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ABSTRACT. We investigate the sufficient conditions and the necessary conditions on an
exchange ring R under which R has stable range one. These give nontrivial generalizations
of Theorem 3 of V. P. Camillo and H.-P. Yu (1995), Theorem 4.19 of K. R. Goodearl (1979,
1991), Theorem 2 of R. E. Hartwig (1982), and Theorem 9 of H.-P. Yu (1995).
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An associative ring R is called exchange if for every right R-module A and any two
decompositions A = M& N = @;c; Ai, where Mg = R and the index set [ is finite, there
exist submodules A} ¢ A; such that A = M & (§,; A}). We know that regular rings,
mr-regular rings, strongly rr-regular rings, semiperfect rings, left or right continuous
rings, clean rings, unit C*-algebras of real rank zero [2, Theorem 4.2], right semiar-
tinian rings, and the ring of all w x w matrices over regular R, which are both row and
colume-finite, are exchange rings.

We call R has stable range one provided that aR + bR = R implies thata+by € U(R)
for a v € R. It is well known that an exchange ring R has stable range one if and only
if A B = Ae C implies B = C for all finitely generated projective right R-modules
A, B, and C. It has been realized that the class of rings having stable range one has
good stability properties in a K-theoretic sense (cf. [8, 13]). Many authors have studied
stable range one conditions over exchange rings such as [1, 2, 4, 5, 6, 7, 15, 16].

In this paper, we investigate stable range one conditions over exchange rings by
virtue of Drazin inverses, nilpotent elements, and prime ideals. We showed that stable
range conditions can be determined by Drazin inverses for exchange rings. Also, we
see that these stable range conditions can be determined by regular elements out of
any proper ideal of R. Moreover, we prove that an exchange ring R has stable range
one if the set of nilpotents is closed under product. These extend the corresponding
results of [4, Theorem 3], [9, Theorem 4.19], [12, Theorem 2], and [16, Theorem 9].

Throughout this paper, all rings are associative ring with identities and all right
R-modules are unitary right R-modules. M <® N means that right R-module M is
isomorphic to a direct summand of right R-module N. The notation x ~ y means that
x = uyu~! for some u € U(R), where U(R) denotes the set of all units of R. Call
a € R is regular if a = axa for some x € R and a € R is unit-regular if a = aua for
some u € U(R).

1. Drazin inverses. Recall that a € R is called strongly rr-regular if there exist
n =1 and x € R such that a™ = a"*'x, ax = xa, and x = xax. By [1, Theorem 3],
we know that every strongly mr-regular element of an exchange ring is unit-regular.
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Clearly, the solution x € R is unique, and we say that x is the Drazin inverse a? of a.
Call a € R is pseudo-similar to b € R provided that there exist some x,y € R such
thata = xby, b = yax, and x = xyx and denote it by a=b. It is well known that R is
partially unit-regular is equivalent to the statement a= b if and only if a ~ b. Now we
investigate Drazin inverses in view of pseudo-similarity and extend [12, Theorem 2]
to exchange rings having stable range one.

LEMMA 1.1. LetR be an exchange ring. Then the following statements are equivalent:
(1) R has stable range one.
(2) Whenever eR = fR with idempotentse,f R, e ~ f.

PROOF. (1)=(2). Given eR = fR with e = €2, f = f2 € R, then we can find some
a € eRf, b € fRe such that e = ab and f = ba. Clearly, e = afb, f = bea, and
a=af =aba. Thus e= f. By virtue of [10, Corollary 1], we know that e ~ f.

