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ABSTRACT. We present our recent understanding on resolutions of Gorenstein orbifolds,
which involves the finite group representation theory. We concern only the quotient sin-
gularity of hypersurface type. The abelian group A, (n) for A-type hypersurface quotient
singularity of dimension n is introduced. For n = 4, the structure of Hilbert scheme of
group orbits and crepant resolutions of A, (4)-singularity are obtained. The flop proce-
dure of 4-folds is explicitly constructed through the process.

2000 Mathematics Subject Classification. 20Cxx, 14Jxx, 14Mxx.

1. Introduction. It is well known that the theory of “minimal” resolutions of sin-
gularity of algebraic (or analytical) varieties differs significantly when the (complex)
dimension of the variety is larger than two. As the prime achievement in algebraic
geometry of the 1980s, the minimal model program in the 3-dimensional birational
geometry carried out by Mori and others, has provided an effective tool for the study of
algebraic 3-folds (see [17] and the references therein). Meanwhile, Gorenstein quotient
singularities in dimension 3 has attracted considerable interests among geometers
due to the development of string theory, by which the orbifold Euler characteristic of
an orbifold was proposed as the vacuum description of models built upon the quotient
of a manifold [5]. The consistency of physical theory then demanded the existence of
crepant resolutions which are compatible with the orbifold Euler characteristic. The
complete mathematical justification of the conjecture was obtained in the mid-90s
(see [26] and the references therein). However, due to the computational nature of
methods in the proof, the qualitative understanding of these crepant resolutions has
still been lacking on certain aspects from a mathematical viewpoint. Until very re-
cently, by the development of Hilbert scheme of a finite group G-orbits, initiated by
Nakamura and others with the result obtained in [1, 6, 10, 11, 12, 18, 19] it strongly
indicates a promising role of the finite group in problems of resolutions of quotient
singularities. In particular, a plausible method has been suggested on the study of ge-
ometry of orbifolds through the group representation theory. It has been known that
McKay correspondence [16] between representations of Kleinian groups and affine
A-D-E root diagrams has revealed a profound geometrical structure on the minimal
resolution of the quotient surface singularity (cf. [7]). A similar connection between
the finite group and general quotient singularity theories would be expected. Yet, the
interest of this interplay of geometry and group representations would not only aim
at the research of crepant resolutions, but also at its own right, due to possible im-
plications on understanding some certain special kinds of group representations by
engaging the rich algebraic geometry techniques.
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In this article, we study problems related to the crepant resolutions of quotient
singularities of higher dimension n (mainly for n > 4). Due to the many complicated
exceptional cases of the problem, we restrict ourselves here only to those of the hy-
persurface singularity type. The purpose of this paper is to present certain primitive
results of our first attempt on the study of the higher-dimensional hypersurface orb-
ifolds under the principle of “geometrization” of finite group representations. We give
a brief account of the progress recently made. The main issue we deal with in this work
is the higher-dimensional generalization of the A-type Kleinian surface singularity,
the A, (n)-hypersurface singularity of dimension » (see (3.5) below). For n = 4, we are
able to determine the detailed structure of A, (4)-Hilbert scheme and its relation with
crepant resolutions of C*/A, (4). In the process, an explicit “flop” construction of 4-
folds among different crepant resolutions is found. In this article, we only sketch the
main ideas behind the proof of these results, referring the reader to our forthcoming
paper [2] for a more complete description of the methods and arguments used.

This paper is organized as follows. In Section 2, we give a brief introduction of the
general scheme of engaging finite group representations in the birational geometry
of orbifolds. Its connection with the Hilbert scheme of G-orbits for a finite linear
group G on C™, Hilb® (C"), introduced in [11, 12, 18], will be explained in Section 3. In
Section 4, we first review certain basic facts in toric geometry, which will be presented
in the most suitable form for our goal, then focusing the case on A, (n)-singularity.
For n = 3, we give a thorough discussion on the explicit toric structure of Hilb? ¥ (C3)
as an illustration of the general result obtained by Nakamura on abelian group G in
[19]. For a finite group in SL3(C), a recent result in [1] has shown that Hilb® (C3) is a
crepant resolution of C3/G. In Section 5, we deal with a special case of 4-dimensional
orbifold with G = A;(4), and derive the detailed structure of Hile(<C4). Its relation
with the crepant resolutions of C*/G is given, so is the “flop” relation among crepant
resolutions. In Section 6, we describe the result of G = A, (4) for the arbitrary 7 , then
end with some concluding remarks.

NOTATIONS. To present our work, we prepare some notations. By an orbifold we
always mean the orbit space for a finite group action on a smooth complex manifold.
For a finite group G, we denote

Irr(G) = {p: G — GL(V,) an irreducible representative of G}. (1.1)

The trivial representation of G will be denoted by 1. For a G-module W, that is, a
G-linear representation on a vector space W, one has the canonical irreducible de-
composition
w= € w,, (1.2)
pehr(G)
where W), is a G-submodule of W, G-isomorphic to V, ® W0 for some trivial G-module
Wg. The vector space W, will be called the p-factor of the G-module W.

