IJMMS 27:6 (2001) 365-375
PII. S0161171201004203
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

POSITIVE SOLUTIONS FOR NONLINEAR
ELASTIC BEAM MODELS

BENDONG LOU
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ABSTRACT. We give a negative answer to a conjecture of Korman on nonlinear elastic beam
models. Moreover, by modifying the main conditions in the conjecture (generalizing the
original ones at some points), we get positive results, that is, we obtain the existence of
positive solutions for the models.

2000 Mathematics Subject Classification. 34B15.

1. Introduction. In 1988, Korman [3] studied the nonlinear elastic beam models

u"" = f(x,u), 0<x<1,
1.1
u0)=«, u'0)=p ul)=y, -u'(1)=30, (-
where «,B8,y,6 =0, f:[0,1] xR, — R, is continuous. Equation u'""" = f(x,u) with

appropriate boundary conditions describes various physically important boundary
value problems (see [3]). Korman [3] studied the existence of positive solutions of
(1.1) by using monotone iterations. His results covered in particular the sublinear
nonlinearities. For the superlinear case, he discussed one special case and stated the
following conjecture.

CONJECTURE 1.1. Let f(x,u) be increasinginu forO<u <o,0<x <1, f(x,u) >
0 for u > 0, and (uniformly in x)

fim LW g g 0w
u-0* u U=+ u

= +00, (1.2)

Then problem (1.1) has a positive solution.

In this paper, we give a negative answer to this conjecture by constructing a coun-
terexample. Moreover, we give a general sufficient condition to guarantee the existence
of positive solutions of (1.1), precisely to say, we modify the equalities in (1.2) a little
(see (3.4) in Section 3), and then using topological degree theory and cone theory to
prove that (1.1) has at least one positive solution under this modified condition, and
that the other conditions in the conjecture are unnecessary.

2. Some lemmas. Inwhat follows, denote by || - || the supremum norm of the Banach
space C[0,1].LetP = {u € C[0,1] | u(x) =0 for x € [0,1]}, then P is a cone of C[0,1]
and it induces a partial ordering in C[0,1], that is, u < v if and only if u(x) < v(x)
for x € [0,1] (cf. [1, 2]). Denote by U; = {u € C[0,1] | [lu]l < I} (I > 0), the open ball
in C[0,1].
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LEMMA 2.1. For u € C*[0,1], u is a solution of (1.1) if and only if u € C[0,1] is a
solution of the integral equation

u(x) = Au(x) = &(x) + Bu(x), 2.1)
where
E(x) = ax(1-x)?2x+1)+Bx(1-x)?+yx?(3—-2x) +06x*(1-x), (2.2)
1
Bu(x) = L Glx, ) f(ru(»)) dy, 2.3)

e

where G(x,y) is the Green’s function for u'''' with the boundary conditions u(0) =

u (0) =u(l) =u'(1) =0, that is,

2
%(l—y)z(Sy—ny—x), O<x<y=<l,

Gx,y)=q (2.4)
%(1—x)2(3x—2xy—y), O<y<x=<l.

PROOF. The conclusion can be verified in a standard way. O

REMARK 2.2. It is clear that G(x,y) is continuous on [0,1] x [0,1], G(x,y) =
G(y,x)forO<x,y <1,and G(x,y)>0for0<x,y <1.

LEMMA 2.3. Let G(x,y) be defined by (2.4), then
G(x,y)zgxz(l—x)ZG(z,y), Vx,y,z€[0,1]. (2.5)

PROOF
CASE1 O<x=<y<1). (1)If z<y, then

x2 x2
G(x,y) = F(l—y)2(3y—2xy—x) =1 —y)2-2y(1-x)

_ 2 _ _
> 2x?(1—x) A=Y, 2By —2yz-2) (2.6)
6 3
2
. 2x°(1—x)
3
(2)If v < z, then

G(z,y).

