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COMPACITY IN NARROW LIMIT TOWER SPACES

LIVIU C. FLORESCU
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Abstract. We introduce a limit tower structure on the space of all bounded Radon mea-
sures on a completely regular space and we extend the Prohorov’s theorem of narrow
compactness. In the particular case of Polish spaces, we give a sequential version of this
extension.
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1. Introduction. Let T be a completely regular space, � the boreliens of T , and
Mb(T) the set of all bounded Radon measures on (T ,�) (i.e., the real bounded mea-

sures µ : � → R such that |µ|(A) = sup{|µ|(K) : K is compact, K ⊆ A}, for all A ∈ �,

where |µ| is the variation of µ). Denote by �b(T) the space of all bounded continuous

real functions on T and let ‖f‖ = sup{|f(t)| : t ∈ T}, for every f ∈ �b(T). We recall

that a filter F on Mb(T) is narrowly convergent to µ if and only if Vε,f (µ) ∈ F, for all
f ∈�b(T), ε > 0, where Vε,f (µ)= {ν : |µ(f)−ν(f)|< ε}.
We say that a set H ⊆Mb(T) is relatively narrowly compact if, for every filterbase

B⊆ 2H there exist a filter F on Mb(T) and µ ∈Mb(T) such that F converges to µ.
Prohorov’s classical theorem states that a bounded set H ⊆Mb(T) is relatively nar-

rowly compact if the following condition is satisfied :

∀ε > 0, ∃Kε compact⊆ T : |µ|(T \Kε)< ε, ∀µ ∈H. (1.1)

A set H as in (1.1) is called tight.

We remark that, if T is a Polish space (i.e., T is a separable, completely metriz-

able space) or T is a locally compact space, the converse is also true (relative narrow

compactness implies tightness) (see [2, Section 5, Theorems 1 and 2]).

Limit tower spaces were first defined in 1997 by Kent and Brock [3] as an isomorphic

gradated variant of convergence approach spaces of Löwen [8].

In this paper, we introduce on Mb(T) a limit tower structure p̄ = {pa : a∈ [0,+∞]}
(see [3]), where p0 is the narrow convergence structure. Then, for every bounded set

H ⊆Mb(T), there exists a number t = t(H)≥ 0 such that, for every filterbase B⊆ 2H

there exists a filter F on Mb(T), B⊆ F, pt-convergent in Mb(T) (see Theorem 3.8); we

say thatH is pt-relatively compact. The number t(H) estimates the degree of tightness

of H. If H is tight then t(H)= 0, so we obtain Prohorov’s theorem.

If T is a locally compact space we extend also the converse of Prohorov’s theorem

(see Theorem 3.12).

We give some examples in the particular case of T =N when Mb(N)= �1.
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In Section 4, we obtain a sequential version of Theorem 3.8 on the subset M1(T)⊆
Mb(T) of all probabilities on the Polish space T . So, every sequence (µn)n∈N ⊆M1(T)
contains a subsequence p2t-convergent in M1(T), where t = t({µn : n ∈ N}) (see

Theorem 4.9). In particular, we prove that the limit tower structure p̄ on the set of

probabilities is induced by a probabilistic metric on this space.

2. Limit tower structures. Let X be a set, B(X) the set of all filterbases on X, and
2X the power set of X; for every F ∈ B(X), F′ is the filter generated by F. For x ∈ X,
let ẋ denote the fixed ultrafilter generated by {x}.

Definition 2.1 (see [3, Definition 1]). A limit structure on X is a function q : B(X)→
2X satisfying

x ∈ q(ẋ), x ∈X, (2.1)

q(F)= q(F′
)
, ∀F ∈ B(X), (2.2)

q
(
F′ ∩G′

)= q(F)∩q(G), ∀F,G∈ B(X). (2.3)

A pair (X,q), where q is a limit structure on X is called a limit space.

Remark 2.2. The statement “x ∈ q(F)” will be written F
q
����������������������→ x and we say that F

q-converges to x.

Remark 2.3. In [3], a limit structure is a function q : F(X)→ 2X , where F(X) denotes
the set of all filters on X, satisfying

x ∈ q(ẋ), x ∈X,
F ⊆ G �⇒ q(F)⊆ q(G),
x ∈ q(F) �⇒ x ∈ q(F∩ ẋ),
x ∈ q(F)∩q(G) �⇒ x ∈ q(F∩G).

