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GENERALIZED PERIODIC AND GENERALIZED BOOLEAN RINGS
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ABSTRACT. We prove that a generalized periodic, as well as a generalized Boolean, ring is
either commutative or periodic. We also prove that a generalized Boolean ring with central
idempotents must be nil or commutative. We further consider conditions which imply the
commutativity of a generalized periodic, or a generalized Boolean, ring.

2000 Mathematics Subject Classification. 16D70, 16U80.

Throughout, R denotes a ring, N the set of nilpotents, C the center, and E the set
of idempotents of R. A ring R is called periodic if for every x in R, there exist distinct
positive integers m,n such that x™ = x™. We now formally state the definitions of a
generalized periodic ring and a generalized Boolean ring.

DEFINITION 1. A ring R is called generalized periodic if for every x in R such that
x ¢ (NUC), we have x™ — x™ € (NN C), for some positive integers m,n of opposite
parity.

DEFINITION 2. A ring R is called generalized Boolean if for every x in R such that
x ¢ (NUC), there exists an even positive integer n such that x —x™ € (NN C).

THEOREM 3. If R is a generalized periodic ring, then R is either commutative or
periodic.

PROOF. Let N and C denote the set of nilpotents and the center of R, respectively.
We distinguish three cases.

CASE 1 (N < C). Then x ¢ C implies x ¢ (N U C), and hence there exist distinct
positive integers m,n such that x™ —x™ € N, with n > m. Suppose (x™ —x")k = 0.
Then, as is readily verified,

(x —xn-mrLykxkim-1) _ o (1)

which, in turn, implies that

(x _xn—m+1)km = (x _xn—m+1)kxk(m—1)g(x)
(2)
=0,
where
g(A) € Z[A]. (3)

We have thus shown that

x—-x""1eN, Vx¢C, m-m+1>1). 4)


http://ijmms.hindawi.com
http://ijmms.hindawi.com
http://www.hindawi.com

458 H. E. BELL AND A. YAQUB
Recall that, in our present case, we assumed that N < C, and hence by (4),
x—x""MleC, Vxe¢C, (n-m+1>1). (5)
Since (5) is trivially satisfied if x € C, we see that
x—-x™"¥ e, for some n(x) > 1, where x € R (arbitrary). (6)

Therefore, R is commutative, by a well-known theorem of Herstein [3].

CASE 2 (C < N). Then x ¢ N implies x ¢ (N uC), and hence there exist distinct
positive integers m,n such that x™ —x™ € N, with n > m. Repeating the argument
used to prove (4), we see that

x—x""1eN, Vxe¢N, m-m+1>1). 7)
Since (7) is trivially satisfied for all x € N, we conclude that
x —xk¥¥) e N, for some k(x) > 1, where x € R (arbitrary). (8)

By a well-known theorem of Chacron [2], equation (8) implies that R is periodic.
CASE 3 (C £ N and N ¢ C). In this case, let

ze€ C\N, u € N\C. 9)
Equation (9) readily implies that z+u ¢ C and z+u ¢ N, and hence (see Definition 1)
(z+u)"—(z+u)™ e N, for some integers n >m = 1. (10)

Since z commutes with the nilpotent element u, (10) implies that
z"—zMm+u’ € N, where u’ € N, u'commutes with z. (11)

Hence z" — z™ € N, with n > m = 1. Now, a repetition of the argument used in the
proof of (4) shows that

z-z"M N, VzeC\N, m-m+1>1). (12)

Trivially,
x-x*¥eN, VxeN, VkeZ*. (13)

Finally, if x ¢ (NUC), then
x"-x™ e N, for some integers n>m > 1. (14)
Again, repeating the argument used in the proof of (4), we see that
x—x"""™1leN, Vxe¢((NUC), (n-m+1>1). (15)
Combining (12), (13), and (15), we conclude that
x—x*® e N, for some k(x) > 1, where x € R (arbitrary). (16)

Thus, by Chacron’s theorem [2], R is periodic. This completes the proof. O
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COROLLARY 4. If R is a generalized Boolean ring, then R is either commutative or
periodic.

This follows at once, since a generalized Boolean ring is necessarily a generalized
periodic ring (see Definitions 1 and 2).
Before proving the next theorem, we prove the following lemma.

