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ABSTRACT. We consider Hardy’s integral inequality and we obtain some new generaliza-
tions of Bicheng-Debnath’s recent results. We derive two distinguished classes of inequal-
ities covering all admissible choices of parameter k from Hardy’s original relation. More-
over, we prove the constant factors involved in the right-hand sides of some particular
inequalities from both classes to be the best possible, that is, none of them can be re-
placed with a smaller constant.
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1. Introduction. In the 1920s, Hardy (cf. [3, 4]) proved the following integral
inequality: let p,k € R, p > 1, k # 1, and for x € (0, %) denote

Ixf(t)dt, k>1,
Fx) =" (1.1)
J fydt, k<1,

where f is a nonnegative measurable function such that x'~*/? f € L? (0, ). Then

Joox’kF"’(x)dx< ( 4 )pjmx”’kf”(x)dx, (1.2)
0 k=117 Jo
unless f = 0. The constant (p/|k—11)? is the best possible.

The relation (1.2), the so-called Hardy’s integral inequality, plays a highly impor-
tant role in mathematical analysis and its applications. Although classical, that result
was during the last decade generalized in many different ways by numerous mathe-
maticians. One possibility of generalizing it is to investigate its finite sections, that
is, inequalities of the same type, where the outer integrals on both sides of (1.2) are,
instead over (0, «), taken over some of its subsets.

Very recently two papers, [1, 2], appeared dealing with that subject. In [2], which
is the earlier one, Y. Bicheng et al. obtained a whole new class of generalizations of
Hardy’s integral inequality (1.2). Their results can be joined and stated as follows: let
O0<a<b<ow,1<p<o,andlet f be a nonnegative measurable function such that
0< J? fP(x)dx < co. Then

J X "’(J f(t)dt) dx<( ) J 9p.ap(x)fP(x)dx, (1.3)
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where the weight function gp, . is given by

1 M G M £ M S

Of course, gpo,p = lima0Gp,ap and gp,a,co =liMp_.co Gp,ab-

Later on, in [1], Bicheng and Debnath derived a class of dual inequalities to (1.3).
More precisely, they proved that if the parameters a,b, and p are asin (2], and f is a
nonnegative measurable function such that 0 < ff xP fP(x)dx < oo, then the inequality

Lh (Ll:f(t)dt)pdx <p’ J: hpab(x)xP fP(x)dx (1.5)

holds, where the weight function hyq p is

maso = L) (][ e

Again, hypop =limgohpap and hp g0 =1iMp_.co hp ap.

Moreover, in cases where a = 0 or b = « the authors proved that the constant
factors involved in the right-hand sides of (1.3) and (1.5) are the best possible, while
in the case where 0 < a < b < « they provided some upper and lower bounds for
maxima of the functions gy,a» and hyap.

Note that Bicheng-Debnath results consider only two particular cases of the para-
meter k from inequality (1.2): k = p in (1.3), and k = 0 in (1.5). Therefore, the aim
of this paper is to generalize these relations to cover all admissible choices of the
parameter k from Hardy’s integral inequality.

Hence, our main objective will be to obtain two distinguished classes of inequal-
ities: one of them dealing with k > 1 and generalizing the class (1.3), and the other
one considering k < 1 and generalizing the class (1.5). Furthermore, we will make
a detailed analysis of the weight functions appearing on the right-hand sides of all
derived inequalities, what will be used in proving that the obtained constant factor
(p/lk—1[)? is the best possible in cases where a = 0 or b = oo. Finally, we will show
that the best possible constant value in the case where 0 < a < b < « is bounded. The
established inequalities will conclude the problem of the Bicheng-Debnath-type finite
sections of (1.2).

Techniques that will be used in the proofs are mainly based on classical real analy-
sis, especially on the well-known Hoélder’s and Bernoulli’s inequality, and on Fubini’s
theorem.

2. Preliminaries. First, we present some lemmas which are interesting in their own
right and will be used in proofs of our main results.