For an analytic variety X, we do not distinct the notions of vector bundle and locally
free Ox-sheaf over X. For a vector bundle V over X, an automorphisms of V means a
linear automorphism with the identity on X. If the bundle V is acted on by a group G
as bundle automorphisms, we call V a G-bundle.
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2. Representation theory in algebraic geometry of orbifolds. In this paper, G al-
ways denotes a finite (nontrivial) subgroup of GL, (C) for n > 2, and S; := C"/G with
the canonical projection,

16 : C" — Sg, (2.1)

and o := 115 (0) € S;. When G is a subgroup of SL,, (C), which will be our main concern
later in this paper, G acts on C" freely outside a finite collection of linear subspaces
with codimension greater than or equal to 2. Then the orbifold Sz has a nonempty
singular set, Sing(S¢), of codimension greater than or equal to 2, in fact, o € Sing(S¢).

For G in GL, (C), S¢ is a singular variety in general. By a birational morphism of a
variety over Sg, we always mean a proper birational morphism o from variety X to
Sc which defines a biregular map between X \ o~ (Sing(Ss)) and Sg \ Sing(Sg),

og:X—Sg. (2.2)
One has the commutative diagram

XXSG(Cn — "

ni lHG (2.3)

X—0>SG

Denote by Fx the coherent Ox-sheaf over X obtained by the push-forward of the
structure sheaf of X xs. C",

9;)( = 'IT*@XXSGCA. (24)

The sheaf Fx has the following functorial property, namely, for X, X’ birational over
S¢ with the commutative diagram,

’

X’UHSG

(p

X —S¢

(2.5)

one has a canonical morphism, u*%yx — %x-. In particular, with the morphism (2.2)
we have the 0x-morphism

O'*(TTG*@UL) — 9;)(. (26)
Furthermore, all the morphisms in (2.3) and (2.5) are compatible with the natural G-

structure on %y induced from the G-action on C" via (2.3). One has the canonical
G-decomposition of Fx

Fx= B (Fx), (2.7)
pelrr(G)

where (Fy), is the p-factor of Fx, and itis a coherent Ox-sheaf over X. The geometrical
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fiber of Fx, (¥x), over an element x of X are defined by

Fxx =k QFx,  (Fx)pr = k() Q) (Fx) (2.8)
Ox Ox
where k(x)(:= Ox /M) is the residue field at x. Over X — o~1(Sing(Sg)), Fx is a
vector bundle of rank |G| with the regular G-representation on each geometric fiber.
Hence (¥x), is a vector bundle over X — o~1(Sing(Sg)) of rank equal to dimV,. For
x € X, there exists a G-invariant ideal I(x) in C[Z](:= C[Z;,...,Zy]) such that the
following relation holds:

ClZ]
I(x)"

Fxx = k(x) Q) Ocn (x) =

Osg

(2.9)

We have (Fx),x = (C[Z]/I(x)),. The vector spaces C[Z]/I(x) form a family of finite-
dimensional G-modules parametrized by x € X, which are equivalent to the regular
representation for elements outside o~ (Sing(Sg)).

Set X = S; in (2.9). For s € Sg, there is a G-invariant ideal I(s) of C[Z]; in fact, I(s)
is the ideal in C[Z] generated by the G-invariant polynomials vanishing at o~1(s). Let
I(s) be the ideal of C[Z] consisting of all polynomials in C[Z] vanishing at o~1(s).
Then T/ (s) is a G-invariant ideal, and we have

I(s) D I(s). (2.10)
In particular, for s = 0, we have
To)y=Cl[zly, I(0) =C[Z]§C[Z], (2.11)

where the subscript 0 means the maximal ideal with polynomials vanishing at the
origin. For a birational variety X over S via o in (2.2), the following relations of G-
invariant ideals of C[Z] hold:

T(s)>I(x)DI(s), x€X, s=0(x). (2.12)

A certain connection exists between algebraic geometry and G-modules through the
variety X. For x € X, there is a direct sum G-decomposition of C[Z],

ClZ]l=1I(x)*®I(x). (2.13)

Here I(x)*‘ is a finite-dimensional subspace of C[Z] which is G-isomorphic to
C[Z]/1(x). Similarly, we have the G-decomposition of C[Z] for s = o(x) € Sg,

Clzl=I1(s) el(s), C[Z]=1(s)*&I(s), (2.14)
such that the following relations hold for the finite-dimensional G-modules:
I(s)* cI(x)* cI(s)*, (2.15)
Consider the canonical G-decomposition of I(x)*,

Ix)'= P Ix)}. (2.16)

pelr(G)
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Note that I(x) is isomorphic to a positive finite copies of V,,. Then the affine structure
of X near x is determined by the C-algebra generated by all the G-invariant rational
functions f(Z) such that f(Z)I(x); C I(x) for some p.

3. Hilbert scheme of finite group orbits. Among the varieties X that are birational
over S; with Fx a vector bundle, there exists a minimal object, called the G-Hilbert
scheme in [11, 12, 18],

O - Hilb® (C") — Sg. (3.1)

For another X, the map (2.2) can be factored through a birational morphism A from
X onto Hilb® (C") via OHilb,

A: X — Hilb® (C"). (3.2)

In fact, the ideal I(x), x € X, of (2.9) are with the co-length |G|, which gives rise to the
above map A of X to Hilb®(C™). We denote X¢ as the normal variety over S; defined
by

X¢ := normalization of Hilb® (C"), o :X¢ — Sc. (3.3)

By the fact that every biregular automorphism of S; can always be lifted to one on
Hilb® (C"), hence on X¢, one has the following result.

LEMMA 3.1. Denote by Aut(S¢) the group of biregular automorphisms of Si. Then
Hilb® (C") and X¢ are varieties over S¢ with the Aut(S¢)-equivariant covering mor-
phismes.