(2.4)

If we extend such a function q to B(X) letting q(F)= q(F′), then (2.4) is equivalent to

(2.1), (2.2), and (2.3).

Remark 2.4. If τ is a topology on X and we define F
qτ�������������������������������������������������→ x if and only if �τ(x)⊆ F′,

then qτ is a limit structure on X (here �τ(x) denotes the neighborhood filter of x in

(X,τ)). More exactly we have the following proposition.

Proposition 2.5 (see [3, Proposition 2]). Let q be a limit structure on X; the neces-
sary and sufficient condition for a topology τ to exist on X, such that q = qτ , is that q
fulfills the following condition:

(F) Let {Fj : j ∈ J} be a family of filterbases on X and {xj : j ∈ J} ⊂ X be such that

Fj
q
����������������������→ xj for all j ∈ J.
If Φ ∈ B(J) is such that F

q
����������������������→ x, where F = {{xj : j ∈φ} :φ∈ Φ}, then

⋃
φ∈Φ

⋂
j∈φ

F′j
q
������������������������������������→ x. (2.5)
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Definition 2.6 (see [3, Definition 4]). A limit tower p̄ on a set X is a family p̄ =
{pa : a∈ [0,+∞]} of limit structures on X satisfying the following conditions:

pa(F)⊆ pb(F), ∀a≤ b, ∀F ∈ B(X), (2.6)

p∞(F)=X, ∀F ∈ B(X), (2.7)

pa(F)=∩b>apb(F), ∀a∈ [0,+∞), ∀F ∈ B(X). (2.8)

If x ∈ pa(F), we say that F is pa-convergent to x and we denote this by F
pa����������������������������������������������������→ x. If p̄

is a limit tower on X, (X,p̄) is called a limit tower space.

The axiom (F) defined in Proposition 2.5 has a natural extension to a limit tower

space (X,p̄):
(F) Let a,b ∈ [0,+∞], {Fj : j ∈ J} ⊆ B(X), and {xj : j ∈ J} ⊆ X such that Fj

pa����������������������������������������������������→ xj ,
for all j ∈ J. If Φ ∈ B(J) is such that F

pb���������������������������������������������������→ x, where F = {{xj : j ∈φ} :φ∈ Φ}, then
⋃
φ∈Φ

⋂
j∈φ

F′j
pa+b������������������������������������������������������������������������������������������������������������������→ x. (2.9)

Definition 2.7. A limit tower p̄ on X which satisfies (F) is called a topological limit

tower.

Remark 2.8. From [3, Theorems 9, 13 and Proposition 12(b)] we know that a topo-

logical limit tower is an isomorphic form of a Löwen’s approach structure (see [8]).

3. Narrow limit tower on Mb(T). In this section, we introduce a topological limit

tower p̄ = {pa : a∈ [0,+∞]} on the space of bounded Radonmeasures on a completely

regular space such thatp0-convergence is just the narrow convergence; thenwe extend

the Prohorov’s theorem of narrow compactness.

Let T be a completely regular space, let � be the σ -algebra of Borel subsets of

T , and let Mb(T) be the set of all bounded Radon measures on (T ,�). Denote by

Cb(T) the set of all bounded continuous real functions on T . For every f ∈ Cb(T) and
µ ∈Mb(T), we denote µ(f)= ∫

T f dµ.
Now, for every a∈ [0,+∞], µ ∈Mb(T), and f ∈ Cb(T), we denote

Va,f (µ)=
{
ν ∈Mb(T) :

∣∣µ(f)−ν(f)∣∣≤ a‖f‖}. (3.1)

Then, for every a∈ [0,+∞), let pa : B(Mb(T))→ 2Mb(T) defined by

pa(F)=
{
µ ∈Mb(T) :∀b > a,∀∈ Cb(T),Vb,f (µ)∈ F′

}
, (3.2)

for all filterbases F on Mb(T); let p∞ be the indiscrete convergence structure on Mb(T)
(p∞(F)=Mb(T), for all F ∈ B(Mb(T))).
We remark that F

pa����������������������������������������������������→ µ if and only if for all b > a, for all f ∈ Cb(T),Vb,f (µ)∈ F′.

Proposition 3.1. The limit tower p̄ = {pa : a∈ [0,+∞]} is a topological limit tower
on Mb(T).