LEMMA 2.1. [let0<a<b <o,1<p, k<o,1/p+1/q =1, and let f be a non-
negative measurable function such that 0 < f,f tP=KfP(t)dt < co. Then the inequality

x p 1/q 1y x 1/p
I F(tydt < (ﬁ) (xk=DIp _ g k=11p) QU t!’*k“k*l)/ﬂf”(t)dt] 2.1)
. .

a
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holds for all x € (a,b). Moreover, if a = 0 or b = «, then there exists a number x, €
(a,b) such that for any x € (xg,b) the inequality (2.1) is strict.

PROOF. let0<a <b < and x € (a,b) be arbitrary. Using Holder’s inequality we
have

rﬂt)dt - JX (¢ 1=y A=l p ()] P 4y

a

x Vayp rx 1/p
S(J t*(l’“*k)/pdt) [J t(p“*k)/qu(t)dt] (2.2)

a a

1/p

p \'4 X
_ (7) (xk-D1p _ glk-1/py1/a U tnfk+(k—1)/pfp(t)dt]
k-1 a '

so (2.1) is proved. By putting a = 0 into (2.1), it becomes

x 1/q x 1/p
L rwar < (25) x<’<-1)/<v2>H0 t""k”k‘“/”f’”(t)dt] L @3

Observe that the equality holds in (2.1) and (2.3) if and only if the equality holds in
Holder’s inequality. That fact will be very helpful in analyzing strict inequalities for
some particular parameters a and b from the statement of the lemma in what follows:
suppose that a = 0 or b = o, that is, consider the intervals [0,b) and [a, ). We have
to prove that there exists x € (a,b) such that for any x € (xo,b) the equality in (2.1)
does not hold. Otherwise, there exists a sequence (xy)nen in (a,b) with the following
two properties: x, ~ b as n — o, and the equality

Xn 1/q Xn 1/p
Fhydt = (L) (xil““/”fa“flﬂv)”‘iu t”’k*‘k’“/”f”(t)dt] (2.4)
a a

k-1
holds for all n € N. Therefore, for each n there is the equality in Hélder’s inequality,
so the functions t — t®+1-K/a £ (t) and t — t~P+1-k)/P have to be effectively propor-
tional in [a, x,, ] (cf. [3, page 140]), that is, there are nonnegative real constants ¢, and
dy, not both zero, such that

Cn[tPHIRIPD) £(1)]7 = dy (e PFIRIPNT ge in [a,xn]. (2.5)

Obviously, ¢, > 0 (otherwise t~#+1-K/P = ( a.e. in [a,x,], what is evidently false),
and hence t?=%fP(t) = (d,/cn)t~! a.e. in [a,x,]. On the other hand, it is impossible
to have d,, = 0 for all n € N, since x,, ~ b and fab tP-k fr(t)dt > 0. So, there exists an
integer N such that dy > 0. Thus t? =¥ f7(t) > 0 holds a.e. in [a,xn]. Moreover, since
[a,xn] C [a,xn] holds for n > N, we also have that d,,/c, = dy/cy > 0, and hence
tP=kfP(t) = (dy/cy)t! ace. in [a,x, ], for all n > N. Finally,

b Xn Xn
J tPRFP () dt = limj tP R Fr(t)dt = hmd—NJ t1dt = . (2.6)
a h-oJg n=w CN Ja

This contradicts the fact that f: tP=K £P(t)dt < oo, so the proof is completed. O
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The following lemma contains a result dual to Lemma 2.1. The proofs of both lem-
mas are similar.

LEMMA 2.2. [et0<a<b <o, pkeR,p>1,k<1l,andl/p+1/q=1.If fisa
nonnegative measurable function such that 0 < jf tP=KfP (t)dt < o, then the inequality

b 1/q b 1/p
J F(tdt < (J;k) (xk-D/p _ plk=D/py1/a U tn—k+<k—1>/nfn(t)dt] 2.7)
X - X

holds for all x € (a,b). Moreover, if a = 0 or b = oo, then there exists a number x, €
(a,b) such that for any x € (a,xq) the equality in (2.7) does not hold.