By the definition of Hilb® (C"), an element p of Hilb® (C") represents a G-invariant
ideal I(p) of C[Z] of co-length |G|. The fiber of the vector bundle FhilnG (cny OVer
p can be identified with the regular G-representation space C[Z]/I(p). Our study
mainly concentrates on the relation of crepant resolutions of S and Hilb® (C"). For
this purpose we assume for the rest of the paper that the group G is a subgroup of
SLn (C)

G C SL,(0), (3.4)

which is the same to say that S¢ has the Gorenstein quotient singularity. For n = 2,
these groups were classified by Klein [14] into A-D-E types, the singularities are called
Kleinian singularities. The minimal resolution §(; of S¢ has the trivial canonical bundle
(i.e., crepant), by [9]. In [11, 12, 18], Ito and Nakamura showed that Hilb® (C?) is equal
to the minimal resolution §G. For n = 3, it has been known that there exist crepant res-
olutions for a 3-dimensional Gorenstein orbifold (see [26] and the references therein).
Two different crepant resolutions of the same orbifolds are connected by a sequence
of flop processes (cf. [22]). It was expected that Hilb® (C3) is one of those crepant res-
olutions. The assertion has been confirmed in the abelian group case in [19], and in
general by [1].

For the motivation of our later study on the higher-dimensional singularities, we
now illustrate the relation between G-Hilbert scheme and the minimal resolution in
dimension 2, that is, surface singularities. For the rest of this section, we are going to
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describe the structure of Hilb® (C2) for the A-type Kleinian group,

0
G—AT:—{G 6_1)6”1—1}, r>1. (3.5)

The affine ring of C2? is C[Z](= C[Z;,Z>]) and G-invariant polynomials is the algebra
generated by

Y =21t Yei=ZEY,  Xi=Z17. (3.6)

Hence the ideal I(0) in C[Z] for o € S; is equal to (Z]*!,Z1*!,Z,Z,), and zK, zk
(0 <k <7), form a basis of the G-module I(0)*. For a nontrivial character p, I(o);
is of dimension 2, in fact, it has a basis consisting of a pair, Z{‘, Zz”l’k, for some k.
With the method of continued fraction [9], it is known that the minimal resolution §G
of S¢ has the trivial canonical bundle with an open affine cover {Ux}}_,, where the
coordinates (uy, Vi) of AUy is expressed by

W =~ C* 3 (uk,vi) = (211 27K, z7KzZg 1 h). (3.7)
Denote by 0y the element in §G with the coordinate uy = vy = 0. The exceptional

divisor in §G is E1 +- - - + E, where E; is a rational (—2)-curve joining 0 and 6. The
configuration can be realized in the following tree diagram:

Oy 6j 01

FIGURE 3.1. Exceptional curve configuration in the minimal resolution of C2/A,.

It is easy to see that the ideal 1(dy) is given by
(o) = (Zf*1, 2575, 21 2,), (3.8)

hence the G-module C[Z]/I(0) is the regular representation isomorphic to the fol-
lowing one,

k r—k )
I(6) =C+ > Czi+ > Cz3. (3.9
i=1 j=1

One can represent monomials in (3.9) as the ones with e in Figure 3.2.
For x € 9y, the ideal I(x) has the expression

I(x) = (Zk —xzy =% z5 1k _Bzk 7,7, —xB), o, BeC. (3.10)

The classes in C[Z]/I(x) represented by monomials in (3.9) still form a basis, hence
give rise to a local frame of the vector bundle %g@ over AUg. The divisor Ey, is defined
by B =0, and its element approaches to 0y, as « tends to infinity.
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r

1 I'< r
FIGURE 3.2. Representatives of I(dy)* (= C[Z]/I(0y)) for the minimal reso-
lution of C2/A,.

4. Abelian orbifolds and toric geometry. In this section, we discuss the abelian
group case of G in Section 3 using methods in toric geometry. We consider G as a
subgroup of the diagonal group of GL,(C), denoted by Ty := C*", and regard C" as
the partial compactification of Ty,

GcTycCn. (4.1)

Define the n-torus T with the toric embedding in S (= C"/G) by

To
T:=—, TCcCSg. 4.2
G G (4.2)
Techniques in toric geometry rely on lattices of one-parameter subgroups, characters
of To, T,

N(:=Hom (C*,T)) > Ny(:=Hom (C*,Tp)),
M (:=Hom (T,C*)) C Mo(:= Hom (Tp,C*)). @)

For our convenience, we make the following identification of Ny, N with lattices in
R". An element x in R™ has the coordinates x; with respect to the standard basis
(el,...,e")
n
x =Y xie' €R". (4.4)
i=1
Then
No=7"(:=exp (1)), N=exp }(G), 4.5)

where exp : R" — T is defined by exp(x) = 3;e2™/~1Xiei, Note that G =~ N/Ny. The
dual lattice My of Ny is the standard one in the dual space R™*, and we identify it with
the group of monomials of Zy,...,Z, via the correspondence
n n .
I=>ie;eMy— z' =[] Zzk. (4.6)
s=1 s=1