(2)=(1). Given eR = fR with idempotents e, f € R, then we can find some u € U(R)
such that e = ufu~'. We easily check that 1 —e = u(1-f)ut = (1 -e)u(l—f))((1-
Hultd-e)and1-f=0-fHA-ulew)y1-f)=1A-Hutl-eul-f) =
(1-HHutl-e))((1-e)u(l-f)).Setx=(1-e)u(l—-flandy = (1-fHu-'(1-e).
Thenl-e=xyand 1-f=yxwithx e (1-e)R(1-f),1-f€ (1-f)R(1-e).
Consequently, (1 —e)R = (1 — f)R. In view of [16, Theorem 9], we conclude that R has
stable range one. O

THEOREM 1.2. Let R be an exchange ring. Then the following statements are equiv-
alent:

(1) R has stable range one.

(2) Ifab and ba are strongly Tt-regular, then (ab)?4 =~ (ba)<.

(3) Ifab and ba are strongly Tt-regular, then (ab)(ab)? = (ba)(ba)?.

PROOF. (1)=(2). Since ab € R are strongly mr-regular, we have k > 1 such that
(ab)* = (ab)**1(ab)4, (ab)(ab)? = (ab)4(ab), and (ab)? = (ab)?(ab)(ab)?. Thus,
we check that

(ab)*2a(ba)4(ba)?b = (ab)a(ba)***(ba)*(ba)?b

= (ab)a(ba)*(ba)b = a(ba)* 1 (ba)b

= a(ba)*b = (ab)**1,
(ab)(a(ba)*(ba)?b) = a(ba)*(ba)(ba)b (1)
=a(ba)?b = (a(ba)*(ba)?b)(ab),
(a(ba)*(ba)?b)(ab)(a(ba)?(ba)?b) = a(ba)*(ba)?b.

Hence (ab)? = a(ba)®(ba)?b. So (ab)? = a(ba)?(ba)?b. Furthermore, we claim
that (ba)? = (ba)4(ba)(ba)® = (ba)bab(ab)4(ab)?a = (ba)?b(ab)4a. Clearly,
(ba)?ba(ba)®b = (ba)?b. Thus we show that (ab)?=(ba)?. In view of [10, Corol-
lary 1], we have (ab)? = (ba)<.

(2)=(1). Suppose eR = fR with idempotents e, f € R. Then we can find some a €
eRf, b € fRe such that e = ab and f = ba. Obviously, e and f are both m-regular,
hence (ab)4 ~ (ba)?. Since e4 = e and f% = f, we claim that e = f. Therefore R has
stable range one by Lemma 1.1.
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(2)=(3). Similarly to the consideration in [12, Theorem 1], we see that (ab)4 =~ (ba)?
implies (ab)(ab)? =~ (ba)(ba)?, as desired.

(3)=(1). Given eR = fR with e = e?, f = f? € R, then we have a € eRf, b € fRe
such that e = ab and f = ba. Similarly to the consideration in (2)=(1), we see that
(ab)(ab)? = (ba)(ba)?. Hence e = f, as required. O

COROLLARY 1.3. Let R be an exchange ring with artinian primitive factors. If ab
and ba are strongly 1 -regular, then (ab)4 = (ba)?.

PrROOF. Using [16, Theorem 1], we know that R has stable range one. Thus we
complete the proof by Theorem 1.2. O

COROLLARY 1.4. Let R be a strongly 1-regular ring. Then (ab)? ~ (ba)? for all
a,b € R.

PROOF. C(learly, R is an exchange ring. By [1, Theorem 4], we see that R has stable
range one. So the result follows from Theorem 1.2. O

2. Unit-regularity. Let M be a proper ideal of R. In [4, Theorem 3], V. P. Camillo
and H.-P. Yu showed that an exchange ring R has stable range one if and only if every
regular element of R is unit-regular. Now we extend Camillo and Yu’s result and show
that stable range one conditions over an exchange ring R can be determined only by
regular elements out of M.

LEMMA 2.1. Let R be an exchange ring, M an ideal of R. Then R has stable range
one if and only if

(1) R/M has stable range one.

(2) Whenever (1—e)R = (1— f)R with idempotents e, f € M, eR = fR.