Proof. For every a∈ [0,+∞), µ ∈Mb(T), and f ∈ Cb(T), we have µ ∈ Va,f (µ), so
that we have (2.1).
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Equations (2.2), (2.3), (2.6), and (2.7) are consequences of the definition of p̄. From
(2.6), pa(F) ⊆

⋂
b>apb(F), for all F ∈ B(Mb(T)). If F

pc������������������������������������������������→ µ, for all c > a, then for all

b > a, there exists c such that a< c < b hence Vb,f (µ)∈ F, for all f ∈ Cb(T). Therefore
F

pa����������������������������������������������������→ µ and so we have (2.8).

(F) Let a,b ≥ 0,{Fj : j ∈ J} ⊆ B(Mb(T)), and {µj : j ∈ J} ⊆ Mb(T) such that (1)

Fj
pa����������������������������������������������������→ µj , for all j ∈ J. Let Φ be a filterbase on J such that (2) F

b
�����������������������→ µ, where F =

{{µj}j∈φ :φ∈ Φ}. Then for all u > a+b, there exist d > a, e > b such that u= d+e.
Then for all f ∈ Cb(T), from (2), Ve,f (µ) ∈ F′ hence, there exists φ ∈ Φ such that

{µj}j∈φ ⊆ Ve,f (µ). Then (3) |µj(f )−µ(f)| ≤ e‖f‖, for all j ∈φ.
From (1), for all j ∈ J, Vd,f (µj)∈ F′j . But, from (3), Vd,f (µj)⊆ Vu,f (µ), so that Vu,f ∈

F′j , for all j ∈φ. Therefore,

Vu,f (µ)∈
⋂
j∈φ

F′j ⊆
⋃
φ∈Φ

⋂
j∈φ

F′j . (3.3)

It follows that µ ∈ pa+b(
⋃
φ∈Φ

⋂
j∈φ F′j), so that p̄ = {pa : a∈ [0,+∞]} is a topological

limit tower on Mb(T).

Definition 3.2. We say that p̄ = {pa : a ∈ [0,+∞]} is the narrow limit tower on

Mb(T).

Remark 3.3. Note that p0 is the narrow convergence structure on Mb(T). Indeed,
F

p0������������������������������������������������→ µ if and only if for all ε > 0, for all f ∈ Cb(T),Vε,f ∈ F′. But the sets Vε,f (µ) =
{ν : |µ(f)−ν(f)| ≤ ε‖f‖} form a subbase for the neighbourhood system of µ in the

narrow topology on Mb(T); so that F is narrowly convergent to µ.

Remark 3.4. If F
pa����������������������������������������������������→ µ then F

pb���������������������������������������������������→ µ, for all b ≥ a. Thus p0 is the finest limit

structure of p̄.

Remark 3.5. Wemay interpret inf{a : F
pa����������������������������������������������������→ µ} as the degree of narrow convergence

of filterbase F to µ.

Remark 3.6. For every net (µi)i∈I ⊆ Mb(T) ((I,≤) is a directed set) let F = {{xj :
j ≥ i} : i∈ I} be the filterbase generated by (µi)i∈I .
If p̄ = {pa : a ∈ [0,+∞]} is the narrow limit tower on Mb(T), then we say that

µi
a
������������������������→ µ if F

pa����������������������������������������������������→ µ. Therefore, µi
a
������������������������→ µ if and only if

limsup
i

∣∣µi(f )−µ(f)∣∣≤ a·‖f‖, ∀f ∈ Cb(T). (3.4)

Definition 3.7. We say that a subset H ⊆ Mb(T) is a-relatively compact if for
every filterbase B⊆ 2H , there exist a filter F on Mb(T) and µ ∈Mb(T) such that B⊆ F

and F
pa����������������������������������������������������→ µ.

We remark that H is 0-relatively compact if and only if H is relatively narrowly

compact.

A subset H ⊆ Mb(T) is bounded if sup{|µ|(T) : µ ∈ H} < +∞, where |µ| is the

variation of µ. The mapping µ� |µ|(T)= ‖µ‖ is a norm on Mb(T).
Let �(T) be the family of all compact sets on T ; for every bounded set H ⊆Mb(T)
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we denote

t(H)= inf
K∈�(T)

sup
µ∈H

|µ|(T \K). (3.5)

We remark that t(H)∈ [0,+∞) and t(H)= 0 if and only if H is tight. We say that t(H)
is the degree of tightness of H.
Now we give an extension of Prohorov’s theorem.