The dual lattice M of N is the sublattice of M, corresponding to the set of G-invariant
monomials.
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Over the T-space S¢, we now consider only those varieties X which are normal and
birational over S; with a T-structure, hence as it has been known, are presented by
certain combinatorial data by the toric method [4, 13, 20]. Note that by Lemma 3.1,
Xg is a toric variety over S¢. In general, a toric variety over S is described by a fan
3 = {ox | o € I} whose support equals to the first quadrant of R", that is, a rational
convex cone decomposition of the first quadrant of R". Equivalently, it is determined
by the intersection of the fan and the simplex A where

A= {xelR"leizl, szovj}. 4.7)
i

The data in A is given by A = {Ay | @ € I}, where Ay := 041 A. The Ays form a
decomposition of A by convex subsets, having the vertices in A N Q™. Note that for
o« = {0}, we have Ay = @. We call A a rational polytope decomposition of A, and
denote the corresponding toric variety by X,. We call A an integral polytope decompo-
sition of A if all the vertices of A are in N. For a rational polytope decomposition A of
A, we define A(i) := {Ax €A |dim(Ay) =i} for -1 <i<n-1, (here dim(@) := -1).
Then T-orbits in X, are parametrized by I_IZL;II A(i).In fact, for each Ay € A(i), there
associates a T-orbit of the dimension n —1 — i, denoted by orb(A ). A toric divisor in
X, is the closure of an (n —1)-dimensional orbit, denoted by D, = orb(v) for v € A(0).
The canonical sheaf of X, has the expression in terms of toric divisors (cf. [13]),

wXA=©XA( Z (mv_l)Dv), (4.8)

veA(0)

where m,, is the positive integer such that m, v is a primitive element of N. In partic-
ular, the crepant property of X,, thatis, wx, = Ox,, is given by the integral condition
of A. The nonsingular criterion of X, is the simplicial decomposition of A together
with the multiplicity one property, that is, for each Ay € A(n—1), the elements m, v,
v € AuNA(0), form a Z-basis of N. The following results are known for toric variety
over S¢ (cf. [21] and the references therein).

(1) The Euler number of X, is given by x (X)) = [A(n—1)].

(2) For a rational polytope decomposition A of A, any two of the following three
conditions implies the third one:

X, is nonsingular, wx, =0x,, X (Xa) = 1Gl. (4.9)

It is easy to see that the following result holds for the sheaf %y, .

LEMMA 4.1. Let A be a rational polytope decomposition of A\, and let xo be the zero-
dimensional toric orbit in X corresponding to an element Ay, in A(n—1). Let Z’m,
1 < j < N, be a finite collection of monomials whose classes generate the G-module
C[Z]/1(xp). Then the classes onI(j)s also generate C[Z]/1(y) for y € orb(Ag) with
AB < Aao-

Define

Ay(n) :={g €SL,(C) | g is diagonal and g" "' =1}, 7» >1. (4.10)
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Note that the above group for n = 2 is the same as A, in (3.5). For a general n, A, (n)-
invariant polynomials in C[Z] are generated by the following (1 + 1) ones:

n
X:=[[z, Y;:=2Z"" (j=1,...,n). (4.11)
i=1

This implies that Sa, () is the singular hypersurface in C"*1,

Saymm = {71,000, 0m) €TV [ X" =y -y ) (4.12)

For the rest of this paper, we conduct the discussion of abelian orbifolds mainly on
the group A, (n). The ideal I(0) of C[Z] associated to the element 0 € Sy, () is given
by

I(0) ={Z{™,..., 21" 7y - - Zy,), (4.13)

hence

n
Io)* =P {czl |I=(i',...,i"), 0<i/ <7, [[i/ = 0}. (4.14)

j=1
For 1 + p € Irr(A, (7)), the dimension of I(o) j, is always greater than one. In fact,
one can describe explicitly a set of monomial generators of I(0),. For example, say
I(0); containing an element Z! with I = (i',...,i"), i' = 0 and i* < i**!, then I(0); is

generated by ZXs with K = (k!,..., k") given by

r+1-i/+is ifis <i/,
k= (4.15)

is — 1/ otherwise,

here j runs through 1 to n. In particular for 7 = 1, the dimension of I(0), is equal
to 2 for p # 1, with a basis consisting of Z7, Z" whose indices satisfy the relations,
0<is, i <1,i*+i" =1forl<s<n.

For n = 3, by the general result of Nakamura on an abelian group G (see [19, The-
orem 4.2]), Hilb*"® (C3) is a crepant toric variety. To illustrate this fact, we give here
a direct derivation of the result by working on the explicitly described toric variety.

EXAMPLE 4.2. It is easy to see that A NN consists of the following elements:

3 3
) 1 ;
pmmems ::mijeJ, m; €Zso, > mj=7r+1. (4.16)
io1 in1

Denote by E the simplicial decomposition of A obtained by drawing the three lines
parallel to the edges of A through each element of A N N. The 2-simplexes in Z(2)
consists of two types of triangles, Ay'"">™3 | AN (see Figure 4.1):

my,mp,ms ; _ ; _ ;
Aul 2,m3 _ <vm1,m2,m3,vm1 l,m2+l,m3’vm1 1,m2,m3+1>’

(4.17)

mi,mp,m _ _
Ad 1,mz,ms _ <vm1,m2,m3’vm1 l,m2+l,m3,vm1,m2+l,m3 1)7

the vertices of each one form a Z-basis of N.
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33 va—l,b,cﬂ

va,b,c ,Uafl,b+1,c

el e2 pab+lc-1

FIGURE 4.1. The right one is the simplicial decomposition E of A for r = 4.