2 2 _
Gy = (1-y2By-2xy -0 = T gy
S 2x2(1-x) (I_Z)Zy_y(3z—2yz—y) 2.7)
6 3
2(1 -
_2eoxg

CASE 2 (0 <y <x < 1). Itis easy to verify in a similar way as in Case 1

x(1—x)2

G(x,y)z2 3 G(z,y), Vx,y,z€[0,1], y <x. (2.8)
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Hence,

2x2(1-x)?
3

This completes the proof. O

G(x,y) = G(z,yv), Vx,y,ze[0,1]. (2.9)

LEMMA 2.4. There exists 0 < o7 < 1 such that
201 2
E(x) = 3 x“(1-x)°E(y), Vx,yel0,1]. (2.10)
PROOF. By (2.2), it is easy to see that
OSE(X)S(X+iB+y+i6£w Vx e[0,1]. (2.11)
27 27 ’ ’

If w =0, then &(x) =0 and (2.10) is satisfied for any 0 < 0 < 1.
We now suppose that w > 0. If o« > 0, then choose 0 < 0> <min{1,3x/2w}, we have

Ex) =z a(l-x)2C2x+1) =2 x(l-x)>= gwaz(l—x)z
3 2.12)
20'2'§X2(1—X)2(L)Z%Xz(l—x)zg(y), vx,y €[0,1].

If x=0,8>0(ory>0,or d>0), the proof is similar. This completes the proof. [

REMARK 2.5. Set
v*(x)=%x2(1—x)2sax2(1—x)2, (2.13)

where o7 is given by (2.10). Then (2.5) remains valid if we replace (2/3)x2(1—-x)2 by
v (x).

LEMMA 2.6. For any u € P, there exists T > 0 such that
v*(x) = TBu(x), Vxe€l[0,1]. (2.14)
In particular, let f =1 in (2.3), then for some T > 0,
1
’U*(X)ZT()J G(x,y)dy, Vxel0,1]. (2.15)
0
PROOF. To prove (2.14) it suffices to prove that there exists T > 0 such that
1
PO =x*(1-x)2 =7 [ Gy f(yu)dy = TButx), ¥xelo1l.  (216)
0

Since

9°G(0,)
0x2

96(0,) _

_ _ 2
ox =y(1-y)°, Vyel0,1], (2.17)

G(0,y) =0, 0,

we have

1
Bu(0) = (Bu)'(0) =0, (Bu)”(0)= Jo y1-»)?f(ru»)dy=1120. (2.18)
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On the other hand, p(0) = p’(0) =0, p”(0) = 2 > 0. Hence, there exists T, > 0 such
that p”’ (0) > T2(Bu)"'(0). Thus, for some small §; > 0,

p(x)=T1Bu(x), V0<x<6;. (2.19)
Similarly, there exist T3 > 0 and &> > 0 sufficiently small such that
p(x) = 3Bu(x), V1-6<x<1. (2.20)

Therefore, there exists T > 0 such that (2.16) holds. So, Lemma 2.6 is proved. O
Consider the linear eigenvalue problem

rrrr

u"" =au, 0<x<1, u) =u0)=u(l)=u'(1)=0. (2.21)

It is easy to see that (2.21) is equivalent to the following integral equation:
1
u(x) =/\J G(x,y)u(y)dy = ALu(x), (2.22)
0

where G(x,y) is given by (2.4), and it is easy to verify by G(x,y) > 0 (x,y € (0,1))
that the spectral radius of L, ¥ (L) is positive, therefore Krein-Rutman’s theorem (see
[4]) shows that there exists ¢(x) € P, ¢p(x) # 0 and ||¢|| = 1 such that

1
b(x) = A, L G(x,y) b dy, (2.23)

where A; =7 (L)~ > 0 is the first eigenvalue of (2.21).