LEMMA 5. LetR be a generalized periodic ring. If e is any nonzero central idempotent
inR anda € N, then ea € C.

PROOF. The proof is by contradiction. Suppose the lemma is false, and let
no €N, enoé¢C. (17)
Since e € C and ny € N, therefore eny is nilpotent. Let
(eng)* e C, VY=o, xo minimal (18)
Since eng ¢ C (see (17)), therefore xo > 1. Let n = (eng)®~!. Then,

n= (er]o)o“r1 €N, n¢ C (by the minimality of xq),

(19)
nfeC, Vk=2, eeC, e*=e+0, e¢N.
Equation (19) implies that e+ n ¢ C and e+ n ¢ N, and hence (see Definition 1)
(e+m)™ —(e+n)" €C, (20)

where m’, n’ are of opposite parity. Combining (20) and (19), we see that (keep in mind
that en = n; see (19))
(m'—=n")en e C, (21)

where m’ —n’ is an odd integer. Equation (19) also implies that (—e + n) is not in
(NuC(), so
(—e+m)™ —(-e+n)" €N, (22)

where m'’, n” are of opposite parity. Combining (19) and (22), we see that
(—e)™ —(-e)"" €N, (23)

and hence 2e € N, since m'’ and n’’ are of opposite parity. Therefore, (2¢)¥ =0,y € 77,
and thus 2Ye = 0, which implies that

2YeneC, yez . (24)

Now, combining (21) and (24), keeping in mind that (2¥,m’ —n’) = 1, we see that
en € C, and hence, by (19), n = en € C, which contradicts (19). This contradiction
proves the lemma. O

As usual, [x,y] = xy — yx denotes the commutator of x and y.
We are now in a position to prove the following theorem.
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THEOREM 6. Suppose R is a generalized periodic ring, and suppose that there exists
an element c in C, with ¢ # 0, such that

c[x,y]=0 implies[x,y]=0, Vx,y €R. (25)

Then R is commutative.

PROOF. We distinguish two cases.
CASE 1 (c € N). In this case, ck = 0 for some positive integer k, and hence

c*[x,¥]=0, Vx,yeR. (26)
Combining (25) and (26), we see that

ckx,y]=0=c[c*'x,y]=0= [c*'x,y] =0 = ¥ ![x,y] =0 -
= el y] 0= [xy] =0, 7

Thus, c¥[x,y] = 0 implies [x,y] = 0, and hence R is commutative.

CASE 2 (¢ ¢ N). In view of Theorem 3, we may assume that R is periodic. This
implies, in particular, that ¢™ is idempotent for some positive integer m. Furthermore,
c¢™ # 0 (since ¢ ¢ N in our present case). The net result is (since ¢ € C also)

c¢™ =e is anonzero central idempotent in R. (28)

Let a € N. By Lemma 5 and equation (28), we have ea € C, and hence [ea,x] = 0 for
all x € R, which implies

[c"a,x] =c™[a,x]=0, VxE€ER. (29)
The argument used in Case 1 of Theorem 6 shows that
c"la,x]=0 implies [a,x]=0, (30)
and hence (see (29))
[a,x]=0 Vx€eR, VaeN. 31)

Thus, R is a periodic ring with the property that N < C. By a well-known theorem of
Herstein [4], it follows that R is commutative, and the theorem is proved. O

COROLLARY 7. Suppose that R is a generalized periodic ving with identity 1. Then,
R is commutative.

Corollary 7 follows at once by taking ¢ = 1 in Theorem 6.
Since a generalized Boolean ring is also a generalized periodic ring, therefore we
have the following corollary.

COROLLARY 8. A generalized Boolean ring with identity 1 is necessarily commutative.

Another corollary is the following result, proved by the authors in [1].
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COROLLARY 9. Suppose that R is a generalized periodic ring containing a central
element which is not a zero divisor. Then R is commutative.

This follows at once, since the hypotheses of this corollary imply the hypotheses
of Theorem 6.

THEOREM 10. Suppose R is a generalized periodic ring. Suppose, further, that there
exists a nonzero central element ¢ such that

ca=0 impliesa=0, Va e N. 32)
Then R is commutative.