The left one is the union of A%?€ and AY be

Therefore the Xz is a smooth toric variety. The 0-dimensional (toric) orbits corre-
sponding to Ay ™M™ AT are denoted by xy ™ x TS respectively.

The affine coordinate system centered at x,, "> is given by
Zr+2 my Z1’+1 mp Z”*'l ms
U=—2+——" Up= 22—, U= ——=>—— (4.18)
(Z223)™ ! (Z125)"™ (lez)m3

For y in Xz with the value U; equal to «;, by computation, the ideal I(y) has the
following generators:

ZY+2 my (ZZZS)WL]—I’ Zr+1 my z(Zgzl)mZ, Zr+1 m3 (lez)m3,
(Z1Z:)"™ 7 o o0zd ™™, (2:25)™ — oo Zl ™ (2320) ™ — g 2™,

212223 — X1 X2 (X3,
(4.19)

For the element x,;'""™*"™ thatis, «; = 0 for all i, it is easy to see that there are (v +1)?
monomials notin I (x;'" e, "3y, which form a basis of I(x;;'"""*™3)+, and give rise to a
basis of C[Z]/I(y) for vy in the affine neighborhood of x;;"""™*™3. The same argument
applies to the affine neighborhood near x; """ with the coordinate functions

(Z223)™ V, = (Z125)™"" Vs = (2122)™

Vi = e s
r+l-myp r—-mz ’ r+l-m3 >’
Z ! Z, Z} 3

(4.20)

hence the description of ideals for y in Xz with V; = ;,

ZVTETM BBy (Zo23) ™ T, Zy T T Ba B (Z320) ™R, ZE T — By Ba(Z0Z0)™ T,
(Z1Z2)™ = B3 Z5 T (ZoZ3)™ =Bz, (Z320)™ T - Bzl T,

212273~ B1B2B3-
4.21)

Therefore, we have shown that Xz is birational over Hilb® (C3). Now we are going to
show that they are in fact the same. Let x be an element in Hilb¢ (C3) represented by a
monomial ideal J = I(x) (i.e., with a set of generators composed of monomials). Then
the regular G-module J+ is generated by |G| monomials, and x lies over the element o
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of S¢, equivalently, J contains the ideal C[Z ]g. Denote by [; the smallest nonnegative
integer such that Zf"' € J, by l;; the smallest nonnegative integer with (Z;Z j)liuf eJ
fori+j.Hencel <l; <v+1, and Zl'_1 e J*+, which implies (Z,Z,Z3/Z;) %7l e J In
particular, le le J*+ and (Z,Z3)"+2-11 ¢ J. By the description (4.15) for I(0)*, Z1 is
the only monomial in the basis of I(0)* for the corresponding character of G, the same
for (Z»,Z3)"*1711, Hence (Z»Z3)"+2~ht € J*, which implies I; + I3 = v + 2. Similarly,
we have I + 113 = I3 + 11 » = ¥ + 2. Again by (4.15), le 125” ! er+1 ll”‘ZZ?Z*ll
Zi‘ h ZZ§3 are the generators of an eigenspace in I(0)*. The latter two are elements
in J by (Z,73)+2"1, Z!% € J. Therefore Z\'~ 1251'271 € J*. Similarly, one has

Lip-1

1o—1 1 1
Z2 7 z" 137

L1-1 1 1
L Z) T Zgh 137

|zl ot ghatl gl gls Tl gl (402)
This implies that J is the ideal in C[Z] generated by Zili, (ZjZk)lj‘k, Z17Z>73, where
{i,7,k} = {1,2,3} with j <k, and [;, [« are integers satisfying the relations [; + 1 =
r+2,1 <1l; <7v+1. Therefore the number of monomials in J* is given by

3
Z Z (Li=1) (L =1) = (L= Lix) (e = L)
= Ik (4.23)

(Zl) 4r+7)zl—4(r+1)2 6(r+1)-2,

whichis equalto (r+1)2byJ € Hilb® (C3). The only solutions for Zj ljare2(r+1)+1,
2(r +1) + 2. Hence the ideal J is characterized by integers [; between 1 and v + 1 with
the relation

3 3
Dli=2(r+1)+1, > lj=2(r+1)+2. (4.24)
j=1 j=1

If ZJ 1Lj=2(r+1)+1, the ideal J corresponds to the ideal of x;'""™*" in Xz with

l1=1f+2—m1, lz=1"+1—m2, l3=T+1—’I’I’l3. (425)
For ZJ 11j =2(r+1)+2, theideal J corresponds to the ideal for the element x;'"""*"™3
in Xz with

LL=r+2-m, L=r+1-my, l3=r+2-ms. (4.26)

Now by techniques of Groebner basis for ideals in C[Z] (cf. [3]), given a monomial
order, one has a monomial ideal 1t(J) (generated by the leading monomial of the
Groebner basis of J) such that all monic monomials outside 1t(J) form a base of
C[Z]/]. Thus, one sees that for an element in Hile(@) that is a G-invariant ideal
J’ with the regular G-module C[Z]/J’, there is a basis of C[Z]/J represented by
monomials in J* for some J previously described. This shows that Hilb% (C3) = Xz.

