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ABSTRACT. We define certain spaces of Banach-valued measures called Lipschitz measures.
When the Banach space is a dual space X*, these spaces can be identified with the duals
of the atomic vector-valued Hardy spaces Hf;([R”), 0 < p < 1. We also prove that all these
measures have Lipschitz densities. This implies that for every real Banach space X and
0<p<1,the dual H )’Z([R{")* can be identified with a space of Lipschitz functions with
values in X*.
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1. Introduction and notation. An interesting question in the theory of vector-
valued Hardy spaces is the representation of their dual spaces. This matter has been
considered by several authors in the different versions (not necessarily equivalent) of
these spaces, namely the H?-spaces of holomorphic functions in the disk with values
in a Banach space X as well as the “maximal” and the atomic Hardy spaces of Banach-
valued distributions in the unit circle (cf. [1, 2, 3, 4, 5]). In particular, in [1], it is proved
that for every Banach space X, the dual of the atomic space HZ (X) in the unit circle
is the space BMO(X*) of measures in the circle and values in X* of bounded mean
oscillation. In that paper, it is proved that this space of measures is in fact the space
of functions of bounded mean oscillation if and only if X* has the Radon-Nikodym
property and in this case HL (X)* = BMO(X*).

In this paper, we consider the atomic Hardy spaces H,’z in R™ for 0 < p < 1. The
dual space of each of these HY will be a space of measures with values in X* modulo
polynomials of degree N < [n(1/p —1)] (measures with polynomial densities). These
measures will be finitely additive measures defined in the ring of all bounded Borel
sets in R™ and have a control imposed on cubes analogous to that one shared by the
Lipschitz functions: f € LIIOC(DR") is a Lipschitz function with exponent « > 0 if and
only if there exists a positive constant C > 0 such that

IF =PE A2 = ClQIM*172, 1.1

for every cube Q, where P([Z"‘] (f) is the unique polynomial of degree less than or equal
to [] having the same moments of order less than or equal to [«] as f.

The exponent p € (0,1) makes possible to adapt the arguments of the scalar theory
to approximate these measures by measures with smooth density. The final result is
that every measure belonging to our space of measures denoted by J(§ has a Radon-
Nikodym derivative that is a Lipschitz function with exponent &« = n(1/p —1). Then
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the dual of HY is the space of Lipschitz functions in R" with values in X* modulo
polynomials of degree less than or equal to [«]. This holds for every real Banach
space X, contrasting with the case p = 1 mentioned above.

The following notation will be used throughout this paper, ¥(R", X) will denote the
space of rapidly decreasing functions on R™ with values in a real Banach space X. We
will denote by @' (R",X) the space of X-valued distributions in R", that is, the space
of all continuous linear operators from CZ (R™) into X and ¥’ (R™, X) will be the space
of all the linear and continuous operators from ¥(R") with values in X. ¥{(R", X)
and ¥, (R", X) will denote, respectively, ¥’ (R",X) with the topologies of pointwise
convergence and uniform convergence in bounded subsets of ¥(R").

Foracube Q ¢ R" and 1 < p < o0, LE(Q) will denote the space of all the X-valued
Bochner measurable functions on Q such that || f|| belongs to L¥(Q).

For 1 < g < o, Vi(Q) will be the space of all countably additive measures u on the
Borel sets on the cube Q with values in X and with finite g-variation

1/q
A)lla
lullyag) = sup( > '”UH) : (1.2)

AeT m(A)q&

where the supremum is taken over all finite partitions (measurable) ™ of Q and m
is the Lebesgue measure. For p > 1, the dual space of Lﬁ’((Q) can be identified with
V)?* (Q),where 1/p+1/q = 1. For complete expositions of vector measures and vector
integration see [6, 7].

All the cubes considered here will be compact and will have sides parallel to the
axes. > will be the ring of bounded Borel sets in R™.

For f € ¥ (R",X) and @ € ¥(R"), we define

M3 (f)(x) = sup e f()|Ix- (1.3)

y-x|<t

Apg(x) denote the difference g(x + h) —g(x), where g is an X-valued function and
Aig = ApApg. For o > 0, the spaces A% will be the vector-valued versions of the
spaces A% of Lipschitz functions, namely, if & = [a] + &', 0 < & < 1, then g € A if
ge C)[(D‘]([R”) and

Igllag = sup sup |h|~*[[AnDg]|;s < co. (1.4)
[Bl=[] heR™\0

Forx ez, ge AYif g € CFH(R™) and

lgliag = sup sup |h|~'[|A;DPg||;=. (1.5)
|Bl=a—1 heRM\0

Notice that, as in the case of scalar functions, || g || g =0 implies that Df g is constant
forall | 8| = [«] if « ¢ Z, and D#g is an affine linear function for every || = x—1 when
« € Z. Using this fact and Taylor’s theorem for Banach-valued functions, we conclude
that g is a polynomial of degree less than or equal to [«].
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We define 7\\?‘; to be the normed quotient space of A§ modulo polynomials of degree
less than or equal to [«].
As usual, the letter C denote a constant that could be different at each occurrence.