PROOF. In [1], the authors proved the following result:

If R is a generalized periodic ring, then the nilpotents

33
N form an ideal and R/N is commutative. (33)

Let x,y € R. By (33), for all x,¥ in R/N, Xy = yX, and hence [x,y] € N. Taking
a=[x,y] €N in (32), we see that (32) yields

c[x,y]=0 implies [x,y]=0, Vx,y €R. (34)

The theorem now follows at once from Theorem 6. O

THEOREM 11. A generalized Boolean ring R with central idempotents is necessarily
nil (R = N) or commutative (R = C).

PROOF. Since R is also a generalized periodic ring, therefore by Theorem 3, R is
commutative or periodic. If R is commutative, there is nothing to prove. So we may
assume that R is periodic. We now distinguish two cases.

CASE 1 (C € N). Recall that, by hypothesis, the set E of idempotents is central, and
hence E = C = N (in the present case). Thus, E < N, and hence E = {0}. Therefore,

zero is the only idempotent of R. (35)

Let x € R. Since R is periodic, therefore x* is idempotent for some positive integer k,
and hence by (35), x* = 0, which proves that R is nil.
CASE 2 (C £ N). Then, for some ¢ € R, we have

ceC, c¢N. (36)

Again, since R is periodic, ¢™ is idempotent for some positive integer m. Moreover,
c™ # 0 (since ¢ ¢ N). The net result is (see (36))

e =c™ is a nonzero central idempotent of R. 37)

Now, suppose a € N. Since 0 # e € C and a € N, therefore e +a ¢ N. Suppose, for the
moment, that a ¢ C. Thene+a & C (since e € C), and hence e+a ¢ (NUC). Therefore,
by Definition 2,

(e+a)—(e+a)" € (NNnC), for some even integer n > 2. (38)
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Since R is also a generalized periodic ring, therefore by Lemma 5 (see (37))
ealeC, Vie{l,...n-1}, (0+£e=¢? ecC, acN). (39)
Combining (38) and (39), we see that
a-a*eC, VYaeN\C. (40)
Since (40) is trivially satisfied for a € (N nC), therefore
a-a*eC, VaeN, nz=2. 41)

We claim that
NcC. (42)

The proof is by contradiction. Suppose (42) is false. Then, for some a € R, we have
a€eN, a¢cC. (43)
Since a € N, there exists a positive integer oy such that
a’ e C, VYo = o0y, 09 minimal (44)

Moreover, since a ¢ C (see (43)), therefore oy > 1. Now, applying (41) to the nilpotent
element a?0~1, we see that

a®-1—(a% " e, forsomen=n(a®!)=2. (45)
Furthermore, since (0g—1)n > (09 —1)2 = 0y (since gy > 2), (44) implies that
(a®~h)" =al0-nec. (46)

Combining (45) and (46), we conclude that a1 € C, which contradicts the minimality
of 0y in (44). This contradiction proves (42). Since R is a periodic ring satisfying (42),
therefore, by a well-known theorem of Herstein [4], R is commutative. This completes
the proof. O

COROLLARY 12. A generalized Boolean ring with central idempotents and commut-
ing nilpotents is commutative.

This corollary recovers a result proved by the authors in [1].

COROLLARY 13. IfR is a generalized Boolean ring, and if R is 2-torsion-free, then R
is nil or commutative.

PROOF. We claim that all idempotents of R are central. Suppose not, and suppose
e is a noncentral idempotent in R. Then —e ¢ (N UC), and hence (see Definition 2)

(—e)—(-e)*eC, n even. 47)

Thus, 2e € C, and hence [2e,x] = 0 for all x in R. Since R is 2-torsion-free, 2[e,x] =0
implies [e,x] = 0, and thus e € C, a contradiction. This contradiction proves that
all idempotents of R are central, and hence R is nil or commutative, by Theorem 11.

O



GENERALIZED PERIODIC AND GENERALIZED BOOLEAN RINGS 463

THEOREM 14. Let R be a generalized Boolean ring in which every finite subring is
either commutative or nil. Then R is either commutative or nil.

