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ABSTRACT. Using ergodicity of functions, we prove the existence and uniqueness of
(asymptotically) almost periodic solution for some nonlinear differential equations. As
a consequence, we generalize a Massera’s result. A counterexample is given to show that
the ergodic condition cannot be dropped.
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1. Introduction. The asymptotically almost periodic functions were first introduced
in [10, 11] by Fréchet. In the modern theory of differential (integral) equations, many
authors [5, 9, 12, 13, 14, 25] apply the asymptotic property of the functions to deter-
mine the existence of almost periodic solutions. Along with the development of such
equations as evolution partial differential equations, retarded functional differential
equations, and so forth, where the phase spaces are infinite, the theory of Banach-
valued (asymptotically) almost periodic functions has been developed [2, 18, 20, 21,
22, 23]. Some techniques in functional analysis and harmonic analysis are applied
to such equations, for example, [3, 24] apply spectrum theory to get almost periodic
solutions for some linear abstract evolution differential equations.

Let X be a Banach space. In this paper, we apply ergodicity to get asymptotically
almost periodic solutions of the following nonlinear differential equation:

dx
ar =A(t,x)+ f(t), (1.1)
where
A:RXX — X, f:R— X. (1.2)

What motivates us is recent development of (1.1). For x,y € X, define
1
,¥]=lim — hyl — . 1.
[x, 71 = lim o (Ix+hyl - lxI) (1.3)

In the case X = R", [16] assumes the following conditions:

(K1) A(t,x) is a continuous mapping;

(K2) f(t) is a continuous mapping and || f(t) — A(t,0)|| < N for all t € R, where
N > 0;

(K3) there exists a function p € ¢(R), the space of bounded continuous functions
on R, such that for some positive constants 6, y, and Ty, the following two
properties hold:

(1) P(t) <=6 fort e (—o,ty],
(2) limy_ fst p(u)du/(t—s) = —y (uniformly for s > Tp);
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(K4) forall (t,x,y) € RXR™*XR"
[x—»,Alt,x)-At, )] <p@®)lx-yI. (1.4)

Note that (Ky) is a strong dissipativity condition.

The main result in [16] is: suppose that conditions (K;)-(K4) are satisfied. Suppose,
furthermore, that A(t,x) is almost periodic in t uniformly for x € R" and f is almost
periodic. Then equation (1.1) has a unique almost periodic solution on R.

[1] extended the result in [16] by allowing X to be a Banach space and instead of
(K3), using the following equivalent condition:

(H3) there exist a function p € €(R) and positive constants §, 61, Ty, and T; such
that

p(t) <=6, (te€(-x,To])

(1.5)
p(t) <61, (te[T1,+x)).
Massera [19] considered the following special case of (1.1) in the case X = R™:
Z—’: = A)x+f(b), (1.6)

and gave the statement: let the matrix A(t) in (1.6) be real almost periodic such that
aij = 0 for all i > j, then (1.6) has a unique solution for every f € €(R)" if and only
if the mean value lim7_ f_TT a;;(t)dt /2T # 0 for 1 < i < n; in this case, if f is almost
periodic, then the unique bounded solution of (1.6) is also almost periodic.

Note that, the Massera’s result is not a consequence of [1, 16] because in general,
a;; do not satisfy (Hs3) or (K3), i = 1,2,...,n. For example, g(t) = —1/2 + sint, then
limr_. o f,TTg(t)dt/ZT = —1/2, but obviously g does not satisfy either (Hs) or (K3).

In this paper, we unify all the results above by ergodicity (for the definition, see
Definition 3.1). In Section 2, we show some results on asymptotically almost periodic
functions. We then apply ergodicity to investigate asymptotically almost periodic so-
Iutions of (1.1) in Section 3. (K3) and (H3) are regarded novel assumptions in [16] and
[1], respectively. We point out that both conditions (K3) and (H3) are special cases of
ergodicity. At the same time, we also point out that Massera’s result does not depend
on the almost periodicity, but the ergodicity. The almost periodicity is also a special
case of ergodicity. Thus, as a corollary we get result of [1] in Section 3 and generalize
the result of [19] in Section 4, respectively. Finally, a counterexample is given to show
that the ergodic condition cannot be dropped.