REMARK 4.3. As in the discussion of the case for n = 2 in Section 3, one can repre-
sent the monomial basis elements of T(xy'""™"3) 4, T(xj'""™*"™*)* in a pictorial way.
For example, the ones in Figure 4.2 are for v =4, and m; =2, m, =1, m3 = 2.
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FIGURE 4.2. Graph representation of I (xy 1'""'2"™%)+, I(xj"™"™3) L forr =
4, (my,mp2,m3) = (2,1,2). A dot point e indicates a monomial in I+ while

[

an “x” means one in I. The difference between two graphs are marked by
broken segments.

5. Aj(4)-singularity and flop of 4-folds. We now study the A, (n)-singularity with
n = 4. For simplicity, we consider the case v = 1, that is, G = A;(n) (indeed, no con-
ceptual difficulties arise for higher values of 7). The N-integral elements in A are as
follows:

AAON={e/|1<j<n}Jv¥ |1<i<j<n], (5.1)

where v/ := (1/2) (el +e/) for i # j. Other than the whole simplex A, there is only one
integral polytope decomposition of A invariant under permutations of coordinates,
denoted by E, which we now describe as follows. There are n+ 1 elements in E(n—1)
such that A;, 1 < i < n, together with ¢, where A; is the simplex generated by e and
v for j + i, and ¢ = the closure of A\, A;. In fact, ¢ is the convex hull spanned
by all the v/ for i # j. The lower-dimensional polytopes of E are given by the faces of
those in E(n—1). Then Xz has the trivial canonical sheaf. However, only for n = 2,3,
Xz is a crepant resolution of Sa, ) (cf. [21]). For n = 4, one has the following result.

LEMMA 5.1. For n = 4, the toric variety Xz is smooth except one isolated singularity,
which is the 0-dimensional T -orbit corresponding to ¢.

PROOF. In general, for n > 4, it is easy to see that for each i, the vertices of A;
form a Z-basis of N, for example, say i = 1, it follows from |A; (n)| = 21, and

1,,1,2 1,ny _

det(e', v, .. v n)_Z"—l' (5.2)
Hence Xz is nonsingular near the T-orbits associated to simplices in A;. As ¢ is not a
simplex, orb(¢) is always a singular point of Xz. For n = 4, the statement of smooth-
ness of Xz except orb(¢) follows from the fact that for 1 < i < 4, the vertices v/
(j # i) of Xz, together with (1/2) Zle e/, form a N-basis. O

REMARK 5.2. For n > 4, the following properties hold for 0-dimensional T-orbits
of XE.
(1) Let xj := orb(A ) € Xz for 1 < j < n. The inverse of the matrix of vertices of A,

, o .
(VY. v e it hi i) (5.3)



ORBIFOLDS AND FINITE GROUP REPRESENTATIONS 661

gives rise to affine coordinates (Uj,...,Uy,) around x;

Z.
Ui=2Z% (i+j)), Uj=—>I———\. 5.4
i i (i J) J Zl'"Zj"'Zn ( )
Hence
I(xj) =(Z;, 2}, i# j) +1aym) (5.5)
with the regular A; (n)-module isomorphism,
Clz ) , . . ,
I([xj]) ~@P{cz' 1= (ir,...,in), ij =0, i = 0,1 for k = j}. (5.6)

(2) We denote by x, the element orb(¢) in X&, xo := orb(¢). The singular struc-
ture of x, is determined by those A; (n)-invariant polynomials, corresponding to M-
integral elements in the cone dual to the one generated by ¢ in Ng. It is easy to see
that these polynomials are generated by the following ones:

YA A 4
X;j=272, y;= LAl (5.7)
Zj
Hence we have
I(xo) ={Zy-+Zj* Zn)<jen +1ay - (5.8)

Note that for n = 3, Y;’s form the minimal generators for the invariant polynomials,
which implies the smoothness of Xz. For n > 4, x, is an isolated singularity, but
not of the hypersurface type. For n = 4, the Xj, Y; (1 < j < 4) form a minimal set
of generators of invariant polynomials, hence the structure near x, in Xz is the 4-
dimensional affine variety in C® defined by the relations

(X0, Vi) 1214 €C¥, xiyi=Xjyj, XiXj=YyVy, (5.9
where i + j and {i’,j’} is the complementary pair of {i,j}.

For the rest of this section, we consider only the case n = 4. We discuss the crepant
resolutions of Sy, (4), and its relation with Hilb*! ¥ (C*). Now the simplex A is a tetra-
hedron, and ¢ is an octahedron, on which the symmetric group 64 acts as the standard
representation. The dual polygon of ¢ is the cubic. Faces of the octahedron ¢ are la-
belled by Fj, FJ’. for 1 < j <4, where

4
Fi=0nAj, F}={ijeje<>|xj=0}. (5.10)

i=1

The dual of Fj, F J' in the cubic are vertices, denoted by j, j’ as in Figure 5.1
Consider the rational simplicial decomposition Z* of A, which is a refinement of 2
by adding the center

4
ci=5 > e (5.11)
j=1

as a vertex with the barycentric decomposition of ¢ in E. Note that ¢ ¢ N and 2c € N.
See Figure 5.2.
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4
Fé Fy
— " F 2 ¥
b F 1
2
19 )"

FIGURE 5.1. Dual pair of octahedron and cube. Faces Fj, FJf of the octahedron
on the left dual to vertices j, j’ of the cube on the right. The face of the cube

with vertices 1,4',2,3’ corresponds to the dot “e” in the octahedron.

FIGURE 5.2. The rational simplicial decomposition £* of A forn =4, r =1.