PROOF. First, assume that 0 < a < b < o and x € (a,b) are arbitrary. A direct
application of Holder’s inequality yields

th(t)dt — Jb (t—(rH-l—k)/P)l/q[t(p+1—k)/2fl7(t)]1/’”dt

X

b 1/q b 1/p
- (J t—(p+1—k)/pdt) U t(p+1_k)/qu(t)dt] 2.8)
pe

X

1/q b 1/p
- (L’ ) (X(k—n/n_b(k—l)/p)l/qu t’”*k“k*”/f’f”(t)dt]
1—k X ’

so (2.7) is proved. Especially, if b = o then (2.7) can be written as

00 1/q o0 1/p
J F(t)dt < (1%) x<’<—”/<r’2>U t”‘k+(k‘1)/"’f”(t)dt] . (2.9)
X - X

As in Lemma 2.1, a necessary and sufficient condition for the equalities in (2.7) and
(2.9) is that the equality holds in Holder’s inequality.

Now, we consider cases where a = 0 or b = . We need to show that there exists
a number x( € (a,b) such that for any x € (a,x() the inequality in (2.7) is strict.
Otherwise, there exists a decreasing sequence (xy)nen in (a,b), X, N a, such that for
any n € N the inequality (2.7), rewritten for x = x,,, becomes an equality. Moreover,
to every n € N there correspond real constants ¢, d, > 0, not both zero, such that

Cp[tPHIRI D) £ ()] = d,, (6 PHIR1PYE g6 in [xp,, b). (2.10)

By the same arguments as in the proof of Lemma 2.1 we conclude that ¢, > 0 for
all n € N, and there exists N € N such that the relations d,,/c, = dy/cy > 0 and
tPk P (t) = (dy/cy)t™ > 0 a.e. in [x,, b) hold for all n > N. Hence,

b b b
f t”‘kf"(t)dt=limj tr’-kfp(t)dt=1imd—NJ t1dt = oo (2.11)
a n—o Jy, n—o Cy

Xn

for both cases a = 0 and b = oo. This is contradictory to f: tP=k£P (1) dt < o, so the
lemma is proved. O
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The last lemma in this section will be exploited in the analysis of some particular
weight functions.

LEMMA 2.3. Letl<p <o and0<c <1.If p.:[0,c] — R is a function defined by

1, x=1landc =1,

@c(x) = 1 cP—xP ) (2.12)
—.————, otherwise,
p 1l-x

then @. € C'[0,c] and the following properties hold:
(i) @ is strictly increasing and 1/p < @1(x) <1 for all x € [0,1].
(i) If0 < c < 1, then there exists a unique point x. € (0,c) such that

(pc(xc) = max @.(x). (2.13)
x€[0,c]

1

Moreover, 0 < x. <c?P/P=D and c? |p < pc(x:) =xP ™ <cP.

PROOF. Evidently, limy,; @;(x) = limy,;(1/p) - (1-xP)/(1-x) = 1, so for any
0 < ¢ <1 the function @, is continuous. Since @.(x) = (1/p) - (((p —1)x? —pxP~1 +
cP)/(1-x)?),itis also @, € C1[0,c]. Observe that

0 =< (=]t =t (2.14)
=, c) = .
Pe p Pe 0, 0<c<l.

To describe the function @, in more detail, let @ : [0,c] — R be defined by y.(x) =
(p—-1)x? —pxP~1 +cP.In other words, @.(x) = (1/p) - (Y (x)/(1-x)?).Itis obvious
that . is continuous on [0, c], differentiable in (0, c), and that the inequality . (x) =
p(p—1)(x—1)xP~2 < 0 holds in (0,c). Therefore, . is strictly decreasing and the
relation ¢? = @.(0) > We(x) > W.(c) = p(c—1)cP~! holds for all x € (0,c¢).