2. Interpolation polynomials and Lipschitz measures. The aim of this section is
to define an appropriate space of vector-valued measures, which turn out to be the
dual of a vector-valued Hardy space.

Let Q be a cube on R" with center xo and let f € L'(Q). The linear independence
of the family of functions {x®} <~ implies the existence of a unique polynomial Pg
of degree less than or equal to N such that, for every multi-index « with |x| < N,

J (x—x0)" f(x) J (x —x0)"P (x)— (2.1)
Q Q

IQI lQl

This polynomial Pg can be constructed in the standard way using the dual basis of
theset {(x—x0)%*: x| < N}in L2(Q,dx/|Q|), that s, the set of polynomials {qué}ng
of degree less than or equal to N, such that

X —X X OB 2.2
JQ( 0) “wg( >‘Q‘ o8 (2.2)
where 6 is the Kronecker delta.
Then the interpolating polynomial is given by
PYf(x)= > aswa(x), (2.3)
|x|<N
where i
aa:J F(x) (3 —x0) V22 2.4)
Q lQl

Let Q1 be the cube centered at zero and side length 1 and take any cube Q with center
xo and side length &. If we let ¢ = (,Uo(‘ for every |x| < N, then

W) = 5 My ( X0, 2.5)

Then we conclude that there exists a constant C > 0 independent of Q and «, such
that

&) | <clQl™m  xeq. (2.6)
THEOREM 2.1. Given a cube Q centered at xo, N NU{0}, g=1and f € L@(Q),

there exists a unique polynomial Pg f :R™ — X of degree less than or equal to N such

that
« dx

Jng(x)(x Xo) @ Jf(x) X —X0) 1] (2.7)

for every multi-index « with |x| < N. This polynomial P f satisfies

HP f(x)Hx— |Q|l/q||fHLq Q)’ XEQ (28)

Thus
||P(]2VfHL§{(Q) = CHf"L%(Q) (29)
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PROOF. Letay = fo(x)(x—xo)“dx/lQl and ng(x) = ZWSNaa(pg(x). Then if
B is a multi-index with || < N, then

N _ Bdi: _ _ pdx
JQPQf(x)(x X0) o] = JQf(x)(x X0) o (2.10)

To prove the uniqueness, suppose that IQP(x) (x —x0)%dx/1Q| = 0 for every « with
|| < N, where P is a polynomial of degree less than or equal to N. Then, for every
&* e X*,

adX _ @2.11)

JQ§*°P(X)(X’X°) Q] =

and since £* o P is a polynomial with scalar coefficients whose degree is less than or
equal to N, it follows that £* o P = 0 for every &* € X, therefore P = 0. Finally, given

x €q,

IPSFeollx = X llaallxlQl . 2.12)
lx|<N

From Hoélder’s inequality, we have

1/q
laally = ClQ)Um-a jQ 1F (0l dx) 2.13)

and this implies the desired estimates. O

Let Q be any cube centered at x¢ and u € V¢(Q). As in Theorem 2.1, we can con-
struct

PYu(x) = > aawd(x), (2.14)
|x|<N

where aq=1/1Ql[, (x—x0)*du.

As in Theorem 2.1 we can prove the following corollary.

COROLLARY 2.2. Let i € ViH(Q). Then Pgu is the unique polynomial of degree less
than or equal to N satisfying

N _ Dldixzi _ [0
JQPQf(x)(x Xo) 0] \Q\JQ(X xo)*du, (2.15)

for every || < N. The polynomial PIQV u verifies
YOy < ol 1P Hll 4 o) < Cllul (2.16)
ot = 1717 IMvi@)» x€q, o Hll1a) = Cllkllyag)- .

