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ABSTRACT. The authors give the weighted (L?,L4)-boundedness of the rough fractional
integral operator T, « and the fractional maximal operator Mg « with two different weight
functions.
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1. Introduction. Suppose that 0 < @ < n, Q(x) is homogeneous of degree zero on
R™ and Q(x’) € LS(S™ 1) (s > 1), where S"~! denotes the unit sphere in R”. Then the
fractional integral operator T « and the maximal operator M « are defined by

Qx-y)
n |x_y|nfo(

Touf (x) = jR fody,

(1.1)

| eweiiroay,
|x-yl<r

MQ,(Xf(x) = sup
r>0 ¥

respectively. It is easy to see that, when Q = 1, T« and Mg « are the usual frac-
tional integral operator I, and the maximal operator M. In 1971, Muckenhoupt and
Wheeden [6] gave (L¥,L%)-boundedness with power weight of Tq «. In 1993, Chanillo,
Watson and Wheeden [1] proved that when s = n/(n — «), the operator T « is weak
type (1,n/(n - «)). Recently, we gave the weighted (L?,L%)-boundedness of T x and
Mg « for general A(p,q) weight [3], and the weak boundedness of T « and Mg « With
power weight [2].

The purpose of this paper is to study the weighted (L?, L1)-boundedness of Tq «
and Mg « for the two different weights.

Before showing our results, we give the definitions of some weight classes. In the
following definitions, the function w and the function pair (u,v) are all locally inte-
grable nonnegative functions. Moreover, C > 0 and Q denotes a cube in R" with its
sides parallel to the coordinate axes and x (x) denotes the characterization function

of Q.

THE DEFINITION OF A, (1 < p < o). A function w is said to belong to A, (1 <
p < o) if

p-1

ggngl <6JQw(x)dx> (%QlJQw(x)’”(p’”dx> <C. (1.2)
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THE DEFINITION OF A(p,q) (1 < p, q < «). A function w is said to belong to
A(p,q) (1 <p, g<o)if

1/p’

ngﬂg)n <6JQw(x)qu>l/q(%Q‘JQw(x)”’/ dx) <C. (1.3)

THE DEFINITION OF Ay (1 < p < o). A function pair (u,v) is said to belong to
Ay (1<p<)if
1 1 p-1
ngng)n (@JQu(x)dx) (QJQv(x)‘””"”dx) <C. (1.4)
THE DEFINITION OF A*(p,q) (1 < p, q < ). A function pair (u,v) is said to
belong to A*(p,q) (1 <p, q < o) if

1 . la, q o 1/p’
sup | — | u(x) dx) (—J v(x)~ dx) <C. (1.5)
ch@(|Q| JQ 1al Jo

THE DEFINITION OF S;f (1 <p < »). A function pair (u,v) is said to belong to
S;f (I1<p<om)if

JQ [M(v=YP"Dxo) 1 ulx)dx < CJQv(x)’l/(”’l) dx. (1.6)

In this paper, we prove the following results.

THEOREM 1.1. Suppose that0 < x<n,l1<p <n/x, 1/q=1/p - «/n, Q is homo-
geneous of degree zero defined on R"™ and Q € LS(S™ ). If p,q,s, and (u,v) satisfy
one of the following conditions:

(@ 1=<s <p, W, v5)eA*(p/s’,q/s"), inadditionu(x)* ,v(x)* €Alp/s’, als’);
b) s>q, (v, u)eA*(q /s, p'/s"), inadditionv (x)=,uG) S €Aq’ /s, p' /s’
then there is a constant C, independent of f, such that Tq « satisfies

(fw | Toe f () U(x) |qu>1/q < C(JW | f v (x)] pdx>1/p. (1.7)

THEOREM 1.2. Suppose that0 < x<n,1<p<n/x, 1/q=1/p—-«/n, Q is homo-
geneous of degree zero defined on R"™ and Q € L*(S™1). If p,q,s, and (u,v) satisfy
one of the following conditions:

(© 1=<s <p, W, v¥) e A*(p/s’,q/s’), in addition o = v=>"P/s")" satisfies the
doubling condition;

d s>q, ¥ ,u)e A*(q'/s',p’/s"), in addition v(x)S, ux)S € Aq'/s,

p'ls’);
then there is a constant C, independent of f, such that Mg, « satisfies

(JW [MQ,af(x)u(x)]“dx)”q < C(JW | f(x)v(x) |pdx>1/p. (1.8)

2. Some elementary properties of the weight class. We begin by giving some prop-
erties of the weight classes Ay, A(p,q), A}, A*(p,q), and S};.
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THE ELEMENTARY PROPERTIES OF A, (1 <p < )

(@) Ap; CAp,,if 1 <py <p2< oo,

(b) w(x) € Ay, if and only if w(x)' "7 € A,

() If w(x) € Ap, then there is an € > 0 such that p—e> 1 and w(x) € A_..
(d) If w(x) € Ap, then there is an € > 0 such that w(x)!"¢ € 4,.