2. Vector-valued asymptotically almost periodic functions. In this section, we
present some results on asymptotically almost periodic functions. We apply the re-
sults to get asymptotically almost periodic solutions in Section 3.

Let Q be a closed subset of X, let J € {R*,R}, and let 6(J x Q,X) (respectively,
%(J, X)) be the space of bounded, continuous functions from J x Q (respectively, J) to
X with supremum norm. When X = C, we will omit X in our notations. For example,
we write 6(R) for 6(R,C).
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DEFINITION 2.1. A subset P of J is said to be relatively dense in J if there exists a
number [ > 0 such that
[t,t+1InP+@ (te]). 2.1)

DEFINITION 2.2. A function f € €(R xQ,X) is said to be almost periodic in t € R
and uniform on compact subsets of Q if for every € > 0 and every compact subset K
of Q, there exists a relatively dense subset P of R such that

|ft+T,x)-f(t,x)||<e (TEP, tER, x €K). (2.2)

Denote by 4% (R x Q, X) all such functions.

For f € €(J xQ,X) and s € J, the translate of f by s is the function R, f(t,x) =
ft+s,x),t€Jand x € Q. Then f is in 4P (R xQ,X) if and only if {R;f :s € R} is
relatively compact in 6¢(R x Q, X).

DEFINITION 2.3. A function f € €(J x Q,X) is said to be asymptotically almost
periodic in t € J and uniform on compact subsets of Q if for every € > 0 and every
compact subset K of Q, there exist a relatively dense subset P and a bounded subset
C of J such that

[|ft+T,x)-f(t,x)||<e (T€P, t,t+T€J\C, x €K). (2.3)

Denote by AP (J x Q,X) all such functions.

One sees that the asymptotically almost periodicity will reduce to the almost peri-
odicity if C = @ and J = R.

THEOREM 2.4. An f € AAP(J x Q,X) is uniformly continuous on J X K and the
range f(J xK) is relatively compact.

PROOF. For the case J = R*, this is [22, Lemma 3.2]. For compact K, there ex-
ists a natural identification between ¢ (J x K,X) and €(J,6(K x X)); this identifies
AAP(J XK, X) and AAP(J,6(K x X)). Note that if f € AAP(R,X) then flg+ €
AAP(RT,X) and flr- € AAP(R™,X). So the theorem is a consequence of [22,
Lemma 3.2]. O

As usual, € (J xQ, X) consists of the functions f € € (J xQ,X) that vanish at infin-
ity. That is, for € > 0 there exist a bounded subset C of J such that

[|f(t,x)]|<e, (teJ\C, x €K). (2.4)

REMARK 2.5. (i) 44P(J) was originally introduced in [10, 11] by Fréchet in the
case J = R*. It is well known (cf. [22, Theorem 3.4]) that f € 4AP(R*, X) if and only
if f=glg+ +@, where g € AP (R, X) and @ € €o(R", X).

(ii) There is a difference of notation, as well as of meaning, between ¢, (R, X) here
and Cj (R, X) in [24] by Ruess and Vu. Here, ¢ € 6¢(R, X) if and only if || (¢)]| — O
as |t] — oo;in [24] @ € Cy (R, X) if and only if || (t)]| — 0 as t — .

(iii) This brings a difference in defining asymptotically almost periodicity on R be-
tween here and [24]. In [24], f is asymptotically almost periodic on R if and only
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if f =g+ @, where g € 4?(R,X) and @ € Cj (R, X); the function f will lose some
properties (e.g., ergodicity) that an asymptotically almost periodic function on R* has.
However, if g € AP(RxQ,X) and @ € 6o(RxQ, X), then the function f = g + @ satis-
fies the conditions in Definition 2.3; conversely Theorem 2.6 states that the function
in Definition 2.3 will have a unique such decomposition. Definition 2.3 is more natural
and consistent.

THEOREM 2.6. A function f € 6(J x Q,X) is asymptotically almost periodic if and
only if there is a unique function g € AP (R xQ,X) such that f — glyxkx € €o(J XQ,X)
for every compact subset K of Q.