Theorem 3.8. Every bounded set H ⊆Mb(T) is t(H)-relatively compact.

Proof. Let X be the Stone-Čech compactification of T and i : T →X be the canoni-

cal injection of T in X. We remark that Cb(X)= C(X) (X is compact); so (Mb(X),‖·‖)
is the topological dual of the Banach space (C(X),‖·‖) and the narrow topology on

Mb(X) is the weak∗-topology, w∗, of this dual space.
For every µ ∈ Mb(T) we define ν = I(µ) ∈ Mb(X), where I(ν)(F) = µ(F ◦ i), for

every F ∈ C(X); ‖ν‖ = |ν|(X) = |µ|(T) = ‖µ‖ so that I : Mb(T)→Mb(X), µ� I(µ), is
an isometric embedding.

Let H be a bounded subset of Mb(T); then I(H) is a bounded subset of Mb(X).
Therefore I(H) is w∗-relatively compact. For every filterbase B ⊆ 2H , I(B) = {I(B) :
B ∈ B} is a filterbase on I(H). So that, there exists a filter G on Mb(X) w∗-convergent
to a measure ν0 ∈Mb(X) such that I(B)⊆ G. From the definition of t(H), there exists
a sequence (Kn)n ⊆�(T) such that (1) |µ|(T \Kn) < t(H)+1/n, for all n ∈N, for all
µ ∈H. We denote T0 =

⋃∞
n=1Kn and (2) X0 =

⋃∞
n=1 i(Kn)= i(T0).

For every n∈N, i(Kn)∈�(X), so that X0 is a Borel set of X. On the other hand, for
every n∈N, X\i(Kn) is an open subset of X so that the mapping λ� |λ|(X\i(Kn)) is
a w∗-lower semi-continuous mapping on Mb(X) (see [2, Section 5, Proposition 6(a)]).

FromG
w∗
������������������������������������������������������������������→ ν0, for alln∈N, there existsGn ∈ G such that (3) |ν0|(X\i(Kn))−1/n <

|λ|(X \i(Kn)), for all λ∈Gn.
The filterbase B is a filterbase on H so that B �= ∅. Let B0 be a set in B; then I(B0)∈

I(B)⊆ G.
For every n∈N, there exists µn ∈ B0 such that I(µn)∈Gn (I(B0)∩Gn �= ∅). There-

fore, from (1) and (3), for every n∈N,
∣∣ν0∣∣(X \X0)≤

∣∣ν0∣∣
(
X \i(Kn)

)
<
∣∣∣I(µn)

∣∣∣(X \i(Kn)
)
+ 1
n

= ∣∣µn∣∣
(
i−1

(
X \i(Kn)

))
+ 1
n
= ∣∣µn∣∣(T \Kn)+ 1

n
< t(H)+ 2

n
.

(3.6)

Hence (4) |ν0|(X \X0)≤ t(H).
Now,X being the Stone-Čech compactification of T , for every f ∈ Cb(T) there exists

F ∈ C(X) such that F ◦ i = f and ‖F‖ = ‖f‖ (see [10, Theorem 1.4.6, page 25]). Now

we define J : Cb(T)→R letting

J(f)= ν0
(
F ·χX0

)
=
∫
X0
F dν0. (3.7)

Obviously, J is a continuous linear mapping on Cb(T). For every ε > 0, from (2), there

exists K ∈�(T) such that |ν0|(X0\i(K)) < ε and i(K)⊆X0. Then, for every g ∈ Cb(T)
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with |g| ≤ 1 and g|K = 0, let G ∈ C(X) such that G◦i= g. Therefore, we have
∣∣J(g)∣∣=

∣∣∣∣ν0
(
G·χX0

)∣∣∣∣≤
∣∣∣∣ν0

(
G·χX0\i(K)

)∣∣∣∣+
∣∣∣∣ν0

(
G·χi(K)

)∣∣∣∣
≤ ∣∣ν0∣∣(X0 \i(K)

)
< ε.