(e) If wi(x) € Ay, thenforany 0 < e <1, w(x)f € Ap.

() If w(x) € Ap, then there are C > 0 and € > 0 such that, for any Q € R",

ﬁJ(Qw(x)”fdxgC(JQw(X)dX)HE- 2.1

See [4] for the proof.

THE ELEMENTARY PROPERTIES OF A; (1<p<c)
i) A CA;2,1f1<p1 <p2 < o,
(ii) (u v) € A%, if and only if (v!=7",ul=?") € A
(iii) S;; c A;, for 1<p<oo.
@iv) If (u,v) € A;, then for any 0 < € < 1, (ué,vé) e S;.
(v) If (u,v) € A and u(x),v(x) € Ay, then (u,v) € S} and (v!~F",ul~?") € %,
i) If (u,v) € A} and u(x),v(x) € Ay, then thereis an € > 0 such that (u'*¢,v'*¢) €
A; and (v(1—117')(1+€)’u(1—lt7')(1+€)) EA;/.
(vii) If (u,v) € A; and u(x),v(x) € Ap, then there is an € > 0 such that p —€ > 1
and (u,v) € Aj_,

PROOF. The proof of (i) and (ii) can be deduced from the definition of Aj.

For (iii), by [8], we know that the Hardy-Littlewood maximal operator M is bounded
from L7 (v) to L (u) (1 < p < o0) if and only if (u,v) € S;. On the other hand, by [5],
the operator M is bounded from L? (v) to weak L (1) if and onlyif (u,v) € A;. Hence,
(iii) holds.

The proof of (iv) is a conclusion in [7].

Now, we prove (v). Since v (x) € A,, we have vix)r e Ay, by (b). Thus, from (f)
there are C > 0 and n > 0 such that, for any Q € R",

L 1+n e
Q] JQu(x) dng(IQu(x)dx) , (2.2)
, , 1+n
ﬁj v (x) =P+ gy < C(J vix)r dx) , (2.3)
Q Q
that is, )
+n
6] v (x)IB-D gy < C(J v(x)‘”(”‘l)dx) . (2.4)
Q Q

Hence, by (u,v) € A;, (2.2), and (2.4) we have
sup( J u(x)””dx) (LJ v(x)’(”””(”’“dx)p
lQl QI Ja

C(S“p (o J () dx) (@JQ”(X)MMM)N)M =

(2.5)
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that is,
(u'n, vl e A%, (2.6)
Taking 6 = 1/(1+n), then 0 < § < 1 and (u,v) = ("M% p1+M%) e §¥ by (2.6)
and (iv). On the other hand, by (2.6) and (ii) we get (v1+m1=p") 3, A+mA-p")y g A% As
above, we take § = 1/(1+n), then (v1-7  ul-?") e S} This is (v).
By (2.6), we have (u!*7,v1*") € A%. Now, we take 0 < § < 1 such that 5(1+n) > 1.
Let1+&=6(1+n), then >0 and

1 1 — (0+n) 5,6(1+n)
(u'*,v1E) = (uotHm, et e S5 C A7, (2.7)

by (iii) and (iv). From (2.7) and (ii), we can get (v{1-P)(1+8) 3 1-pH1+e)y g Ay, Thus,
we prove (vi). Finally, we prove (vii). By (vi), there is an n > 0 such that

(1-p")(1+n) 5, (1-p")(1+n)
(P g (=P Em) e A%, (2.8)
Taking € = n(p —1)/(1 + n), then we can see easily that e >0 and 1 < p—¢ < p.

Hence, we have p’ < (p —¢)’ and (v1-P)1+m 4, (A-p")1+n)y g Af, .y, by (0). From (ii),

we get (u-PIAmIl-(p=e)] 4 1-pHL+ml-(p-o)]) g A% _. However, (1-p')(1+n)[1-
(p—¢&)]1=1. Thus, we have (u,v) € Aj_,. O

THE RELATIONS BETWEEN A, AND A(p,q), A;, AND A*(p,q). Suppose that

O<a<n,l<p<n/x 1/q=1/p-a/n,then we have the following conclusions:
w(x) €AP,q) = W(X)T € Agn-wyn = W(X)P € Aripa, (2.9)
(w,v) € A*(p,q) = (U, v9) € Al oy m = (v ur) S (2.10)
Equations (2.9) and (2.10) can be deduced from the definitions of A, and A(p,q),
A; and A*(p,q), respectively. Here we omit the details.
3. Proofs of the theorems. The proofs of the theorems are based on Wheeden’s a

result in [9] and some lemmas.