To abbreviate notation, we often write Pq f or Pou if the context does not cause
confusion. We introduce the following space of vector-valued measures.
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DEFINITION 2.3. Let u: >y — X be a vector measure, m the Lebesgue measure on
>0, 0 < < oco. We say that u € J%, if the following conditions hold:
(i) p eV (Q), for every cube Q.
(ii) There exists a constant C such that, for every cube Q,

lu=PE (wymllyz g, < CIQI@M 12, (2.17)

For u € A%, we define

g = inf {C : (ii) holds}. (2.18)

| - M;} is a seminorm on JM§ and || HM;‘; = 0 if and only if u is a measure with poly-
nomial density P such that degP < [«]. If we form the quotient space of § modulo
polynomials of degree less than or equal to [«] (measures with polynomial density)
we obtain a normed space ﬁg‘

As in the scalar case, we have

u=Pmllyz o) (2.19)

1
N —-x/n _—
] sup DA TILE I

From now on, we refer to this space as the space of Lipschitz measures J(%.

Every function g € A§ defines a measure in JM§, in fact, as in [9, Lemma 5.18,
Chapter III], given xo € R™ and » > 0, there exists a polynomial P(x) of degree [«]
such that

l9(x) =P(x)|ly < Crellgliag (2.20)

for every x in the cube centered in x( and side length ¥, where C only depends on «
and n. This implies that

lgllug = Cligliag, (2.21)

where || gIIM; denotes the norm of the measure with density g. In Section 3, we prove
that every u € A% has a density g € A§. Now, we can prove a weak version of this fact.

LEMMA 2.4. Let x > 0 and g € C{*(R"), where m = [«] if « is not an integer and
m = «x— 1 otherwise. If the measure with density g belongs to M%, then g € A§ and

lgliag < Cllgllug.

PROOF. For every &* € X* and every cube Q, we have that Pé"‘] (E* o g) =
3 oPé“] (9). Then it is easy to see that £* o g € Mg and E* o gllye < [IE* lx+ [1glug-
By the scalar theory we have that £¥ og € A* and

IE 0 gllne = Cl[E¥ 0 gllug = CIIE™ ||+ NG llug- (2.22)

The lemma follows from this inequality. O
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3. Vector-valued Hardy spaces. We start with the classical definition of a vector-
valued atom.

DEFINITION 3.1. Let 0 < p < 1. A function a € L}<([R§") is called an (X, p)-atom, or
simply an atom in X, if the following conditions hold:

(1) suppa C Q, where Q is a cube on R".

(2)

( ; ; v 1/p
— a(x) dx) < P, (3.1)
a1, lacoli @l
(3) For every multi-index «, with |x| <n(1/p-1),
J x%a(x)dx = 0. 3.2)
R™
DEFINITION 3.2. A (p,~)-atom in X, is a function a satisfying (1), (3) above, and
laliy < 1QI77. (3.3)

DEFINITION 3.3. Given 0 < p < 1 as above, HY is the space of vector-valued dis-
tributions f € ¥,(R", X) such that f = >{7, A;a;, where a, is an atom in X for every
ieNand X7, AP < o0,

We define

0 1/p
ILf gy =inf(Z IAiI”> : (3.4)

i=1
As usual

d(f.9) =I1f -4l (3.5)

defines an invariant metric in HY.

REMARK 3.4. (1) Let @ € ¥(R"). If a is an atom in X, then
J (M3 (a)(x))’dx < Cq, (3.6)
R7

where C does not depend on a.
(2) There exists a continuous seminorm p in ¥(R") such that

[, awtoax| <o (3.7)

for every atom a in X and @ € $(R").
(3)If a;is an (X,p)-atomand Yi; |A;|P < oo, then X.;> | A;a; converges in ¥}, (R", X),
hence, the series always defines an element of H} and the convergence is in this space.
4) Hf(’ is a complete metric space.
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The proof of (1) for ¢ > 0 radial and decreasing is the same as in [9, Theorem 4.3,
page 275]. The general case follows from the fact that all the gauges Mg (f)Il, are
equivalent for ¢ € ¥(R"), with [zn @ (x)dx # 0. This fact is proved as in the scalar
case (cf. [8]).

To prove (2), let € ¥(R") and an atom a in X. Then

HJW“(’C“P(XWH =llax @)l =M (@) (») (3.8)

for every |v| < 1, where ¢ (x) = @ (—x). Raising the inequality above to the pth power
and integrating over the unit ball, we obtain

HJRna(x)(p(x)dxH <Cep- (3.9)

The Banach-Steinhaus theorem implies that the set of atoms defines an equicontin-
uous family in ¥’ (R", X), which implies (2).

Statement (3) follows directly from (2).