Now, the proof splits into two separate cases: ¢ = 1 and 0 < ¢ < 1. Consider the case
where ¢ = 1, first. For any x € (0,1) we then have y;(x) > ¢1(1) = 0 and @7 (x) >
0. Thus, @ is a strictly increasing function and the sequence of inequalities 1/p =
@1(0) < p1(x) < p1(1) =1 follows immediately whenever x € (0,1). This proves (i).

However, the case where 0 < ¢ < 1 is a little bit different. Here we have y.(0) > 0,
but . (c) < 0. Since Y. is strictly decreasing and continuous on [0, c], there exists a
unique point x. € (0,c) such that . (x.) = 0. Consequently,

>0, 0=<x<x, >0, 0=<x<x,
Pe(x)4=0, x=x, that is, @.(x)1=0, x=x, (2.15)
<0, xc<x=<=c, <0, xc<x=<=c,

S0 Q. (x¢) > @ (x) for all x € [0,c], x # x.. Therefore, x. is the unique global max-
imizer of the function @, over [0,c] and (2.13) holds. Moreover, the relation 0 =
Welxe) = (p—1)xt —pxt ™" +cP yields that @c(x.) = (1/p) - ((c? —xF)/(1-xc)) =
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xP~!. Tt is only left to determine an upper and lower bound for @, (x.). We have

1 ¢ 1

= r-1 p-1(-_—

@c(xe) l—th dtsl_xc (c—x)

(2.16)

=c”“[c—(1—c) ]<c’”, 0<x=<c,

1-x
so an upper bound, c?, for @.(x.) is obtained. To find a lower bound, note that
c?/P=1 € (0,c¢). Then the relations @:(0) = @ (c?/P~V) = ¢?/p, p.(0) > 0, and
@L(cP!PD) = —((p—1)/p)cP (1 —cP/P~D)~1 < 0 finally imply that 0 < x. < c?/P~D
and @.(x;) > @:(0) = c?/p hold. This proves (ii), so the proof of the lemma is now
complete. 0O

REMARK 2.4. Note that the obtained lower bound for @.(x.) in the case (ii) of
Lemma 2.3 can be improved. Namely, since 0 < c?P/(P-D+1 < cp/p=1 the value
@ (cP/P=D+1y = (cP [p) . (1 —cP+P/(P=1)) /(1 = cl*+P/(P=1)) provides better lower bound
for . (x.). In fact, we have

cP 1-crtr/lp-1

p . m < (PC(XC) <cP. (2.17)

cP
@(0) = ? <
Of course, an improvement of the lower bound from Lemma 2.3 can also be reached
by choosing any other point from (0,c?/®P-D),

REMARK 2.5. The case p = 2 will be of special interest, since @.(x.) can be cal-
culated exactly. Really, in that case x. is the unique root of the quadratic function
Wel(x) =x%=2x+c?on [0,c]. Therefore, . (x:) =x. =1-+/1-c2.

3. Some new generalizations of Hardy’s integral inequality. This section is dedi-
cated to some new generalizations of the relation (1.3). The parameter k from Hardy’s
original inequality (1.2) will be chosen greater than one.

We start with the basic result, given by the following theorem.

THEOREM 3.1. LetO<a<b <o andl < p, k < . If f is a nonnegative measurable
function such that 0 < jf xP=KfP(x)dx < o, then
b X 1 p p b
J x”‘(J f(t)dt) dx < (m) J gx;p,k,a,b)x? kK fP(x)dx

a a a 3.1)

2 b
< (—) M(p,k,a,b)J xPKfP(x)dx,

k-1 a

where the weight function g is defined by

sonan=2(5) L) (O} ea

and M (p,k,a,b) = maxXyeia,p1 9(x;p,k,a,b). Moreover,

;[1 - (Z)(kl)/p]p Mpkab) < |1- (‘Z)(kl)/pr. (3.3)
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PROOF. The proof is mostly based on Lemmas 2.1 and 2.3. Using the relation (2.1)
we obtain