THEOREM 3.1 (see [9]). ForO<ax<n, l1<p<n/,and1l/q=1/p—-«/n, My is
bounded from L?P (v?) to L% (u?) if and only if the weights pair (u,v) € A*(p,q) and
o=v" satisfies the doubling condition. That is, there is a constant C > 0 such that
0 (2B) < Co (B) for all ball B in R".

The following lemma gives a pointwise relation between Tq x and Mg -
LEMMA 3.2 (see [3]). Forany e >0 with0 < x— € < &+ & <n, we have
| To,f (X)] < C[Maaref ()] [Mo,aef ()], x €R™, 3.1)
where C depends only on «, €, n.
The following two lemmas characterize an important property of A* (p,q) weights.

LEMMA 3.3. Suppose that 0 < x <n, 1 <p <n/x, 1/q =1/p — «/n, (u,v) €
A*(p,q), and u(x),v(x) € A(p,q). Then there is an € > 0 such that ¢ < x < X+ & <
n; 1/p > (x+¢)/n, 1/q < (n—¢)/n, and (u,v) € A*(p,q:), (u,v) € A*(p,d.) hold
at the same time, where 1/q. =1/p— (x+¢&)/n, 1/de =1/p—(x—¢)/n.
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PROOF. For x>0, 1/gq <1,wemay take 6; > 0suchthatd; < xand1/g+d6:/n<1.

Let
1 1 O(—51 1 (51
_—— = —+ —

— = 3.2)
as, 1% n q n

theng>gqs, >land1+p'/q <1+p’'/qs,-By (u,v) € A*(p,q), (2.10), and (i), we have
(WP uT) €ALL g CAT L g5, - (3.3)

Since 0 < x—6; <n, 1 <p <n/(x-051), then by (3.2) and (2.10), we know that (3.3)
is equivalent to

(u,v) € A*(p,as,). (3.4)

On the other hand, by (u,v) € A*(p,q) and u(x),v(x) € A(p,q), we get
(P u?)e Ao v(x) P ux) " e Avip'ias (3.5)

by (2.10) and (2.9), respectively. From (3.5) and (vii), we know that there is an n satis-
fying 0 < n < 1/q such that

(WP ) €AY (g (3.6)
Obviously, we can also choose §, > 0 small enough such that §, < min{x,n—«},1/p >
(x+62)/n, and 82/n < n hold at the same time. Now, let 1/g5, = 1/p — (x + 62) /n,
thenby 1l/p > (ax+62)/nand 6>/n <n,weget0<1/gs, <land1l/gs, =1/q—62/n >
1/q —n. From this and (3.6), we have

-p" ,,-v * *
(v7,u )€A1+p’(l/q—n)CAH—p’/q(;Z' (3.7)

Since0 < x+d2<n, 1 <p<n/(x+d2),and 1/gs, = 1/p — (+32) /n, then by (2.10)
we know that (3.7) is equivalent to

(u,v) € A*(p,ds,)- (3.8)

Finally, let € = min{d;,62} and 1/g: = 1/p —(x+¢)/n, 1/ =1/p — (x—¢)/n. Then
by (3.4) and (3.8), we get (u,v) € A*(p,q:) and (u,v) € A*(p,q.). Thus, the proof of
Lemma 3.3 is complete. O

LEMMA 3.4. Suppose that 0 < x <n, 1 <s' <p <n/x 1/q =1/p —x/n and
(us',v5") € A*(p/s’,q/s’). Moreover, u(x)* ,v(x)s € A(p/s’,q/s’). Then there is an
&> 0 such that

E<X<X+e<m; (3.9)
L oare 1 _n-¢ (3.10)
p n a n

and (u*,v") € A*(p/s’,q:/s"), WS ,v5) € A*(p/s’,ds/s’) hold at the same time.
Wherel/q: =1/p—(x+¢&)/mandl/g:=1/p—(x—¢)/n.
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PROOF. Since 1/(q/s’) =1/(p/s’)—was’'/n, from Lemma 3.3, there is an > 0 such
thatn<as’ <as"+n<mn, 1/(p/s’) > (as’"+n)/n, 1/(q/s’) < (n—n)/n and

(u*,vs) eA*(g,qn), (u,v) eA*(%,qn), (3.11)

hold at the same time, where

1 1 _o<s’+n

_ 1 xs'—n
an pls n ’

- p/s’_ n

(3.12)

|-

Let € = n/s’, qs = s'qy, and 4. = s’qn, then it is easy to see that ¢ satisfies (3.9)
and (3.10). Moreover, by (3.11) and (3.12) we know that

(u',vs) eA*(B,,q—f), (u,v) eA*(B,,q—f>, (3.13)
s'’s s'’s

hold at the same time, where 1/g. =1/p—(x+¢)/nand 1/4. =1/p — (&x—¢€)/n. This

completes the proof of Lemma 3.4. O

Now, we turn to the proofs of Theorems 1.1 and 1.2. We alternatively prove them.