(3.8)

Hence, J is a linear mapping satisfying the condition (M) from [2, Section 5, Proposi-

tion 5] so that there exists exactly one measure µ0 ∈Mb(T) such that µ0(f ) = J(f),
for every f ∈ Cb(T). Then we have (5) µ0(f )= ν0(F ·χX0 ), for all f ∈ Cb(T), where F
is the continuous extension of f to X.
Now, for every f1, . . . ,fn ∈ Cb(T) with ‖fk‖ > 0, for all k = 1, . . . ,n, let F1, . . . ,Fn ∈

C(X) such that Fk ◦i= fk and ‖Fk‖ = ‖fk‖, for every k= 1, . . . ,n.
For all b > t(H), let ε = (b−t(H))·min{‖fk‖ : k= 1, . . . ,n}> 0. The set

G =
n⋂
k=1

{
λ∈Mb(X) :

∣∣∣λ(Fk)−ν0(Fk)
∣∣∣< ε

}
(3.9)

is a w∗-neighborhood of ν0 and so is a member of G (G
w∗
������������������������������������������������������������������→ ν0). Therefore, for every

B ∈ B, G∩I(B) �= ∅ (I(B)⊆ G). Hence there exists µ ∈ B such that I(µ)∈G. Then, for
every k= 1, . . . ,n, from (4) and (5), we have
∣∣∣µ(fk)−µ0(fk)

∣∣∣=
∣∣∣µ(Fk ◦i)−µ0(fk)

∣∣∣=
∣∣∣I(µ)(Fk)−ν0

(
Fk ·χX0

)∣∣∣
≤
∣∣∣I(µ)(Fk)−ν0(Fk)

∣∣∣+
∣∣∣ν0

(
Fk ·χX\X0

)∣∣∣< ε+∥∥Fk∥∥·∣∣ν0∣∣(X \X0
)

< ε+∥∥fk∥∥·t(H)≤ (
b−t(H))·∥∥fk∥∥+∥∥fk∥∥·t(H)= b ·∥∥fk∥∥.

(3.10)

Therefore, µ ∈ ⋂n
k=1Vb,fk(µ0). So, for every b > t(H), n ∈ N, f1, . . . ,fn ∈ Cb(T) and

B ∈ B,
n⋂
k=1

Vb,fk
(
µ0

)∩B �= ∅. (3.11)

Let F be the filter generated by the filterbase


n⋂
k=1

Vb,fk
(
µ0

)∩B : b > t(H), f1, . . . ,fn ∈ Cb(T), B ∈ B


 . (3.12)

Then B⊆ F and F
pt(H)
����������������������������������������������������������������������������������������������������������→ µ0, so that H is a t(H)-relatively compact set.

Remark 3.9. If H is tight in Mb(T) then t(H)= 0, so that H is a relatively narrowly

compact set and we obtain Prohorov’s theorem.

Remark 3.10. Let a ≥ b ≥ 0; then, every b-relatively compact set is a-relatively
compact set, also. Therefore, for every bounded set H ⊆Mb(T)

[
t(H),+∞)⊆ {

a≥ 0 :H is a-relatively compact
}
. (3.13)

Remark 3.11. We say thatH ⊆Mb+(T) is a-relatively compact in Mb+(T) if, for every
filterbase B ⊆ 2H , there exist a filter F on Mb+(T) and µ ∈Mb+(T) such that B ⊆ F and

for all b > a, for all f ∈ Cb(T),Vb,f (µ)∩Mb+(T) ∈ F; we say in this case that F
pa����������������������������������������������������→ µ

in Mb+(T).
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The subset of all positive measures, Mb+(X), is closed in the narrow topology of

Mb(X) (see [2, Section 5, Remark 2]) so that, if H ⊆Mb+(T) is a bounded subset, then

I(H) is w∗-relatively compact in Mb+(X). Then we follow the proof of Theorem 3.8

and we obtain that every bounded subset H ⊆ Mb+(T) is t(H)-relatively compact in

Mb+(T). Also, we have
[
t(H),+∞)⊆ {

a≥ 0 :H is a-relatively compact in Mb
+(T)

}
. (3.14)

In the particular case where T is locally compact, we have the converse of Theorem

3.8 in the subspace Mb+(T).

Theorem 3.12. Let T be a locally compact space and H an a-relatively compact set
in Mb+(T); then t(H)≤ a.