That HY is complete follows from (3) taking a subsequence of a Cauchy sequence
{fu}%_, in HY satisfying

1
fomeer = Fellfyy < 5 (3.10)

If we denote by Hfax (X) the space of elements f € ¥’ (R",X) such that My (f) €
LP(R™), 0 < p <1, then (1) in Remark 3.4 implies that we have a continuous inclusion
Hf(’ Cs> HP.x(X). As in the scalar case, the space HP < (X) does not depends on the
gauge IIMC’;(f)IIp, where @ € $(R"), with [zn @ (x)dx # 0. Moreover, we can use the
grand maximal function to define it. Latter’s proof of the atomic decomposition of the
scalar Hardy spaces can be adapted to prove that, every atom a in X can be decom-
posed as a series a = >.2; A;a;, where a; is a (p,)-atom in X, with X7, |A;|” < C,
where C is independent of a.

4. Duality. In this section, we state the duality between the vector-valued Hardy
spaces and the space of Lipschitz vector measures with values in X*. Then we prove
that all these measures have densities that are Lipschitz continuous functions, hence
we have the representation of the space (H ;’?)* that holds in the scalar case without
any restriction on the Banach space X. Henceforth, we denote

wen(o1) n=[n(3-1)] m

The first step is to prove that the elements of the dual (H¥)* can be represented by
measures p € %+ acting on atoms in X by

J a(x)du. 4.2)
R7

PROPOSITION 4.1. Let 0 < p < 1. For every ® € (HY)*, there exists a measure i €
M$« unique modulo polynomials of degree less than or equal to N (measures with
polynomial density), such that (4.2) holds for every atom in X.
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PROOFE. Denote by L%(Q,X) the space of functions f € L%(R"), supported in Q
and with vanishing moments up to order N, and let

oy (X) = JL (Q,X). 4.3)
Q

If f € L{(Q,X), the function a(x) = [Q["*7 VP[] 3 f(x) is an atom in X, then
X

S| < I@IILFllz 1Q1MP~12, (4.4)

We can extend this functional to the whole space L%(Q) without increasing the
norm, and obtain a measure L € V)Z(* (Q), with ||I~‘Q”v§* Q = [®]11Q|/P-1/2 guch that

a(f) = foduQ 4.5)

for every f € L%(Q,X).

We show that pg is uniquely determined up to addition of a measure with polyno-
mial density with values in X*.

Indeed, since f € L%(Q,X) has vanishing moments up to order N, then for every
polynomial P of degree less than or equal to N, g + P - m also satisfies (4.5). Con-
versely, suppose that u; and u» belong to V)Z(* (Q) and satisfy (4.5). Let f € L%(Q), v =
u1 — 2 and consider the interpolation polynomials P, f and Ppv of degree N. Then
f—Pof €L%(Q,X) and

OZJ (f—PQf)dv:J (f—PQf)(dv—PQv(x)dx):J F(dv—Pov(x)dx) (4.6)
Q Q Q

for every f € Li(Q), therefore dv = Pov(x)dx.
We conclude in particular that there exists a unique measure vg € V;%* (Q) satisfying
(4.5) with vanishing moments of order less than or equal to N. This measure is

Vo = Hg — (PQuQ)m. (4.7)
By Corollary 2.2, we have the estimate
||VQ||V}2(*(Q) <Cll®|[|Q[*P-1/2 (4.8)

Now, we decompose R" = u;’ile, where (Q;) is an increasing sequence of cubes.
We can adjust the measures Ho, adding measures with polynomial density of degree
less than or equal to N to obtain a single measure y with values on X* and defined
on >, such that

®(f) = an Sfdu (4.9)

for every f € Oy (X). Since the restriction to every cube Q of u— (Pou)m is v, then
by (4.8) we conclude that y € M§« and

ulle, < Cl®ll. (4.10)
O
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Since Oy (X) is dense in H )’?, we have shown that
(HD)* > 3., 4.11)

Now, let 0 < p < 1 and pu € M§«. We prove that the natural action of u in Oy (X)
given by

a(f) = | Fau 4.12)

can be extended to HY as a continuous functional.
Since

’ JQa(X)dH(X)’ = ’ JQa(x)d(“_PQ(H)m)

(4.13)
< HaHLg(HIJ—PQ(H)mHv)Z(* @ = lIullue,
the proof of the continuity of & would be complete if we could prove that
(f) =D A;d(a;), (4.14)

for every f = > Aja; € Oy (X) with atomic representation f = > Aja;. The identity
(4.14) holds if u has a smooth density, as the following lemma shows.

