., Mathematical Surveys, no. 3, American Math-
ematical Society, Providence, 1966. MR 37#1562. Zbl 162.37101.

SEON-HONG KIM: SCHOOL OF MATHEMATICAL SCIENCES, SEOUL NATIONAL UNIVERSITY, SEOUL,
151-742, KOREA
E-mail address: shkim@family.sogang.ac.kr


http://www.ams.org/mathscinet-getitem?mr=37:1562
http://www.emis.de/cgi-bin/MATH-item?162.37101
mailto:shkim@family.sogang.ac.kr