LEMMA 2.7. There exists c € (1/3,2/3) such that ¢ is strictly increasing on [0,c]
and strictly decreasing on [c,1]. Therefore

cb(x)zmin{d)(%),(b(g)}z¢0>0, v%<x<§. (2.24)

PROOF. By (2.23), we have
$(0)=¢p(1)=0; ¢P(x)>0, VO<x<]1. (2.25)

By differentiating (2.23) we get

xyZ
¢ (x) = Aljo 2 (x=1)(Bx—2xy - D) dy
(2.26)

1
SN[ SRy -2xy -0 () dy = p(x) +alx).
X
Clearly, p(0) = p(1) =0, g(0) = q(1) = 0. An elementary computation shows that

1
p(x) <0, V=-<x<l1,;

p(x) >0, V0<xs%; >

(2.27)

q(x) >0, V0<x<%; q(x) <0, V§<x<l.
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Differentiating (2.23) twice, we get

¢ (x) = Ay JO Y2Bx—2xy +y-2)b(»)dy

. (2.28)
SN[ 12— 20y )b Ay = pi () +an ().
X
It is easy to verify that
2 1
p1(x) <0, V0<xs§; qi(x) <0, Vgsx<1. (2.29)

Hence ¢ (x) <0 for 1/3 < x < 2/3, thatis, ¢’ (x) is strictly decreasing on [1/3,2/3].
By the above discussion we know that there exists ¢ € (1/3,2/3) such that

P (x)>0, VO<x<c; ¢’ (x) <0, Vec<x<l. (2.30)

This completes the proof. O

LEMMA 2.8 (see [5]). Let P be a solid cone in E, A: P — P a completely continuous
increasing operator. Suppose that
(i) there exist ug,vo € P such that uy < Aug, Avg < Vg, Uy £ Vo,
(i) there existu* € P and 6 > 0 such that Au > §||Aullu* forallu € P,
(iii) vo € IntP, and there exists d > 0 such that u* > duy.
Then A has a nonzero fixed point in P.

3. Main results. We first give a negative answer to Korman'’s conjecture by con-
structing a counterexample.

COUNTEREXAMPLE. Let f(x,u) = u? for all x € [0,1], 0 < u < +oco. If & = 214,
y = 2A1, where A, is given by (2.23), then (1.1) has no positive solutions.

PROOF. By x> 2A1, y = 2A; and (2.2) we have
Ex) = ax(1-x)2+yx?=2A1(1-2x+2x2) = A;, Vxel[0,1]. (3.1)
If u is a positive solution of (1.1), that is, u = Au, then
u(x)=Au(x)=&(x)+Bu(x) = &(x) = A;, Vxe[0,1]. 3.2)
So by (2.23) and Remark 2.2, we have
1 1 1 1 i
J P (x)u(x)dx =J qb(x)§(x)dx+J qb(X)dXJ G(x,y)u*(y)dy
0 0 0 0
1 1 1
- [ dogdx+ [ wdy [ Grxgixax
0 0 0 (3.3)

1 1 1
> [ peogder | Mumidy [ G xdax
0 0 0

1 1
> A Jo ¢>(x)dx+J0 d(yI)u(y)dy.
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This is a contradiction. Hence u # Au for all u € P, that is, (1.1) has no positive
solutions. This completes the proof. O

Clearly, f(x,u) = u? satisfies all the conditions of the conjecture. So counterexam-
ple shows that Korman’s conjecture is false. In what follows, we will investigate the
existence of positive solutions of (1.1) by modifying the conditions of the conjecture.
The following conditions will play roles in this section

liminf min M > Ay, limsup max M <Ay, (3.4)
u-+o x€[0,1] U u—0*+ x€[0,1] u
limsup max M <Aq, liminf min M > Aq, 3.5)
u—+o0o x€[0,1] u u—-0*t xe[0,1] u
where A; is given by (2.23).
sup min M = +00, inf max M =0. 3.6)
u>0 x<[0,1] u u>2|€ll x[0,1] u

THEOREM 3.1. Let (3.4) be satisfied. If £(x) = 0 (x € [0,1]), then BVP (1.1) has at
least one positive solution; if E(x) # 0(x € [0,1]), then BVP (1.1) has at least two positive
solutions.