LEMMA 4.2. Let ¢ € $(R™,X*) and f € On(X) with atomic representation f =
>.Aja;. Then

J (fyp)dx = Zz\ J (aj,p)dx. (4.15)
(here (,) denotes the duality in X).

PROOF. Every atom a in X defines a continuous functional on ¥(R", X*)

Taw) = | (aw)dx. (4.16)

Let p be the continuous seminorm in ¥(R") of Remark 3.4(2). Then forany ¢ = > @; ®
& e P(R") @ X*, we have

[ Ta() | <2 p(@)IE Iy 4.17)

Hence,
| Ta(w) | < p(y), (4.18)

where p is the continuous seminorm p ® || - || in the projective tensor product ¥(R") ®
X*. It follows that the family {7, : a isanatom in X} is equicontinuous in
(L(RM) S X*) =FP(R", X*) (see[12, Chapter 51]). We conclude that the series > AjTaj
converges in the strong topology of the dual space ¥(R",X*)’ to a continuous func-
tional. Since (4.15) holds for ¢ in the dense subset ¥(R") ® X* of ¥(R", X*), the proof
of the lemma is now complete. O

Now we are in position to prove the continuous inclusion J§ C A%.
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PROPOSITION 4.3. Every p € My has a density g € Ax(R™) such that llglixg <
Clipllug-

PROOF. Let @ € C2 radial, ¢ = 0, with supp @ in the unit ball and such that
Jan® = 1. Consider the family of measures (u:)eo with density @ * p(x) =
U(pe(x—-)),where @¢(x) = (1/t")@(x/t). Notice that u; is a C* function with values
in X. In fact, for every &* € X*, the measure &* o u has a Radon-Nikodym derivative
in L}.. Then £* oy, = (§* o ), is a smooth function, and this implies that y; is also
smooth (see [11]).

By Lemma 2.4 we have

||§* °IJtHA0< = ||(§* OH)tHM = C||(§* OH)tHM&v (4.19)

and [9, proof of Theorem 5.22, Chapter III]

H(E*OIJ)tH.M& 5C||§*°U||M,g- (4.20)
But we have
E* o tll g =< HE* [ e (4.21)
and thus, we conclude that
llbellag = Cllkllug- (4.22)

We know that y;converges to py in @' (R",X) as t — 0. Then the proof of the propo-
sition will be Complete once we prove that D# i, converges uniformly on compact sets
of R" for |B] < . To this end, recall that if k is a nonnegative integer and S is a
multi-index such that k+|B| > «. Then

s a—k-IB] n

ﬁDx(cpt(x)) =Ct a;(x), xeR" t>0, (4.23)

where a;(x) is a scalar (p, o~ )-atom for every t, and C is a constant depending on @,

«, n, and the order of differentiation, but not on t (see [9, Lemma 5.20, Chapter III]).
Then

ok
Hatknxuto« ol =[], s0b @it yauo||
(4.24)
:Ct“”‘"ﬁ‘HJ at(x—y)du(y)H .
R X
Proceeding as in (4.13), we see that
ijat(xfy)du(y)HXs el gy (4.25)
Therefore, for any integer k > 0 and any multi-index f such that k+ || > «,
| 2o = cetmug, (4.26)

where C does not depend on t and p.
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With this inequality and the fundamental theorem of calculus it is easy to prove
that Dﬁut satisfies a uniform Cauchy estimate on compact sets on R” as t tends to
zero. The proof is complete. O

Now, we are ready to prove that

J[Rn fdu = ZAA,-Jajdu (4.27)

for every f € Oy (X) with atomic representation f = > Aja; and every p € M$x.

Let g € A§« be the density of p. Let hyy(x) = g(x)y@(x/m), where ¢ is a radial
and C* scalar function supported in the unit ball such that ¢ (x) =1 for x| < 1/2
and 0 < ¢(x) <1 for all x. The family {h,;}men is a sequence of functions in A§«
with norm bounded by C||gl|| AL, - This cut-off process combined with the regulariza-
tion described in the proof of Proposition 4.3 implies that there exists a sequence of
functions (gm)m-;in Cgx with compact support such that

1) llgm ||A§<<* < C”g”AS"(* for every m € N, where C is an absolute constant,
(2) [{f,gmdx — [{f,g)dx as m —  for every f € Oy (X).

Lemma 4.2 and the bounded convergence theorem imply (4.14). Thus, we have

proved the following theorem.

THEOREM 4.4. Let X be a Banach space over R. ForO<p <1l and x=n(l1/p-1),
(HY)" = A% (4.28)
with equivalent norms.
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