PROOF. By contradiction. Thus, suppose R is a generalized Boolean ring such that
every finite subring of R is either commutative or nil. Suppose, further, that R is
not commutative and not nil either. By Theorem 11, there must exist a noncentral
idempotent element e in R, and hence e ¢ (C UN). Thus (see Definition 2), since —e ¢
(CUN),

(—e)—(—e)" e (NnC(C), n even. (48)

This implies that 2e € (N nC), and hence (2e)* = 2ke = 0, for some k € Z*. Since
e ¢ C, we must have the following:

Fither ex —exe # 0 for some x € R, or x’e—ex’e # 0 for some x’ € R. (49)

Suppose u = ex —exe # 0. Then,

eu=u+0=ue=u? (u=ex—exe+0). (50)
Moreover,
2u =[2e,ex] =0 (since 2e € C). (51)

Furthermore, the subring generated by e and u is
(e,u) = {re+su|r, s €z} (52)
Since 2¥e = 0 and 2u = 0, the subring (e, u) is finite. Indeed,
(e,uy ={re+sull<r=<2k 1<s<2]. (53)

On the other hand, if x’e —ex’e # 0 for some x’ € R (the only other possibility), then
the subring, (e,v), generated by e and v = x"e —ex’e is (as is readily verified)

(e,v)={re+sv|1l=<r=<2k 1<s<2}. (54)

Again, (e, v) is a finite subring of R. Hence, in either case, we found a finite subring of
R, which is neither commutative (since e ¢ C), nor nil (since e ¢ N), contradicting our
hypothesis. This contradiction proves the theorem. O

REMARK 15. A careful examination of the proof of Theorem 14 shows that we only
need to assume that “every subring S, with |S| = 2™ for some positive integer m, is
commutative or nil” in order for the ground generalized Boolean ring R to be com-
mutative or nil. Indeed, [{e,u)| = 2% -2 = 2k+1 since the representation of any x in
this subring in the form x = ve + su; r,s € Z, is unique. For, suppose X = e + Su
and x = r'e+s’u. Then, (r —r")e = (s' —s)u. Recall that 2u = 0, and ue = 0. Thus,
if s’ —s is even, then (r —7’)e = 0, and hence re = v’e, su = s’u. On the other hand,
if s" —s is odd, then (v —7')e = u, and hence (r —r")ee = ue = 0. Again, we obtain
re=r'e, su=s'u.

We conclude with the following examples.
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EXAMPLE 16. Let

a b c
R=110 a® 0]:a,b,ceGF#4)}. (55)
0 0 a

It is readily verified that the idempotents of R are central and
x-x"=0, Vx€R\(NUC), (56)

but R is neither nil nor commutative. Hence, Theorem 11 is not true if we drop the
hypothesis that “n is even” in the definition of a generalized Boolean ring.

EXAMPLE 17. Let

ra,b,c € GF(3) . (57)

=~
Il
S O O
© o
o a =

This example shows that we cannot drop the hypothesis that “N is commutative” in
Corollary 12. (Note that R is not commutative.)

EXAMPLE 18. Let

{00 DE PO Porcwa) o

This example shows that we cannot drop the hypothesis that “the idempotents are
central” in Corollary 12. (Note that R is not commutative.) This example also shows
that we cannot drop the hypothesis that “R is 2-torsion-free” in Corollary 13. Note
that, in this ring R, x — x2 = 0 for all x € R\(N u C). Even more is true. This ring R
also shows that we cannot drop the hypothesis that “1 € R” in Corollary 7, nor the
hypothesis that “1 € R” in Corollary 8.

Returning to the ring R in Example 16, we see that this ring further shows that we
cannot drop the hypothesis that “m and n are of opposite parity” in the definition of a
generalized periodic ring in connection with Corollary 7, or the hypothesis that “n is
even” in the definition of a generalized Boolean ring as far as Corollary 8 is concerned.
(Recall that x —x7 = 0 for all x € R\(NUC).)

EXAMPLE 19. Let S be any noncommutative ring such that §3 = (0). (For example,
we may take S to be the ring of all 3 x 3 strictly upper triangular matrices over a field
F.)Let R = GF(4) ®S. It is readily verified that x3 = x% for all x in R, and hence R is
indeed a generalized periodic ring. Moreover, the only idempotents of R are (0,0) and
(1,0), and thus the idempotents of R are certainly central. Had R been a generalized
Boolean ring, then, by Theorem 11, R would have to be either nil or commutative,
which is certainly false here (recall that S is not commutative). This example shows
that the set of generalized periodic rings is a wider class than that of generalized
Boolean rings, and thus Theorem 11 does not hold for generalized periodic rings.
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