([ e

p p-1 b o X
s(m) Jx—k(x(k—l)/}?,a(k—l)/p)ﬁ J(tp—kJr(kfl)/pflﬂ(t)dtdx (3.4)

a a

p p-1 rb b 1
_ (k 1) J U Xk (xck-DIp _ gk=D)1p )P dx]tn—kﬂk—l)/nfp(t)dt.
- a t

Note that the last equality in (3.4) is a consequence of Fubini’s theorem. Since

b (1-k)/p (k-1)/pP (k-1)/p¥
k(=D /p _ (k-1 /p\P-1 5. _ @4 _ (E) _ _<E)
L x % (x a ) dx 1 {[1 3 1 . ,

(3.5)

the third row in (3.4) is further equal to

(IL>PJ:;17(;)(k—v/n{[1_<Z)(k—1>/n}l’_[1_<0tl)(k—1>/p]”}tp_kfp(t)dt

= (%)pJjg(t;p,k,a,b)t""kf”(t)dt,

(3.6

so the first relation in (3.1) is proved. To prove the other inequality in (3.1), denote ¢ =
1-(a/b)*V/Pandu =1-(a/t)*D/P Thenc € (0,1),u € [0,c],and g(t;p,k,a,b) =
@.(u), where @, is the function defined in the statement of Lemma 2.3. Also, t —
u(t) is a strictly increasing mapping of [a,b] onto [0,c]. Therefore, by using (ii) of
Lemma 2.3, the weight function g has a unique maximizing point on [a,b]. More
precisely, there is a unique point ¢y € (a,b) such that g(to,p,k,a,b) = maxie(a,p]
g(t;p,k,a,b). So, g(t;p,k,a,b) < M(p,k,a,b) a.e. on [a,b]. Combining this and the
fact that f,f xP~K P (x)dx > 0, we finally have

k-1

The proof of (3.1) is now completed. The inequality (3.3) holds immediately, if (ii) of
Lemma 2.3 is used again. O

(%)pJ:g(t;p,k,a,b)t”’kf”(t)dt < (L)pM(p,k,a,b)J: K P (t)dt. (3.7)

REMARK 3.2. The estimate (3.3) can be easily improved by an application of
Remark 2.4, since considering (2.17) we have

1 a\ k-D/p p1_[1_(a/b)(k—l)/p]p+p/(p71)
—l1=
[ ( ) } 1—[1—(a/b)(k—1>/p]1+p/(p—1)

(k=1)/pP
<M(p,k,a,b) < [1—(“) ] .

b

(3.8)
b

REMARK 3.3. Using Theorem 3.1 it is not hard to convince oneself in the validity of
the following inequality:

([ roa) ax< () [1-(2)" ] Lo troas. o
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Unfortunately, from the previous analysis (see (3.1) and (3.3)) it is also evident that
the constant factor (p/(k—1))?[1 — (a/b)**~D/P]P is not the best possible value
A(p,k,a,b) for which (3.9) exists. However, Theorem 3.1 shows that A(p,k,a,b) is
bounded and provides an explicit upper bound for this constant. In fact,

0<A(p,k,a,b) < (%) M(p,k,a,b) < (kpl)”[l_ (Z)(kw]p. (3.10)

REMARK 3.4. When p = 2, the inequality (3.1) reduces to the form

J:x‘k<J:f(t)dt)2dx < (%)2 J:g(x;2,k,a,b)x2‘kf2(x)dx

)G o

(3.11)

Observe that the second inequality is a consequence of Remark 2.5.

We continue with analyzing two limit cases of the parameters a and b. First, we
consider b = c.