Proof. We suppose thatH is an a-relatively compact subset of Mb+(T) and t(H)=
infK∈�(T) supµ∈H µ(T \K) > a. Then, for every ε > 0 and K ∈�(T), there exists µK ∈H
such that (1) µK(T \K) > a+ε.
For everyK ∈�(T)we denote BK = {µL : L∈�(T), K ⊆ L}. ThenB= {BK :K ∈�(T)}

is a filterbase on H so that there exist a filter F on Mb+(T) and µ ∈Mb+(T) such that

B⊆ F and (2) F
pa����������������������������������������������������→ µ, in Mb+(T) (see Remark 3.11). Since µ is a Radon measure, there

exists K0 ∈�(T) such that (3) µ(T \K0) < ε/2.
Let U be a relatively compact neighborhood of K and f : T → [0,1] a continuous

function such that (4) f |K0 = 0 and f |T\U = 1.

We remark that f ∈ Cb(T) and ‖f‖ = 1. Now let b = a+ ε/2 > a and f ∈ Cb(T);
from (2), Vb,f (µ)∈ F ⊇ B so that (5) Vb,f (µ)∩BŪ �= ∅.

Hence, there exists K ∈�(T), K ⊇ Ū such that (6) |µK(f)−µ(f)| ≤ b ·‖f‖ = b.
From (1), (3), (4), and (6) we obtain the following contradiction:

a+ε < µK(T \K)≤ µK
(
T \Ū)≤ µK(f)≤ µ(f)+a+ ε

2

≤ µ(T \K0
)+a+ ε

2
<a+ε.

(3.15)

Remark 3.13. IfH is a relatively narrowly compact subset ofMb+(T) (i.e., 0-relatively
compact set), then t(H) = 0 so that H is tight. Therefore, we obtain the converse of

Prohorov’s theorem; so Theorem 3.12 is an extension of [2, Section 5, Theorem 2].

Remark 3.14. From Remark 3.11 and Theorem 3.12, we obtain (in the case of lo-

cally compact spaces)

[
t(H),+∞)= {

a≥ 0 :H is a-relatively compact in Mb
+(T)

}
. (3.16)

Example 3.15. Let T =N be the set of natural numbers andB=�(N). ThenMb(N)=
�1 (the space of all sequences of real numbers (xn)n∈N such that

∑∞
n=1 |xn|<+∞) and

Cb(T)= �∞ (the space of all bounded sequences of real numbers). Indeed,

∀x = (
xn

)
n ∈ �1, x : B �→R, x(A)=

∑
n∈A

xn,

x(y)=
∑
n
xnyn, ∀y = (yn)n ∈ �∞.

(3.17)
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Let (xp)p∈N ⊆ Mb(N) and x ∈ Mb(N), where xp = (xpn)n, for every p ∈ N and

x = (xn)n. Thenxp a
������������������������→ x if and only if (1) limsupp |

∑
n∈N(x

p
n−xn)·yn| ≤ a·supn |yn|,

for all (yn)n ∈ �∞ (see Remark 3.6).

For every bounded set H = {xp : p ∈N} ⊆Mb(N) (2) t(H)= infm supp
∑∞
n=m |xpn|.

Let (xp)p∈N ⊆ [0,1] be a sequence; we define

xpn =




1−xp, n= 0,

xp, n= p,
0, otherwise.

(3.18)

Then xp = (xpn)n∈N ∈Mb(N) and, from (2), we obtain

t
({
xp : p ∈N})= limsup

n
xn = t. (3.19)

We easily remark that xp t
����������������→ x, where x = (xn)n and

xn =


1, n= 0,

0, n > 0.
(3.20)

From Remark 3.14, inf{a ≥ 0 : xp a
������������������������→ x} = limsupnxn. If xn → 0, then (xp)p is

narrowly convergent to x. In the particular case where xn = 1, for every n∈N, xp is

the Dirac measure δp and δp
1
��������������������→ δ0.

We remark that

inf
{
a≥ 0 : δp

a
������������������������������������������→ δ0

}
= 1. (3.21)

4. Probabilistic metric on M1(T). Let (T ,d) be a Polish space and let M1(T) ⊆
Mb+(T) be the subset of all probabilities on T . We say that a net (µi)i∈I ⊆ M1(T) is
pa-convergent to µ ∈M1(T) (a≥ 0) if

limsup
i

∣∣µi(f )−µ(f)∣∣≤ a·‖f‖, ∀f ∈ Cb(T). (4.1)

We denote this by µi
a
������������������������→ µ. So, p̄ = {pa : a∈ [0,+∞]} is the narrow limit tower induced

on M1(T) (see Remark 3.6). If X is the Stone-Čech compactification of T , the subset
M1(X) is a compact set of Mb(X) (see [2, Section 5, Proposition 11]). So, with a similar

argument to that of Remark 3.11, we deduce that every subset H ⊆ M1(T) is t(H)-
relatively compact in M1(T) (i.e., every net (µi)i∈I has a subnet pa-convergent).
Theorem 4.1 has a similar proof to that of Portmanteau’s theorem (see [1, Theorem

2.1, Appendix III, Theorem 3]) which we omit.