PROOF. Suppose that v*(x) is defined by (2.13), ¢p(x) and A; are given by (2.23),
and n; = jol v*(x)¢(x)dx > 0. Denote

Q-Juer| j;mx)cb(x)dxznnun}, (3.7)

where n = min{n,, fol ¢(x)dx} > 0.1Itis easy to see that Q # &, Q # {6} is also a cone
in C[0,1].
We now show that for the operator A defined by (2.1),
A(P) CQ. (3.8)

In fact, by Lemma 2.4,

1 1
L E(x)Pp(x)dx = L v¥(x)p(x)dx-E(y)=n-€(yv), Vyel0,1], (3.9)

that is, £ € Q.
By (2.23), Remark 2.2, (2.5), and Remark 2.5,

1 1
B(x) = Ay jo G(x,y)p(Mdy = Ai jo Gy, x)p(y)dy
(3.10)

1
> A Jo v¥*(»)G(z,x)p(y)dy =A1mG(z,x), Vz,x €[0,1].
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Hence for u € P,
1
L ¢d(x)Bu(x)dx
1 1 1 1
- [ deodx | G fruondy = [ Feam)dy | Goroedx
0 0 0 0

1 1
-+ qb(y)f(y,u(y))dyz@f Gz f (3 u()dy
A1 Jo A1 Jo

>nBu(z), Vzel0,1],

(3.11)
that is, Bu € Q. Therefore Au =&+ Bu € Q.
By (3.4), there exist R; > ||E|| and € > 0 such that
flx,u)= (A +&)u, Vxe[0,1], u=R;. (3.12)
Hence, there exists a constant C = C(R;) > 0 such that
flx,u)= (A +8)u-C, Vxe[0,1], u=0. (3.13)

Choose ug € Q\{0}, we assert that for any fixed R > max{R1, |||/ +1,C/(ne)} > 0,
uU—Au #Aug, VueP, |ull=R, A=0. (3.14)

Otherwise, suppose that there exist u; € P, ||[u1ll = R and Ag = 0 such that u; —Au; =
AoUg, then by (3.13), Remark 2.2, and (2.23) we have

1 1 1
0= —AOJ o () (x) dx = J b(x) Ay (x)dx—f b ()11 (x) dx
0 0 0
1 1
> JO ¢(x)Bu1(x)dx7JO d(x)u(x)dx

1 1 1
> JO qb(x)dxjo Gx, ) [(Ar +e)u1<y>fC]dyfj0 b ()1 (x) dx

(3.15)
1 1 1
- L (A1 +€)ur(v) - Cldy jo G(y,x>¢<x>dx—j0 b (x)us (x) dx
1 1 1
- A;\f jo m(y)qb(y)dy—%]o d)(y)dy—L b ()1 (x) dx
e (! c !
- ATJO W (P dy - ATL b(y)dy.
Observing u; = Auq +Aoug € Q, we have
1 1
== %L Py = [ b0 dy = nlul = R, (3.16)

in contradiction with R > C/(en). Hence (3.14) holds.
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Denote
Pr={u(x)+&x)|ueP}, Qr=PenUg. (3.17)

Then A : P — Pg is completely continuous. Without loss of generality, suppose that
Au + u for u € 0Ug N Pg. Therefore the fixed point index i(A,Qg, Pg) is well defined
(see [1, 2]). We now prove that

i(A,Qg,Pg) = 0. (3.18)

Let up be given as above, denote a = [[uoll, b = supg, [Aull. Choose p > 0 suf-
ficiently large such that pa > b + R. Then it follows from (3.14) and the homotopy
invariance of the fixed point index that

i(A,Qr,Pg) = i(A+puo,Qr, Pg). (3.19)
The latter equals O since for any u € Qg
[|Au+ puol| = plluol| = AUl = pa—b > R = ||ull. (3.20)

Thus (3.18) holds.
On the other hand, by (3.4), there exist 0 < * < min{R; — [|€||,1} and &, > O suffi-
ciently small such that

fle,u+&(x)) < (A1—g)u, vVxel0,1],0<u<r. (3.21)
We now prove that
E+tBu#u, Vtel0,1], uePs, |[u-§||=r. (3.22)

In fact, if £; € [0,1], up € P, lluz — &l = 7 satisfy & +t1Bu> = u,, then by (2.23), and
(3.21) we have