For J = R* this is [22, Theorem 3.4]. For the general case, see [28, Theorem 11 and
Remark 12(2)].

Lemma 2.7 generalizes [7, Theorem 2.8] from finite-dimensional space C" to a Ba-
nach space. The proof is similar; so we omit it.

LEMMA 2.7. If g € AP(RXQ,X) and G € AP (R,Q), then the composition g(-,G(-))
is in AP (R, X).

THEOREM 2.8. If f € AAP(J X O, X) and F € AAP(J,Q), then the composition
S FE()) is in AAP (], X).

PROOF. We show the case J = R only. Similarly, one shows the case J = R*. Since
F(J) is relatively compact, we may assume that Q is compact. By assumptions,
f=9+p, F=G+9, (2.5)

where g € AP(RXQ,X), G € AP (R, X), ¢ € 6o (RxQ,X), and ® € 6y(R, X). So

SfLF@) =g(t,G)+[f(t,F(t)—g(t,G(1))]

(2.6)
=g(t,GD) +[g(t,F() —g(t,G(®)) +@(t,F(1))].
By Lemma 2.7, g(t,G(t)) € 4P (R, X). Obviously @ (t,F(t)) € %o(R,X). To prove the
theorem, we need to show that the function g(t,F(t)) —g(t,G(t)) is in €o(R,X). Note
that F(R) D G(R) (see [27, Lemma 1.3] or [26]). Since g is uniformly continuous on
RxQ and ® € 64(R,X), for € > 0 there exists T > 0 such that

[lg(t,E@))-g(t,G®)||<e (It]>T). (2.7)

The proof is complete. O

LEMMA 2.9. Suppose that both f and f' are in AAP(J,X). That is, f = g+ @ and
f'=a+B withg,x € AP(R,X) and @,B € 6,(J,X). Then g and @ are differentiable
so that

g=a @ =8 (2.8)

For the proof, see [9, Theorem 9.2].
As a consequence of Theorem 2.8 and Lemma 2.9, one gets the following theorem.
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THEOREM 2.10. Let f € AAP(J xQ,X), that is, f = g+ @, where g € AP (R xQ, X)
and @ € 6y (J xQ, X). Consider the following equations:

dx

ar = f(t,x), (2.9)
dy

at =g(t,y). (2.10)

If (2.9) has an asymptotically almost periodic solution F, then the almost periodic com-
ponent of F is a solution of (2.10).

3. Ergodicity and solutions of (1.1). The ergodicity of a scalar function was dis-
cussed in [8]. The ergodicity of a vector-valued function was defined in [4]. Now we
present it in the following definition.

DEFINITION 3.1. A function f € €(J) is said to be ergodic if there exists a number
M (f) € C (is called mean of f) such that

. 1 (T
}%T—%L f(t+s)dt =M(f) (3.1)

uniformly with respect to s € R, where a = 0 when J = R* and a = —T when J = R.

An ergodic function in Eberlein’s meaning [8] and Basit’s meaning [4] is required to
be uniformly continuous on J. But we do not need the requirement here.

Many function spaces are ergodic, for example, the space of almost periodic func-
tions AP (R) [7], the space of asymptotically almost periodic functions AP (R) [8],
and the space of weakly almost periodic functions WP (R) [8].

Note that (3.1) is equivalent to

T+s

1 )
%Lnolom s fwydt=M(f) (3.2)

uniformly with respect to s € J. Thatis, for € > 0 there exists T > 0 such that whenever
a,be Jand b—a > T, then

b

’ﬁL f(t)dth(f)‘ <e. (3.3)
As we point out in the introduction that (K3) and (H3) are all special cases of ergod-

icity. For, let p € (H3) and let —y = max{—9,—9;} then p(t) < —y for all t € R except

a finite interval. Therefore, there exist a real ergodic function p; with M(p;) = —y

such that p(t) < p;(t) for all t € R. So the following condition is weaker than (Hs3).
(H3) There exists a real ergodic function p with M(p) = -y <O0.