Theorem 4.1. Let (µi)i∈I be a net in M1(T), µ ∈ M1(T) and a ≥ 0; the following

statements are equivalent:

µi
a
������������������������������������������→ µ, (4.2)

limsup
i

∣∣µi(f )−µ(f)∣∣≤ a, ∀f ∈ Cb(T) with ‖f‖ ≤ 1, (4.3)



COMPACITY IN NARROW LIMIT TOWER SPACES 367

limsup
i

µi(F)≤ µ(F), ∀F = F̄ ⊆ T , (4.4)

liminf
i

µi(D)≥ µ(D), ∀D =D◦ ⊆ T , (4.5)

limsup
i

∣∣µi(A)−µ(A)∣∣≤ a, ∀A∈� with µ
(
Ā−A◦)= 0. (4.6)

In Theorem 4.1, Ā and A◦ denote the closure and the interior of A in the topological

space (T ,τd), respectively.

Remark 4.2. In Theorem 4.1, we can suppose that a∈ [0,1].
Remark 4.3. R. Löwen gave a similar result in [7, Theorem 6].

Definition 4.4. For every F = F̄ ⊆ T and ε > 0 we denote Fε = {t ∈ T : d(t,F) < ε}.
For every a∈ [0,1] we define La : M1(T)×M1(T)→R+ letting

La(µ,ν)= inf
{
ε > 0 : µ(F) < ν

(
Fε

)+a+ε,ν(F) < µ(Fε)+a+ε,∀F = F̄ ⊆ T}. (4.7)

Remark 4.5. L0 is the metric of Lévy-Prohorov on M1(T). Therefore, L0 induces the
narrow topology on M1(T) and (M1(T),L0) is a Polish space [2, Section 5, Examples

8 and 9].

Remark 4.6. The family �= {La : a∈ [0,1]} has the following properties:
La(µ,ν)= 0, ∀a≥ 0⇐⇒ µ = ν,

La(µ,ν)= La(ν,µ), ∀µ,ν ∈M1(T), ∀a∈ [0,1],
La+b(µ,ν)≤ La(µ,λ)+Lb(λ,ν), ∀µ,ν,λ∈M1(T), ∀a,b ∈ [0,1],

La(µ,ν)= sup
b>a

Lb(µ,ν), ∀µ,ν ∈M1(T), ∀a∈ [0,1).

(4.8)

In [4, Theorem 1] we proved that such a family � is an equivalent gradated form of a

probabilistic metric (F,Tm), where, for every µ,ν ∈M1(T) and a> 0,

F(µ,ν)(a)= sup
ε>0

inf
F=F̄

{
min

[
µ
(
Fa−ε

)−ν(F),ν(Fa−ε)−µ(F)]+1+a
}
∧1 (4.9)

and Tm(a,b) =max{a+b−1,0}. For the space of distribution functions, equivalent

probabilistic metrics are introduced in [5, 6, 9].

In Theorem 4.7 we compare the narrow limit tower with the convergence structures

induced by the family of semi-pseudometrics �= {La : a∈ [0,1]}. So, this theorem is

an important step to obtain a sequential version of Theorem 3.8.

Theorem 4.7. Let (µi)i∈I be a net in M1(T), µ ∈M1(T) and a∈ [0,1].
If La

(
µi,µ

)
�→ 0, then µi

a
�����������������������������→ µ, (4.10)

If µi
a
�����������������������������→ µ, then L2a

(
µi,µ

)
�→ 0. (4.11)

Proof. (i) We suppose that La(µi,µ)→ 0; then, for everyn∈N∗, there exists in ∈ I
such that, for every i≥ in, La(µi,µ) < 1/n. Therefore,

µi(F) < µ
(
F1/n

)+a+ 1
n
, ∀F = F̄ , (4.12)
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so that, for every F = F̄ ⊆ T ,

limsup
i

µi(F)≤ sup
i≥in

µi(F)≤ µ
(
F1/n

)+a+ 1
n
. (4.13)

But µ(F1/n)→ µ(F), so that limsupi µi(F)≤ µ(F)+a, for all F = F̄ .
From (4.4) this is equivalent to µi

a
������������������������→ µ.