THEOREM 5.3. For G = A1 (4), there is
HilbA1 @ ((C4) = Xa,4) = Xgx, (5.12)

which is nonsingular with the canonical bundle w = Ox_, (E), where E is an irreducible
divisor isomorphic to the triple product of P!,

E=P'xP!xP. (5.13)

Furthermore for {i,j,k} = {1,2,3}, the normal bundle of E when restricted on the P! -
fiber, P}, for the projection on P' x P via the (i, j) th factor,

pi E— P'xP!, (5.14)
is the (—1)-hyperplane bundle
Ox_. (E)®©[P,]1< ~O0p1(—1). (5.15)

PROOF. By Lemma 5.1 and Remark 5.2(1) after that, one can see the smoothness
of Xz« on the affine chart corresponding to A}, also its relation with Hilb® (C4). For
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the rest of simplexes, the octahedron ¢ of E is decomposed into eight simplexes
corresponding to the faces Fj, FJf of ¢. Denote by C; (C}) the simplex of £* spanned by
¢ and F; (resp., F}), and Xcj X the elements in Xz« of the corresponding T-orbit. First
we show that for x = Xcjy Xl %XE*YX is a regular G-module. It is easy to see that the
vertices of F; together with 2¢ form an integral basis of N, the same for the vertices
of F For the convenience of notation, we can set j = 1, without loss of generality.
Then we have the integral basis of M for the cones, dual to Ci, C; as follows:

-1 1 1 1

cone(Cl)*:(26,1/1‘2,v1‘3,vl‘4)71 = ’

(5.16)

0
, - -1 1 1 -1
cone (C})* : (2¢,v23,v24, p34) 7! :

-1 -1 1 1

Therefore, the following 4 functions form a smooth coordinate of Xz+ near Xc¢; for
j = 1]

-BLE 0ZE uo2E u-IZ e
and one has
I(xc,) =(Z22324,2122,21 23,21 Zs) + . (5.18)
Similarly, the coordinates near X for j =1 are given by
R IR N
and we have
I(x¢;) =(Z223,22Z4,Z3Z4) + IG. (5.20)

It is easy to see that the G-modules, C[Z]/I(xc,), C[Z]/I(xc,), are both equivalent
to the regular representation. Therefore, the ideals I(x) for x = xa j» X¢j» X (1<

j <4), give rise to distinct elements in Hilb*!® (C4). In fact, one can show that "Xaw =
Hilb*1 ™ (C4) (for the details, see [2]). By (4.8), the canonical bundle of Xz« is given by

Wxgx = Oxgy (E), (5.21)

where E is the toric divisor D.. It is known that E is a 3-dimensional complete toric
variety arised from the star of ¢ in E*, which is given by the octahedron in Figure 5.1;
in fact, the cube in Figure 5.1 represents the toric orbits’ structure. Therefore, E is
isomorphic to the triple product of P! as in (5.13). The conclusion of the normal
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4

FIGURE 5.3. The monomial basis of the G-module I(xa,)* (= C[Z]/I(xa,))
in the Z»-Z3-Z4 space.

4 4 4
3 3 3
2 2 2
FIGURE 5.4. The corresponding I+-graph for the simplex Az, A3z, and A4 in

[Tt

Xz+s. A dot point ¢ means a monomial in I(xa; )+, while an “x” means one
inl(xa;).

bundle of E restricting on each P!-fiber will follow from techniques in toric geome-
try. For example, for fibers over the projection of E onto the (P')2 corresponding to
the 2-convex set spanned by v, v13 34 24 one can perform the computation
as follows. Let (Uy,U,,Us,Uy) be the local coordinates near Xc; dual to the N-basis
(2¢c,v12,v13,v%3), similarly the local coordinate (W, Wz, W5, Wys) near xc¢, dual to
(2c,v12,v13 v14) By 2¢c = v1# +v23, one has the relations

U =WWs, Us=W;',  Uj=W;(j=2,3). (5.22)

This shows that the restriction of the normal bundle of E on a fiber P! over (U,, Us)-
plane is the (—1)-hyperplane bundle. O

The sheaf Fx_, for Xz« in Theorem 5.3 is a vector bundle with the regular G-module
on each fiber. The local frame of the vector bundle is provided by the structure of
C[Z]/1(x) for x being the zero-dimensional toric orbit of Xz+. One can have a pictorial
realization of monomial basis of these G-representations as follows. We start with the
element x,, and the identification, C[Z]/I(xA,) = I(xa,)*. The eigenbasis of the
G-module I(xx,)* is given by monomials in the diagram of Figure 5.3.

By the fact that the p-eigenspace of I(0)! for the element o € S; has the di-
mension 2 for a nontrivial character p, one can present the data of the regular G-
module C[Z]/I(x) for another element x by indicating the ones to be replaced in the
Figure 5.3, which will be marked by x. All of the replacement are listed in Figures 5.4,
5.5, and 5.6.
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4 4 4 4
3 3 3 3
2 2 2 2

FIGURE 5.5. The corresponding I+-graph for the simplex Cy, C2, C3, and Cj.

4 4 4 4
3 3 3 3
2 2 2 2
FIGURE 5.6. The corresponding I+-graph for the simplex Cy, C2, C3, and Cj.