LEMMA 3.2. Let p be real, ergodic with M (p) + 0. Then the following defined func-
tions are bounded:
(1) inthecaseM(p) < -y <0

t t
g1 (1) =j ellrwdn g (e, (3.4)

Ga(t,s) =eliPMar (1 seR t>35), (3.5)
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(2) inthecaseM(p) >y >0
gty == efrmwtias ey, (3.6)
t

where a = 0 when J = Rt and a = —o when J = R.

PROOF. We show (3.4) for the case J = R* only. Similarly, one shows the lemma for
other cases.

Since p is ergodic with M (p) < —y < 0, by (3.3) there exist T > 0 such that for any
a,b eR*, b—a > T, we have

b
J p(uwydu < -r(b-a). (3.7)

Fort € R* thereis a positive integer n suchthat (n—1)T <t <nT.LetB =exp{|lp|IT}.
Then

t t nT ¢
g(t):J ejsﬂ(u)dudsgj ejsp(u)duds
0 0

nT nT
- J TP plw du g < J T P dulpIT g g
0 0

[n-1 .iT nT T pwd
=B J +J els pPlwWatge
_izzl (i-1)T } 3.8)

(n-1)T

rn-1 .iT nT
<B J e*Y(”T*S)dSJrJ’
Li1 (i-1)T (n-1)T

emrds}

rn—-1 0

<B| > Te”("”T+TB} sBT[ e”T+B] < co.

Li=1 i=1

The proof is complete. O
As the proof of Lemma 2.3 in [16], one shows the following lemma.

LEMMA 3.3. Suppose that (K4) is satisfied. Let u and v be solutions of (1.1) on an
interval [a,b]. Then

lu@) —v ()] < |[[u@) —v@)]lesP™dr vt ela,bl. (3.9

THEOREM 3.4. Suppose that (K1), (Kz), (H3), and (K4) are satisfied. Let
I'=max{1,|gil,llg:l}, (3.10)

where g, and g» are as in Lemma 3.2(1). Then (1.1) has a unique bounded solution u
on J. (In the case ] = R* the solution u depends on initial value.) Furthermore, if v is
any solution of (1.1), then ||u(t) —v(t)|| - 0 ast — .

PROOF. We proof for the case J = R, similarly one shows the case of J = R*.
If A(t,0) # 0 for t € R, we replace A(t,x) and f(t) by A(t,x) —A(t,0) and f(t) +
A(t,0), respectively. We assume, henceforth, that A(t,0) = 0Oand f(t) < N forallt € R.
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We fix a vector uy € X and let ||ug|| = 9. For each positive integer n we consider the
following Cauchy problem:

x'=A(t,x)+ f(t), x(-n) = ug. (3.11)

Then (3.11) has a unique solution u,, on [—n,n] (see [15]). We first show that there is
¥ > 0 such that
[lunl|<r Vn. (3.12)

By (K4) we have
Dilfun ()] = [wn(®),ur, ()] = [un(t), A(t,un(t)) + f()]

< [un(0), A(t,un () ]+ [un(t), £ ()] (3.13)

< pO)]fun@®]]+]f (1)

where D ||u(t)] denotes the right derivative of ||[u(t)]. So

t
un (D] < |Jun (—1)|| el nPIdr +I IF (Ol PTar ds <T(ry+N) =7, (3.14)
-n
It follows that ||u, (t)|| < v for all t € [-n, n] and for all n.

Next, we show that the sequence {u,} is a uniform Cauchy sequence in every
bounded subset [—h,h] of R. Indeed, let n and m be two positive integers, m > n.
Then u,, and u,, are defined on [—n,n]. By (3.9) for t € [-n,n], we have

o (1) =t (D)]] < [ (=) = (—10)[[ @S nPOds < 2pelnp(s)ds, (3.15)
Let 6 < y. By ergodicity of p, when n is sufficiently large, one has

eltnp($)ds < g=3(tsm), (3.16)

This implies that {u,} is a uniform Cauchy sequence in every bounded subset of R.
Thus its limit is a bounded solution of (1.1).

As the proof of [16], one shows the uniqueness of bounded solution.