(ii) Let now µi
a
������������������������→ µ and let ε > 0. For every r > 0 and t ∈ T , let Sr (t) = {s ∈ T :

d(s,t) < r}. Then Sr (t) \ S◦r (t) ⊆ {s ∈ T : d(s,t) = r} = Cr . But Cr1 ∩Cr2 = ∅, for

all r1 �= r2 and µ(∪r>0Cr )≤ 1. It follows that there exists a countable set N ⊆ (0,+∞)
such that µ(Cr )= 0, for all r ∈ (0,+∞)\N . Therefore, T being separable, there exists a

countable family {Srn(tn) :n∈N} such that (1) T =∪∞1 Srn(tn), µ(Srn(tn)\S◦rn(tn))=
0 and rn < ε/6, for all n∈N.
We denote for all n ∈ N, Sn = Srn(tn). Let K ⊆ T be a compact set such that µ(T \

K) < ε/3 and let p ∈N such that K ⊆∪pn=1Sn =A0; then (2) µ(T \A0) < ε/3.
We denote �= {∪qi=1Ski : q ∈N, k1, . . . ,kn ≤ p}; obviously, A0 ∈�. For every A∈�,

µ(Ā\A◦)= 0 so that, from (4.6),

limsup
i

∣∣µi(A)−µ(A)∣∣≤ a. (4.14)

Therefore there exists i0 ∈ I such that, for every i≥ i0 and A∈�, (3) |µi(A)−µ(A)|<
a+ε/3.
Now, for every F = F̄ ⊆ T , let

AF =
⋃{

Sn :n≤ p, Sn∩F �= ∅
}
∈�. (4.15)

Then (4) F ⊆AF ∪(T \A0), AF ⊆ Fε/3.
Indeed, F = (F∩A0)∪(F \A0)⊆AF ∪(T \A0). For every t ∈AF there exists Sn such

that t ∈ Sn and Sn∩F �= ∅. Then, from (1), d(t,F)≤ 2·rn < ε/3, so that t ∈ Fε/3. Then,
from (2), (3), and (4), we have

µi(F) < µi
(
AF

)+µi(T \A0
)
< µ(F)+a+ ε

3
+1−µi

(
A0

)

< µ
(
AF

)+a+ ε
3
+1−µ(A0

)+a+ ε
3
= µ(AF)+µ(T \A0

)+2·a+ 2ε
3

< µ
(
Fε/3

)+2·a+ε ≤ µ(Fε)+2·a+ε,
µ(F)≤ µ(AF)+µ(T \A0

)
< µi

(
AF

)+a+ ε
3
+ ε
3

< µi
(
Fε/3

)+a+ 2ε
3
< µi

(
Fε

)+2·a+ε,

(4.16)

for every F = F̄ ⊆ T . Then L2a(µi,µ)≤ ε, for every i≥ i0. Therefore L2a(µi,µ)→ 0.

Corollary 4.8. Let H be an a-relatively compact subset in M1(T); then, for every
sequence (µn)n∈N ⊆ H, there exist a subsequence (µkn)n∈N and µ ∈ M1(T) such that
µkn

2·a
������������������������������������������������������������������→ µ.

Proof. For every sequence (µn)n∈N ⊆ H, there exist a subnet (µni)i∈I and µ ∈
M1(T) such that µni

a
������������������������→ µ. From (4.11), L2a(µni ,µ) → 0. So, for every p ∈ N, there

exists ip ∈ I such that nip ≥ p and L2a(µnip ,µ) < 1/p.
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Therefore, we can choose a subsequence (µ′n)n∈N of (µn)n∈N such that L2a(µ′n,µ)→
0. From (4.10) it follows that µ′n

2·a
������������������������������������������������������������������→ µ.

Now we are able to give the sequential version of Theorem 3.8.

Theorem 4.9. Let (µn)n∈N ⊆M1(T) and t = t({µn :n∈N}) be the degree of tight-
ness of (µn)n∈N. Then there exist a subsequence (µkn)n∈N and µ ∈ M1(T) such that

µkn
2·t
���������������������������������������������������������������������������→ µ. (4.17)
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