THEOREM 3.5. Let0<a <o and 1 < p, k < . If f is a nonnegative measurable
function such that 0 < [ x? K fP (x)dx < oo, then

J 7k(‘[ f(t)dt> dx<< ) J g p, k,a)xP 5 FP (x)dx, (3.12)

where the weight function g is defined by

i | N

The function g is strictly increasing and 1/p < g(x;p,k,a) < 1 holds for all x > a.
Moreover, the constant (p/(k—1))? is the best possible.

PROOF. Using Lemma 2.1 and Fubini’s theorem, we have the following sequence of
relations:

()] ) as

-1 foo
1 ) J x‘k(x(k‘”/”—a(k‘l””)p_lrt"‘k”k_“/”f”(t)dtdx

a a

. . s\ 1=k/p Pt
J t(k—l)/PJ K (1=Kk)/p-1 1—(—) dx ttP Kk fP(t)dt
a t a
P o (k=1)/p (k-1)/p v
L@@ eroa
a p\a t

j gt k)P kP ()L,
(3.14)
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so (3.12) is proved. Let u = 1 — (a/t)*~V/P_ Then g(t;p,k,a) = @1 (u), where @ is
defined in Lemma 2.3. According to (i) of Lemma 2.3, the function g is strictly in-
creasing (as composition of such functions @, and t — u(t)) and the relation 1/p <
Jd(t;p,k,a) <1 holds for all t > a.

We prove that the constant A = (p/(k—1))? is the best possible for (3.12). Other-
wise, there exists a smaller constant C, 0 < C < A, such that

J X_k(J f(t)dt) dx < CJ g k,a)xP X P (x)dx. (3.15)
Since limg.o(p/(k=1-8)7 (1 - p?E/(k=1+(p—1)E)) = A, there is a number & €

(0,k—1) such that (p/(k—1-¢€))?(1 —p2s/(k—1+(p—1)&)) > C. Let the function
fe:[a,o) — R be defined by f:(x) = xk-1-8/p-1 Then

[ee] 00 00 —&

J g(x;p,k,a)x”*kfep(x)dx<J x"”kff(x)dx:J xldx =& (3.16)

and, by Bernoulli’s inequality, further
> (" 4 nd p P a\ k-1-9/p ”d
J, x4, fewar) ax= (=) [ o= (5) x
p o (k=1-¢&)/p

() e e ()

“ (3.17)

_ (P ”( _v—zf)ﬂ’f a
_<k—1—e) Mkciepone) e T e
>CJ gix;p,k,a)xP* fF (x)dx.

a

This contradicts (3.15), so A is the best possible constant for (3.12). The proof of the
theorem is now complete. O

REMARK 3.6. When p = 2, inequality (3.12) reduces to the form

J:x’k(J:f(t)dt>2dx < ﬁ j: [1 —;(i)(kl)/z}x”ﬂ (x)dx.  (3.18)

Finally, the case when 0 = a < b < ~ has already been described in our paper [6], but
by using an approach via mixed-means inequalities (cf. [5]). Here we give a different
proof of this result.

THEOREM 3.7. Let0 < b <o and 1 < p, k < «. If f is a nonnegative measurable
function such that 0 < J(f xPkfP(x)dx < oo, then the inequality

J:x’k<J:f(t)dt>pdx < (%)pﬁ [1— (’;)(kl)/p]x""f”(mdx (3.19)

holds. The constant (p/(k—1))? is the best possible.
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PROOF. Directly from Lemma 2.1 (relation (2.3) rewritten with the sign < instead
of <) and Fubini’s theorem, we have

w([Fpwae) dax < (2=) [ st [F ket oy dx
Jyx () roa) ax< (225)" | J,

0

p p-1 rb
(f) J [tk 1)/pj (1-k)/p- ldx}t” kFP(t)dt
0
14

() L[ e erwa

s0 (3.19) is proved. The proof that (p/(k—1))? is the best possible constant for (3.19)
is given in [6]. O

(3.20)

4. Dual inequalities. Our objective in this section is to derive dual inequalities to
(3.1), (3.12), and (3.19). In other words, we will consider k < 1 in (1.2) and obtain some
new generalizations of (1.5).