The last statement is a consequence of Lemma 3.3. The proof is complete. O

THEOREM 3.5. Under the assumptions of Theorem 3.4, if A(t,x) € AAP(J x Q,X)
and f € AAP(J,X), then the unique bounded solution of (1.1) is also asymptotically
almost periodic.

PROOF. Theorem 3.4 has shown the existence and uniqueness of bounded solution
u for (1.1). We need to show that u is asymptotically almost periodic if A(t,x) €
AAP(J xQ,X) and f € AAP (], X).

Let S = {u(t) : t € J}. First we show that S is relatively compact in X. That is, for
any sequence {s,} of J, {u(sy)} has a convergent subsequence. If it does not, then
there exists an € > 0 such that

[[u(sn) —u(sm)l| =€ (3.17)

for all distinct numbers n, m.
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Without loss of generality, we may assume s,, — o. For any fixed T > 0, let s,, =
T + 60y. Then 6,, — .
Since A € AAP(J xQ,X) and f € AAP (], X),

A=G+9, f=g+o, (3.18)

where G € AP(RXQ,X), g € AP (R, X) and ® € €y (J xQ,X), @ € 6p(J,X). Note that
the translate set {R;G: s € R} and {R;g :s € R} are relatively compact. If necessary
by taking a subsequence, we may assume that uniformly Ryp,G — B on R X K and
Ro,g — h on R, where B € A?(RxQ,X), h € AP?(R,X), and K is any compact subset
of Q. Since ® € 6¢(J xQ,X) and @ € 6,(J,X), for any finite interval [0, T] we have
uniformly Rg, ®(t,x) -0 (0 <t <T, x € K) and Ry, @(t) — 0, t € [0,T]. Therefore,
for (t,x) € [0, T]xK

Ro,A(t,x) — B(t,x), Ro, f(t) — h(t), (3.19)

uniformly.
Since u is a solution of (1.1), u, = Rg, u is a solution of

DY AL+ 0, ) 4 f(t+0n). (3.20)
Since B satisfies the same conditions as A, the limit equation

dz
I =B(t,z) +h(t) (3.21)

has a unique bounded solution on J. Let 1 be this solution. Put

Un(t) = [[un(t) —uo(1)]]. (3.22)
Note that D, ||lu(t)]|| exists and

Dilu®)|l = [ut),u’ ()], (3.23)

where D, ||u(t)|| denotes the right derivative of ||u(t)| at t. Note the following prop-
erty of the function [-, -]
[x,y+z]l<[x,y]1+lzl. (3.24)

Then it follows from (Ky), (3.6), and (3.9) that

D vn(t) = [unm—uo(t),%(un(t) —uo(t))]

= [un(t) —uo(t), A(t + O, un(t)) + f(t+0y) —B(t,up(t)) —h(t)]
= [un(t) —uo (), A(t + 0p, un(t)) —A(t + 0y, uo(t))
+A(t+0,,up(t)) +f(t+0n)—B(t,up(t)) —h(t)]
< [un(®) —uo(t), At + O, un () = A(t + On,uo(t))]
+IIAQ +0n,uo (1) + £ (£ +0n) —B(t,uo(t)) —h(1)]|
< p)|[un(t) —uo(t)||+ by (t),

(3.25)
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where
by (t) = ||A(t+Op,uo(t)) + f(t+0y,) —B(t,uo(t)) —h(t)]]. (3.26)

Let b, (T) = sup{by(t) :t € [0,T]} and K = {uo(t) :t € [0,T]}. Then b, (T) — 0 as
n — o and K is compact. Now,

D vy (t) < p@)vn(t) +bn(T). (3.27)
Integrating (3.11), we have, for all t € [0, T],
¢
Un(t) sejép(”)d“-vn(O)+J eliraduy (1) 4s. (3.28)
0

Since p is ergodic with M(p) < —y <0, let T > 0 be such that

0 <eli Pwdu 4, (0) < T .1, (0) < Z. (3.29)
It follows from Lemma 3.2 that for sufficiently large n,
T, €
I els vwdup (T)ds < 7 (3.30)
0
That is,
€
Un(T) = [[un(T) ~uo(T)]| < 5. (3.31)
Now
€= ||u(5n) *M(Sm)H
< [[u(sn) —uo (D[ +|[u(sm) —uo (1) ] (3.32)

= [un (T) = uo(T) || + [|m (T) —uo(T)|| < €.