By the standard blowing-down criterion of an exceptional divisor, the property
(5.15), ensures the existence of a smooth 4-fold (Xzx); by blowing down the family
of P's along the projection py (5.14) for each k. In fact, (Xz« )y is also a toric variety
Xz, where Ey is the refinement of 2 by adding the segment connecting v&# and v/
to divide the central polygon ¢ into 4 simplexes, where {i, j,k} = {1,2,3}. Each Xg, is
a crepant resolution of Xz (= S, 4)). We have the relation of refinements: & < 5 < E*
for k = 1,2,3. The polyhedral decomposition in the central part ¢ appeared in the
refinement relation are denoted by

O <0 <0%, k=1,2,3, (5.23)

of which the pictorial realization is given in Figure 5.7. The connection of smooth 4-
folds for different ¢} can be regarded as a “flop” of 4-folds suggested by the similar
procedure in the theory of 3-dimensional birational geometry. Each one is a “small”
resolution of a 4-dimensional isolated singularity defined by (5.9). Here the smallness
for a resolution means one with the exceptional locus of codimension greater than or
equal to 2. Hence we have shown the following result.

THEOREM 5.4. For G = A;(4), there are crepant resolutions of S¢ obtained by blow-
ing down the divisor E oinle((C4) along (5.14) in Theorem 5.3. Any two such resolu-
tions differ by a “flop” procedure of 4-folds.

6. A, (4)-singularity and conclusion remarks. For G = A, (n), n = 4, the structure
of Hilb®(C") and its relation with possible crepant resolutions of S has been an
ongoing program under investigation. We have discussed the simplest case A;(4) in
Theorem 5.3. A similar conclusion holds also for n = 4, but an arbitrary v, whose
proof relies on more complicated techniques. The details will be given in [2].
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v34
v

0

12

v23

A

vi2

FIGURE 5.7. Toric representation of 4-dimensional flops over a common sin-
gular base and dominated by the same 4-fold.

THEOREM 6.1. The G-Hilbert scheme Hilb"" ) (C*) is the nonsingular toric variety
Xa, (4) with the canonical bundle

WXy, ) _©<2E’<>= m= T(T+7lé(r+2), (6.1)
k=1

where E}’s are disjoint smooth exceptional divisors in X a, 1), each of which satisfies con-
ditions (5.13) and (5.15). Associated to a projection (5.14) for each Ey, there corresponds
a toric crepant resolution Sa, ) of Sa, ) with

X(§Ay(4>) =|A,4)| = (r+1)3. (6.2)

Furthermore, any two such S Ay (4) differ by flops of 4-fold.

One can also describe a monomial basis of the A, (4)-module C[Z]/I(x) for x €
Hilb?r @ (C*), similar to the one we have given in Section 5 for the case v = 1.

Another type of hypersurface orbifolds are those from the quotient singularities
of simple groups. For n = 3, the well-known examples are S; for G = the icosahedral
group Igo, Klein group Higg, in which cases a crepant resolution of S; was explicitly
constructed in [15, 25], respectively. The structure of Hilb® (C3) has recently been
discussed in [6]. Even though the crepant and smooth property of the group orbit
Hilbert schemes for dimension 3 is known by [1], a clear quantitative and qualitative
relation would still be interesting for the possible study of some other simple groups
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G in higher dimensions. Such program is under consideration with initial progress
being made.

Even for the abelian group G in the dimension n = 3, the conclusion on the trivial
canonical bundle of Hilb® (C3) would raise a subtle question in the Mirror problem of
Calabi-Yau 3-folds in string theory. As an example, a standard well-known one is the
Fermat quintic in P* with the special marginal deformation family

5
X:> z7+Az122232425 =0, A€C. (6.3)
i

With the maximal diagonal group SD of z;’s preserving the family X, the mirror X*
is constructed by “the” crepant resolution of X/SD, X* = X//E (cf. [8, 23]), by which
the roles of H!, H%! are interchangeable in the “quantum” sense. When working on
the one-dimensional space H'1 (X) ~ H%1(X*), the choice of crepant resolution X/SD
makes no difference on the conclusion. While on the part of H>!(X) ~ HL1(X*), it has
been known that many topological invariants, like Euler characteristic, Hodge num-
bers, elliptic genus, are independent of the choices of crepant resolutions, hence one
obtains the same invariants for different choices of crepant resolutions as the model
for X*. However, the topological triple intersection of cohomologies does differ for
two crepant resolutions (cf. [24]), hence the choice of crepant resolution as the mirror
X* = X//S\D will lead to the different effect on the topological cubic form of H1 (X*),
upon which as the “classical” level, the quantum triple product of the physical mirror
theory would be built (cf. [27]). The question of the “good” model for X* has rarely
been raised in the past, partly due to the lack of mathematical knowledge on the issue.
However, with the G-Hilbert scheme now given in Sections 3 and 4 as the mirror X*,
it seems to have left some fundamental open problems on its formalism of mirror
Calabi-Yau spaces and the question of the arbitrariness of the choice of crepant reso-
lutions remains a mathematical question to be completely understood concerning its
applicable physical theory.

For the role of G-Hilbert scheme in the study of crepant resolution of S;, the con-
clusion we have obtained for G = A, (4) has indicated that Hilb® (C") could not be a
crepant resolution of S¢ in general when the dimension 7 is greater than 3. Neverthe-
less the structure of Hilb® (C") is worthwhile for further study on its own right due
to the interplay of geometry and group representations. Its understanding could still
lead to the construction of crepant resolutions of S; in case such one does exist. It
would be a promising direction of the geometrical study of orbifolds.
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