PROOF. One direction is trivial by [16, Theorem 9].

Conversely, we assume (1) and (2) hold. Given gR = hR with idempotents g,h € R,
then g(R/M) = h(R/M). Since R/M is an exchange ring having stable range one, by [16,
Theorem 9], we see that (1 -g)(R/M) = (1 - h)(R/M). Analogously to the considera-
tionin [2, Proposition 1.4], there are right R-module decompositions (1-g)R = A; 6 A»
and (1 — h)R = B; @ B, with A; = B;, A» = AoM, and B, = B, M. Obviously, there
are idempotents e, f € R such that eR = A, and fR = B,. Thus e, f € M. From R =
(1-e)R®eR =gRe®A; ®eR,we have (1—e)R = gR®A,. Likewise, (1—f)R = hR® B;.
So (1—e)R = (1 - f)R with e, f € M, hence A, = eR = fR = B,. Therefore, we con-
clude that (1-g)R =A;® A =By ®By = (1 —h)R. According to [16, Theorem 9], we
complete the proof. O

THEOREM 2.2. Let R be an exchange ring, and let M be an ideal of R. Then the
following statements are equivalent:

(1) R has stable range one.

(2) Whenever eR = fR withe =¢e?> € R\M and f = f> € R\M, (1-e)R = (1 - f)R.

(3) Every regular element out of M is unit-regular.

PROOF. (1)=(2)is obvious from [16, Theorem 9].

(2)=(1). Suppose (1-e)R = (1 - f)R withidempotents e, f € M. Since 1 —e = (1 —¢e)?,
1-f=(1-f)% € R\M, we claim that eR = fR.
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Givenax+b =1 withd,x,b € R/M.Thenwe have ac € M such thatax+ (b+c) =1
with a,x,b + ¢ € R. Since R is an exchange ring, by [14, Theorem 2.1], we can find
an idempotent e € R such that e = (b+c)s and 1 —e = (1 - b —¢)t for s,t € R.
Hence axt +e =1, and then (1 —e)axt +e = 1. Clearly, (1 —e)a € R is regular. As-
sume that (1-e)a € M. Then (1-e)a =01in R/M, so (1—e)a+é = 1. Thus we have
a+bs(1-a) e UR/M). Assume that (1 —e)a € R\M. Since (1 —e)a € R is regular,
there exists d € R such that (1 —e)a = (1 —e)ad(1l —e)a. It is easy to verify that
Y :(l-e)adR = d(1—-e)aR given by ¢ ((1 —e)adr) = d(1 —e)adr for any v € R.
Because (1—-e)ad = ((1—e)ad)? € R\M and d(1—e)a = (d(1—e)a)? € R\M, we have
an isomorphism ¢ : (1 — (1 —e)ad)R = (1 —d(1 —e)a)R. Thus there is an isomor-
phism ¢ : (1-(1—-e)ad)R — (1-d(1—-e)a)R. Define u: R — R given by u(z; +z,) =
Y(z1)+¢p(z2) forany z; € (1-e)adR and z; € (1—(1—-e)ad)R.Itis easy to check that
(1-e)a=(1-e)au(l)(1-e)awithu(l) € U(R). Therefore (1 -e)a € R is unit-regular.
Assume (1-e)a =gv withg =g?> €R,v € U(R). Then gvxt+e = (1-e)axt+e = 1.
Soit follows that (1-e)a+e(l1-g)v =gv+e(l-g)v = (1+gvxt(l-g))~'v € UR).
Thus, there is a z € R such that @G+ bs(Z2—a) = (1—e)a +ez € U(R/M). Therefore R
has stable range one by Lemma 2.1.

(1)=(3) is clear by [4, Theorem 3].