This is a contradiction. This shows that {u(s,)} has a convergent subsequence. So S
is relatively compact in X.

Next we show that u is asymptotically almost periodic. By Definition 2.3 for every
€ > 0 there are a relatively dense subset P and a bounded subset C of J such that, for
TeP, t,t+1eJ\C,and x € S,

[|A(t+T,x)—A(t,x)+ f(t+T) - f()]| <e. (3.33)

So
D.llu(t+1)—u(t)|]
=[ut+1)—ul@),A(t+7T,ut+71))-A(t,u®))+f(t+T) - f(1)]
<[ut+T)-—u®),A(t,ut+1))—A(t,u(t))] (3.34)

+HA(E+T,u(t+1) - ALt +1)) + f(E+T) = £ ()|
<p®|ut+T1)—u)| +e.
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Let T > 0 be such that 2||u|exp{—yT} <€ and [-T,T] D> C. Solving this differential
inequality we have, for t > T,

t
lut+7)—u@®)| < [[ut-T+T1) —u(t—T)Heftth”(“)d’“reJ eliPwdu g
t-T

t
< 2||u||eff—rv(u>du+ej el P du g g (3.35)
0

<2llulle™™ +ellgll < e(1+]lgnll),

where the function g; is defined in Lemma 3.2. Thus in the case J = R* we have
already shown that u is asymptotically almost periodic. If J = R. Let a < —2T and so,
t=a+T < —T. Then we have

a+T

a+ a+T
luta+T+1)-u@+D)|| < lu(@a+1) -u(a)|lek TP(WMeJ el pandu g
a
<2llulle™ +ellgi|| < e(1 +||gul]).

(3.36)
That is,

[lu(t+T1)—u®)|| <e(l+||g1]]) (3.37)

forall t,t+T € R\[-T,T] and T € P. The function u is in AP (R, X). The proof is

complete. O

The following corollary is the main result in [1], and is a consequence of Theo-
rems 2.10, 3.4, and 3.5.

COROLLARY 3.6. Suppose that (K1), (Kz), (Hz), and (Ky) are satisfied. Then (1.1) has
a unique bounded solution. In this case, if A(t,x) € AP (RxQ,X) and f € AP (R,X),
then the unique solution is also an almost periodic solution on R.

4. Applications to solutions of (1.6). Before considering equation (1.6), we first
consider the following scalar equation:

x'(t) = a(t)x+ f(1), (4.1)
where a and f are in €(J). We claim that (4.1) satisfies (K4) where p = a. For, since a

is bounded on J, for sufficient small h € R we have |1 +ha(t)| =1+ ha(t). So

[x-y,a(t)x—a(t)y] = lim l{|x—y+h(a(t)x—o1(t)y) | —lx -1}
h—o0+t h 4.2)

.1 ’
=p}1_r(r)1+ E{Ix—y||1+ha(t)| —|x-yl}=a®)|x-yl.

That is, condition (Ky).

LEMMA 4.1. Let a € €(J) be real ergodic. Then (4.1) has a unique bounded solu-
tion for every f € 6€(J) if and only if M(a) # 0. In this case, if a, f € AAP(]), then
the unique solution is also in AAP(J). Furthermore, if a, and g are almost periodic
components of a and of f, respectively, then the equation

x't)=a1(H)x+g(t) 4.3)

has a unique almost periodic solution.
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PROOF. SUFFICIENCY. In the case M(a) < 0, this is a consequence of Theorems
2.10, 3.4, and 3.5. In the case M(a) > 0, one can check directly that the function

y(t) = fLooeL‘t“(“)d“f(s)ds (te])) (4.4)

is a solution of (4.1), is bounded by Lemma 3.2, and is asymptotically almost periodic
if both a and f are.