The following theorem presents dual result to Theorem 3.1.

THEOREM 4.1. Suppose0 <a <b <o andp,k € R,p > 1,k < 1.If f is a nonnegative
measurable function such that 0 < f: xP~kfP(x) dx < oo, then the inequality

be-k (ij(t)dt)pdx < (ﬁ)p J: h(x;p,k,a,b)xP X f7 (x)dx

a

4.1)
b
< (%)pN(r),k,a,b)L xPK P (x)dx

holds, where the weight function h is defined by

T [ (N C

and N(p,k,a,b) = maxXyeqp) h(x;p,k,a,b). Moreover,

;[1_ (Z)uwn]lo <N(p.kab) < [1_ (Z)uk)/pr- 4.3)

PROOF. The proof of this theorem is based on Lemmas 2.2 and 2.3, and it is similar
to the proof of Theorem 3.1. So, the relation (2.7) and Fubini’s theorem imply:

[ o

p p-1 b 1 b
g( ) J x K (x®-D/p _ pk-D/pyP J £k k=DIp £P (1) dt dx
1—k a X
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p-1 b t
- <L) J [t(k—n/nj x—k(x<k—1>/n_b(k—l)/p)v—ldx]tv—kfn(t)dt
a

a

=<1€k>pﬁ;<?)(lkwy{[l—(g)(lkw}p_ [1_(2)(1k)/p}p}tp_kfp(t)dt

b
:J h(t:p k. a,b)tP— fP (D) dt,
(4.4)

and the first inequality in (4.1) is proved. Furthermore, if ¢ = 1 — (a/b)1~%/? and
u=1-(t/b)A=%/r then ¢ € (0,1), u € [0,c], the mapping t — u(t) is bijective,
and h(t;p,k,a,b) = @ (x) holds, where @, is defined as in Lemma 2.3. Thus, by
(ii) of Lemma 2.3, there exists a unique point ty € (a,b) such that h(ty;p,k,a,b) =
max;eiq,p) M(t;p,k,a,b). Hence h(t;p,k,a,b) < N(p,k,a,b) a.e. on [a,b] and (4.3)
holds. Finally, using this and the relation f,f tP=k P (t)dt > 0, we obtain the second
inequality in (4.1). O

REMARK 4.2. According to (2.17) of Remark 2.4, the estimate (4.3) can be improved

as follows:
cP 1-—cprp/p-D

?-W<N(p,k,a,b)<c’”, (4.5)

where c is defined in the proof of Theorem 4.1.

REMARK 4.3. Note that the inequality

J:x—k<ﬂ’f(t)dt>pdx < (1’”,()”[1_ <Z)(lk)/prﬂkafv(x)dx .6)

also holds, but the constant appearing on its right-hand side is not the best possible
value u(p,k,a,b) for which this relation exists. Theorem 4.1 implies that u(p,k,a,b)
is bounded and

0 < u(p,k,a,b) < (&)pN(p,k,a,b) < (l’%k)p [1 - (Z)“_k)/pr. 4.7)

REMARK 4.4. If p = 2, then (4.1) reduces to the form

f:x‘k“jf(t)dt)de < (lsz)z J:h(x;Z,k,a,b)xz‘ku (x)dx

- (13{)2[1_<Z>(1—k)/4 2_<Z><1-k)/2} beZ*kfz(x)dx,
’ (4.8)

To conclude this paper, consider limit cases of the parameters a and b. As in the
preceding section, we start with b = . It has to be mentioned that an inequality
concerning this case was given in [6]. It is dual to (3.19) and in [6] it was proved by
using the concept of mixed means. Here we restate that result and give its other proof.
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THEOREM 4.5. Suppose that0 <a < o andp,k € R, p > 1, k < 1. If f is a nonnega-
tive measurable function such that 0 < [ x?~¥ f? (x)dx < o, then the inequality

[ ([ o)< () [ [1-(2) o srras

holds. The constant (p/(1 —k))? is the best possible.