(3)=(2). Given eR = fR with idempotents e, f € R\M, we have x € eRf, y €
fRe such that e = xy and y = yx. Clearly, e = xfy, f = yex, and x = xyx.
Since regular element yxy € R\M, yxy = yxyuyxy for a u € U(R). Set w =
(1-xy-uyxy)u(l-yx—yxyu). Then we check that w € U(R) and e = w fw 1. It
iseasy tocheckthatl—e=w(l- flw L 1-f=w1(1-e)w.Sets= (1-e)w(l-f)
andt=(1-f)w1(1-e).Thenl-e =stand 1- f = ts. Therefore (1—e)R = (1-f)R,
as asserted. O

COROLLARY 2.3. Let R be an exchange ring, and let M be an ideal of R. Then the
following statements are equivalent:

(1) R has stable range one.

(2) Whenever eR = fR with idempotents e, f € R\M, e ~ f.

PROOF. (1)=(2). Given eR = fR with idempotents e, f € R\M, we have x € eRf,
v € fRe such that e = xy and y = yx. Similarly to the consideration in Theorem 2.2,
we know that e= f. Hence e =~ f by [10, Corollary 1].

(2)=(1). Given eR = fR with idempotents e, f € R\M, then e = ufu-! for some
u € U(R). We easily check that 1 —e = (1 -e)u(1- ) ((1-fHut(dl-e)),1-f=
(1-Hul1-e)((1-e)u(l—f)). Hence (1 -e)R = (1 - f)R. By Theorem 2.2, we
complete the proof. O

COROLLARY 2.4. Let R be an exchange ring, and let M be an ideal of R. Then the
following statements are equivalent:

(1) R has stable range one.

(2) Ifab and ba are strongly Tt-regular for a,b € R\M, then (ab)4 = (ba)“4.

PROOF. (1)=(2) is trivial by Theorem 1.2.
(2)=(1). Given eR = fR with idempotents e, f € R\M, then we can find a € eRf,
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b € fRe such that e = ab and f = ba. Since e, f € R\M, we know that a,b € R\M.
Hence (ab)d~ (ba)?. That is, e = f. Therefore the result follows by Theorem 2.2. O

3. Nilpotent elements. Recall that a € R is said to be nilpotent if a”™ = 0 for some
positive integer n. In [16], H.-P. Yu proved that every exchange ring of bounded index
of nilpotence has stable range one. Now we investigate stable range one conditions
over exchange rings by virtue of nilpotent element. We see that an exchange ring R has
stable range one provided that the set of all nilpotents of R is closed under product.
First, we extend [11, Lemma 3.1 and Proposition 3.3] to exchange rings by a similar
route as follows.

LEMMA 3.1. Let A, B be finitely generated projective right modules over an exchange
ring R, and let k be a positive integer. Then A 5® kB if and only if there is a decompo-
Sition A =A1©A, @ - - - ® Ay such that A; $® A, <® --- <® A, <® B.

PROOF. One direction is obvious. Conversely, it is trivial if k = 1. Now we assume
that the result holds for k — 1. Suppose that A <® kB. Then A& C = (k—1)B & B for
some right R-module C. By [2, Proposition 1.2], there are right R-modules U, W, E, and
Fsuchthat A=UeW,C=EeoF, U®E=(k-1)B,and WeF =B.So U <® (k—1)B.
By the induction hypothesis, we have U = Uy @ U & - - - ® Uy_1 with U; <® U, <°

- 5% Ug_1 <® B. Clearly, there are right R-modules Dy,Dy_1,...,D2, Uy = D; such
thatB=D1®D2®---&Dy,Ui-19D; =U; (2<i<k).Hence Wo&F=D,®D>®- - -®Dx.
In view of [2, Proposition 1.2], we have right R-modules X1, X»,...,Xx such that W =
X190 X, --- @ X, with all X; <® D;. Consequently, A=UoeW = (U,oU,®---®
U)o (X180 Xod---0Xy) =X108(XooU)o(Xz30U2) @ -- @ (Xg ®Ug_1). Clearly,
X159 Xo0U; 52 Xz30Us 5% -+ - 5% Xy @ Ug_1. Therefore we complete the proof. [

LEMMA 3.2. Ife =e?, f = f2 € R such that eR s® fR, then there exist x € eRf and
v € fRe such that xy = e.