NECESSITY. By [17, Theorems 3.2 and 4.1] and [6, Proposition 8.2], equation (4.1)
satisfies an exponential dichotomy. That is, there are positive numbers «; and k;,
i =1,2 such that either

7o) yol(s)] <kje ) (>5) 4.5)
or
[0 (D) g (s)] < kae~®6-8  (t<5), (4.6)
where ,
Yo(t) = eloatwdu A.7)

is the unique solution of the homogeneous equation of (4.1) with y,(0) = 1. Suppose
the former holds. Then

e-liawadu| < g o-cilt=5) (f5 gy 4.8)
Let ¢; > 6 >0 and o = &1 — 6. Then

kle—oq(t—s) — kle—(a1—5+5)(t—s) — kle—5(t—5)e—o((t—5)_ (49)

Therefore, there is Ty such that k;e ?*~%) < 1 when (t —s) = T,. This implies that,
when (t —s) = Ty,
e lratwdu] < pmatt=s), 4.10)
Therefore,
t 1 t
,J a(u)du < —u(t-s), —J a(u)du = «. 4.11)
s t—sJs
This implies that M(a) > 0.
Similarly, one shows that M (a) < 0 if the latter holds.
This completes the proof. O

Using Lemma 4.1 n times, we have the following theorem.

THEOREM 4.2. Let the matrix A(t) in (1.6) be real, bounded and continuous such
that a;; =0 for all i > j and for 1 < i < n, a;; be ergodic. Then (1.6) has a unique
bounded solution for every f € 6(J)" if and only if M(a;;) # 0, 1 < i < n. In this case,
if A and f are asymptotically almost periodic, then so is the unique bounded solution.
Furthermore, if G(t) and g are almost periodic components of A(t) and f, respectively,

then the equation
dx _
dt
has a unique almost periodic solution.

G(t)x+g(t) 4.12)
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Finally, we give an example to point out that (4.1) (and so (1.1)) may not have a
bounded solution if a is not ergodic.

EXAMPLE 4.3. Forn =1,2,... and 0 <i<mn,leta; =0, dy:1 = an +n +n?, and
intervals I = [ay, +1,ay, +i+1]. Define a nonnegative, continuous function g on [0,1]
such that g(0) = g(1) =0 and

1
Jog(t)dt: 1. (4.13)

Define the function @ on R by

glt-(an+1i)], tel for some n and some i,
@(t) =10, teR*\U{Ii:n=1,2,...;0<i<n}, (4.14)
@(-t), t<0.

The function @ is even, bounded, uniformly continuous on R, and

an+j an+i+l
J cp(t)dt—ZJ pMdt=j, j=1,2,...,n. (4.15)
an

an+i

It follows from (4.15) that, for ay < T < ag+1,

IA

an+n k
J @(t)dt < — ZJ @t)dt < ; Z" 11’; = 2‘:;&"5% — 0. (4.16)

If @ were ergodic, then
1 T
?J @(t+s)dt —0 asT — oo 4.17)
0

uniformly in s € R. However, when T = j and s = a,, it follows from (4.15) that

1 J 1 an+j
fJ (p(t+an)dt=fj pt)dt=1, j=1,2,...,n. (4.18)
J Jo J Jan
This is a contradiction. This shows that @ (-) is not ergodic.
By symmetry,
—an
J etdt=j, j=12,.,n, lun —J pt)dt=0 (4.19)
—an—J
For any «x € (—1/2,0), let a = «+ . Then a is not ergodic, lim; .« fo u)du/t =

lim; . o ftoa(u)du/( t) = «.In (4.1) let f = 1. Now we show that (4.1) does not have
a bounded solution. In fact, the general solution of (4.1) is

t
¥ (1) :efﬁa(“m“{chJ eféa(u)d“ds}, (4.20)
0

where C is arbitrary. Note exp{ s a(u)du} — o as t — —co. Then y is unbounded
unless

t S
C+J e hawduroyds — 0 ast— —oo. (4.21)
0
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In this case,

C= —J e~ lhawdu gg (4.22)
0

Substitute C into (4.20), we get

t
y(t) = J elsawdu g (4.23)

Letr =s+ay,

—an-n+l1
|y (=an)| ZJ T o du g

ijzwl (4.24)
_ J e Tt G e du g,

n
> J eno(+(n—1)d1, > en/Z—l — oo,

Anyway, v is unbounded.
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