PROOF. Lemma 2.2, with (2.9) rewritten as strict inequality, and Fubini’s theorem
yield

0 ) 14 p-1 roo 00
J x‘k(J f(t)dt) dx<<ﬁ> J x(l—k)/n—lI £k k=DIp £P (1) dt dx
a X - a X

p p-1 poo t
_ ( ) J [gk—mnj x(l’k)/"”ldx]t"”kf’”(t)dt
1-k a a

(2 L))" oo

S0 (4.9) is proved. The best possible constant for (4.9) is discussed in [6]. O

(4.10)

Now, it is only left to describe the case where a = 0, that is, to obtain a dual result
to Theorem 3.7.

THEOREM 4.6. Suppose that0 <b < andp,k eR, p > 1,k < 1.If f is a nonnega-
tive measurable function such that 0 < f(f’ xPk P (x)dx < o, then the inequality

J k(J Fwat) ax < (;7g)" Jhbcpkb)xv e (4.11)

holds, where the weight function h is defined by

a5 LG T

Moreover, the function h is strictly decreasing and 1/p < h(x;p,k,b) < 1 holds for all
x € (0,b). The constant (p/(1—k))? is the best possible.

PROOF. Combining Lemma 2.2 and Fubini’s theorem, we have

[ o

p p-1 b p-1 ¢b
<< ) J x—k(x<k—1)/p_b<k—1)/p> J (P ke =DIp 7 (1)t dx
1-k 0 x

p \PL (b t X\ (1=k/p Pt
— (ﬁ) J {t(kl)/lﬂj X(lk)/lﬂl|:1_ (E) :| dx}tpkfp(t)dt
- 0 0
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)pJ:::(kt)>(lk)/p{l‘ [1‘ (zt;)(lk)/p]p}t”"f”(tMt

b
)pjo n(t;p kD)7 (1) dt,

(
(

so (4.11) is proved. If u = 1 — (t/b)1=%/P then h(t;p,k,b) = @i(u), where @, is
defined as in Lemma 2.3. Since the mapping t — u(t) is strictly decreasing, by (i) of
Lemma 2.3 we have that h is also strictly decreasing and that 1/p < h(t;p,k,b) <1
holds for all t € (0,b).

Now, we have to prove that u = (p/(1 —k))? is the best possible constant for (4.11).
Otherwise, it can be replaced with a smaller constant D, 0 < D < u. Considering ¢ €
(0,1 —k) such that (p/(1-k—¢))?(1-p?c/(1-k+(p—-1)¢)) > D, and the function
ge : (0,b] — R defined by ge(x) = x*k-1+8/P-1 we have

_P_
1-k
_P_
1-k

(4.13)

b b b £
J hix;p,k,b)x?*gF (x)dx < J xPkgF (x)dx = J x&ldx = b? (4.14)
0 0 0

and furthermore, using Bernoulli’s inequality,

b . b p p p b ) x\ A-k=e)/pP
_ (P . (%
.[ox (LgAt)dt) dx_(l—k—f) .[ox [1 (b) ] dx
p pjb e B (£>(1—k—s)/lﬂ
>(1—k—s> o TP\ dx

(> ”(_ p’e )E be
_(l—k—£> 1 1-k+(p-1)¢ E>D £

b
>DJ hix;p,k,b)x?*g¥ (x)dx.
0

(4.15)

This is a contradiction, so u is the best possible constant for (4.11). This completes
the proof. 0

REMARK 4.7. In the case when p = 2, inequality (4.11) can be written as

J:x’k<ij(t)dt)2dx <q jlk)z Joh [1 - % (Z)uk)/z]xz"fz(x)dx. (4.16)
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