PROOF. Since eR <% fR, we can find some right R-module D such that ¢ :eR&D =
fR. Assume that @ (e) = fr for some v € R. Then e = ¢~ (fr) = (e 1 (f) f)(fre).
Setx =ew I (f)f and y = fre. Then x € eRf and y € fRe with xy = e, as asserted.

O

LEMMA 3.3. Let R be an exchange ring. If R(1—e)R = R withe = e?2 € R, then e is
the product of two nilpotents of R.

PROOF. Since R(1 —e)R = R, we have y1,...,Y, € R such that 1 € > y;(1 —e)R.
Hence R = > y;(1—e)R. So we have an epimorphism ¢ : n(1—e)R — > y;(1—e)R =R.
Since R is a projective right R-module, we know that  is a split epimorphism. Thus
R s®n(l-e)R.

Since eR <® R <® n(1 — e)R, by virtue of Lemma 3.1, there is a decomposition
eR=A19A,®---0 A, such that A; <® A, <® ... 5® A, <® (1 —e)R. Thus we
have orthogonal idempotents ey,...,e, € R such thate =¢; +--- + ¢, with ¢;R 5%
R <s® ... 5%¢,R<® (1-¢e)R.Sete,.1 =1—e.Because ¢;R s®¢;.1Rfori=1,...,n,
from Lemma 3.2, we can find x; € e;Re;;; and y; € e;.1Re; such that x;y; = e;. Set
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X=x1+---+xpand y = y; +-- -+ y,. Itis easy to verify that x"*! = y"*1 =0 and
e=e;+---+ey, =xy.Thus e is the product of two nilpotents. O

THEOREM 3.4. Let R be an exchange ring. If the set of all nilpotents of R is closed
under product, then R has stable range one.

PROOF. Assume ax +b =1 in R. Since R is an exchange ring, by [14, Theorem 2.1],
we have e = ¢2 € R such that e = bs and 1 —e = (1 — b)t for some s,t € R. Thus
1—e = axt. It is easy to check that (1-e)aR c (1-¢e)R = (1—-e)axtR < (1-e)aR,
and then (1 -e)aR = (1 —e)R. Hence R = (1 —e)aR @ eR, so there exist u,v € R such
that 1 = (1—-e)au +ev. We easily check that (1-e)((1-e)a+e)u+e((l—-e)a+e)v =
(I1-e)au+ev =1, hence R((1-e)a+e)R=R.Set y =s(1-a). Then R(a+by)R=
R(a+bs(1—a))R=R(a+e(1-a))R=R((1-e)a+e)R=R.In view of [3, Corollary 2.2],
we can find an idempotent e € (a + by )R such that ReR = R. Set e = 1 — f. Then
R(1-f)R =R with f = f? € R. It follows from Lemma 3.3 that 1 —e = f € R is the
product of two nilpotents of R. Therefore 1 —e = (1 —e)? is a nilpotent. Hence e = 1.
Consequently, we claim that (a+by)r =1 for some » € R.

From r(a +by) + (1 —v(a +by)) = 1, we can find s € R such that (» + (1 -
v(a+by))z)s = 1 for some z € R. Therefore a+by = (a+by)r + (1 —-r(a+
by))z)s =(a+by)rs =s,hence a+by € U(R). That is, R has stable range one. O

Recall that an ideal P of R is called completely prime if R/P is a domain. As an
immediate consequence of Theorem 3.4, we now derive the following corollary.

COROLLARY 3.5. Every exchange ring with all minimal prime ideal completely prime
has stable range one.