THE PROOF OF (1.8) FOR THE CONDITION (c) IN THEOREM 1.2. Note that, forr > 0,
(Jx—yi<r 1Q(x - ) 15dy)"* < Cr/s||Q| s gn-1). Hence, we have

Moo f (x) < C[Mus (1F15) ()] (3.14)

Since 1 <s" <p<n/xand 1/q =1/p—«a/n, we get 0 < as’" <n, 1 <p/s’ <
n/axs’, and 1/(q/s’) = 1/(p/s’) — as’ /n. Moreover, (us v € A*(p/s’,q/s’) and
o = (v¥")~PIs") satisties the doubling condition by (c). From Theorem 3.1, we know
that the operator My is bounded from L7/ ((v")?/5") to L4/S" ((u®")4/5"). Thus, we get

(JW [Mg,af<x>u<x>]qd>€)w = C(Jw o (1) 00717 dx)l/q (3.15)

< C(JW If(x)l”’v(x)”dx)l/p.

This completes the proof of (1.8) for the condition (c).

THE PROOF OF (1.7) FOR THE CONDITION (a) IN THEOREM 1.1. First, we show
that, under the condition (a) in Theorem 1.1, ¢ = v~ /s still satisfies the dou-
bling condition. In fact, by v(x)* € A(p/s’,q/s’) and (2.9), we have (v (x)* )~ ®/s)"
Al+pis'y 1a)s’) C Aw. Since, every weight function in A, satisfies the doubling condi-
tion, and so does o = v =5 (P/s)",

By Lemma 3.4, there is an ¢ > 0 satisfying (3.9) and (3.10) such that

(usl,vsl) eA*(?,%), (uS',vsl)eA*<§,%), (3.16)

hold at the same time. Where 1/qg. =1/p—(x+¢&)/mand 1/4. = 1/p — (x—¢)/n. Let
i =2qg:/q, l, = 24:/q, then 1/1; +1/1, = 1. For given € > 0 above, using (3.1) and
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Holder’s inequality, we have

1/al , 1/qlz
o fllgus =<C( [ Maaeef Gerueol™2ax) (| [Maocef eueo) ™ ax)

1/2q

:C(J oo M GG d")l/zqg (JR [Mo,ae f () u(x)]% dx)
(3.17)

Note that o = v='(P/s")" satisfies the doubling condition, applying Lemma 3.4 and the
conclusion of Theorem 1.2 under the condition (c), we get

HTQ,O(qu,uUI = CHf”p,vl”- (3.18)
This is the conclusion of Theorem 1.1 for the case (a).

THE PROOF OF (1.7) FOR THE CONDITION (b) IN THEOREM 1.1. Since the fractional
integral operator Tq « is a linear operator, we denote T* := (To,«)* as the adjoint
operator of Tq «. Then (Tq,«)* = To*,«, Where Q* (x) = Q(—x). Clearly, Q* satisfies
the same conditions as Q. We have

| To,of | g.ua = sup H To,a f(x)g(x)dx |, (3.19)
g R

where the supremum is taken over all g with || gl|| e < 1. On the other hand,

-
[ Toafgxiax=| feorgwxax. (3.20)

Thus, by Holder’s inequality, we get
I To,of | gua = sup ‘ JW Tg,af(x)g(x)dx‘ < Hpr_vnstglpI\T*pr/yrnf. (3.21)

From condition (b) of Theorem 1.1, we see that 1/p' =1/q' —x/nand s’ < q' <n/«.
Since (v=",u~%") € A*(q'/s’,p’/s’) and v (x)~S ,v(x)~" € A(q'/s’,p’/s’), using the
conclusion of Theorem 1.1 for the case (a), we get

IT*gll, y-rr < ClGll g oy - (3.22)

Therefore,
HTQ,af”q,uﬂ < Hf”p,vp 'SuP||T*g||,,,/,v—p' < C”f”p,vl”- (3-23)
g

This is the inequality (1.7) in Theorem 1.1.

THE PROOF OF (1.8) FOR THE CONDITION (d) IN THEOREM 1.2. Finally, we show
how to obtain the weighted inequality (1.8) for the case (d) in Theorem 1.2. Note that
the conclusions of Theorem 1.1 hold also for Tiq|,« (| f]), hence inequality (1.8) for the
case (d) is a direct result of the following lemma and the conclusion of Theorem 1.1
for the case (b).

LEMMA 3.5 (see [2]). Let0 < x<n, Qe LY(S"1). Then we have

Moo f(x) < Tio«(IfD(x), xeR™ (3.24)
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