PROOF. Clearly, R is 2-prime. So we claim that all nilpotents in R belong to the
prime radical of R. Thus the product of two nilpotents is nilpotent. By Theorem 3.4,
the result follows. O

PROPOSITION 3.6. Let R be an exchange ring. If every regular element which is the
sum of a unit and a nilpotent element is a unit. Then R has stable range one.

PROOF. Assume ax + b =1 in R. Similar to the consideration in Theorem 3.4, we
can find a y € R such that R(a+by)R = R. Thus, we have e = e? € (a+by)R such
that R(1 — f)R = R with f = 1—e. By Lemma 3.3, 1 —e = n1n; is the product of two
nilpotents n; and ny. Hencee = 1-n1ny = (1-ny)+n1(1-n2) = (1-ny)(1-np) '+
n1)(1—-n3). Since (1 -n;)(1-n2)"1+n; € U(R), we know that e = e2 € U(R). Hence
(a+by)r =e =1 for some v € R. Analogously to the consideration in Theorem 3.4,
we conclude that R has stable range one. O

4. Prime ideals. In Section 3, we see that stable range one conditions over exchange
rings can be studied by minimal prime ideal of R. Now we investigate such stable range
condition by prime ideals. We denote the set of all finitely generated projective right
R-modules by FP(R).

LEMMA 4.1. Let J and K be ideals of an exchange ring R such that JK =0 and R/K
has stable range one. Let A,B € FP(R).IfA/AJ = B/BJ and A/AK = B/BK, then A = B.
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PROOF. Suppose that A/AJ = B/BJ and A/AK = B/BK. Similar to [2, Proposi-
tion 1.4], we have right R-module decompositions A = A; @ A>, B = By @ B, with
A1 = By, A, = AyJ, and B, = By J. It is easy to verify that A1 /A1 K® A, = A/AK =
B/BK = B, /B1K & B> because A>K = B,K = 0. Since R/K has stable range one, we have
Ay =By. Thus A= A; @B = A, ® B, = B, as required. O

THEOREM 4.2. Let R be an exchange ring having stable range one and A,B € FP(R).
If AJAP = B/BP for all prime ideal of R, then A = B.

PROOF. Supposethat A # B.SetQ={M | Jis an ideal of R such that A/AJ#£B/BJ}.
Clearly, Q = @.

Given J1cJoc---cJpc---inQ.Set J =U;<iceJi- Then J is an ideal of R. If J ¢
Q, then A/AJ = B/B]J. This is equivalent to some equations modulo J. Thus we have
some J; such that A/AJ; = B/BJ;, a contradiction. Hence Q is inductive. Therefore, we
have some Q € Q such that it is maximal in Q. Clearly, Q is not prime. So we have ideals
Kand L suchthat K > Q,L 2 Q, and KL < Q. Therefore, (A/Q)/(A/Q)(K/Q) = AK =
B/BK = (B/Q)/(B/Q)(K/Q).Likewise, (A/Q)/(A/Q)(L/Q) = (B/Q)/(B/Q)(L/Q).Be-
cause (K/Q)((L/Q)=0,we conclude that (A/Q)/(A/Q)(Q/Q)=(B/Q)/(B/Q)(Q/Q)
by Lemma 4.1. Hence A/Q = B/Q, a contradiction. Therefore A = B, as asserted. O

COROLLARY 4.3. Let R be an exchange ring with artinian primitive factors and A,B €
FP(R). If A/AP = B/BP for all prime ideal of R, then A = B.

PROOF. Since R is an exchange ring with artinian factors, in view of [16, Theorem 1],
it has stable range one. Thus we complete the proof by Theorem 4.2. O

COROLLARY 4.4. Let R be a strongly tt-regular ring and A,B € FP(R). If A/AP =
B/BP for all prime ideal of R, then A = B.

PROOF. Since R is a strongly mr-regular ring, by [1, Theorem 4], R has stable range
one. Therefore, we conclude that A = B by Theorem 4.2. O
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