1
JO b (x)uz(x) dx

1 1 1
s fo qb(x)dxjo G(x,y>f(y,uz<y>)dy+fo b (X)E(x) dx
1 1 1
< fo qb(x)dxjo Gl f (7, (12 (3) — E(7)) +§(y))dy+f0 b(x)E(x) dx

1 1 1
< (A —sl)JO (u2(») —E(y))dyL G(x,y)¢(x)dx+L P(x)E(x)dx

A—g (L 1 1
= A e E0) b0y + | dLosdx < | by,

A1
(3.23)

a contradiction. Therefore (3.22) holds. By the homotopy invariance of the fixed point
index, we have
i(A,Q,Ps) =i(E,Q,Pg) =1, (3.24)

where Q, = Pen{u | lu—&|l <r}. Obviously, Q, C Qg.
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By (3.18), (3.24), and the additivity of the fixed point index we get
i(A,Qr\Qy, Pg) = -1, (3.25)

which means that A has a fixed point in Qr\Q,. Also, by (3.24), A has a fixed point
in Q,.

Consequently, if £(x) #0 (x € [0,1]), that is, 8 ¢ Pg, then A has at least two fixed
points in P, that is, (1.1) has at least two positive solutions; if £(x) =0 (x € [0,1]),
then A has at least one nonzero fixed point in Pg, that is, (1.1) has at least one positive
solution. This completes the proof. O

In a similar way as proving Theorem 3.1, we obtain the following theorem.
THEOREM 3.2. If (3.5) is satisfied, then BVP (1.1) has at least one positive solution.

REMARK 3.3. Theorems 3.1 and 3.2 cover the superlinear and the sublinear nonlin-
earities, respectively. As is well known that conditions (3.4) and (3.5) expressed by A,
are more general than those expressed by 0 and +, to say, Theorem 3.2 improves
[3, Theorem 3]. Furthermore, it is clear that Theorem 3.1 remains valid if we replace
the second inequality in (3.4) by

_ (x,u+v)
limsup max feurv) <
u—0+t 0=x<1,0=v=|E| u

Al (3.26)

It is easy to give some simple functions f, which satisfy (3.4) and the above inequality.
For example

0, 0 =u=<|[gll

Sflx,u) = )
(u—ligll)", w> &l

(3.27)

THEOREM 3.4. Let f(x,u) be increasing in u. If (3.6) is satisfied, then BVP (1.1) has
at least one positive solution.

PROOF. Let P be the cone of C[0,1] defined in Section 2, then P is normal and solid
(see [1, 2]). Let A and B be defined by (2.1) and (2.3), respectively, then A,B: P — P
are completely continuous operators. Also, A and B are increasing since f(x,u) is
increasing in u.

By condition (3.6), there exists 7 > 0 such that

A

Flea) > $oTodo

u, Vxel0,1], (3.28)

where ¢ is given by (2.24), 1y is given by (2.15) and go = ff/;G(l/Z,y)dy > 0. We
assert that
u

u
¢O¢Lx)s3($g¢ax0, (3.29)
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where ¢ is given by (2.23). In fact, by (2.5), (2.15), (2.23), (2.24), and (3.28) we have
d o u d
G 3 = G ’ ’
(¢0¢<x)) j (x, y)f(y . qb(y)) vz G y)f(y . (y)) y
2/3G d AT e dy -
> x, ) f(y,u)dy = BoTodo )13 (x,y)dy-u
Alﬂ 2/3 Al 2/3 1
> G dy > v)d G(x,t)d
> BoTodo LB v*(x)G(z,y)dy = Bodo L/3 G(z,y5) yL (x
/\1u 2/3 1 o 2/3
= g jm G(z,y)dy L GeOpdt = S| 6z, y)dy - (x)
1 2/3
% " G(z,y)d ¢ Vx,ze[0,1]
(3.30)
Hence (3.29) holds. Denote uy(x) = B((it/¢o) p(x)), then
Aug(x) = E(x) +Bug(x) zB(B(ad)(x))) zB( d)(x)) Uo(x), (3.31)
bo bo
that is, ug(x) is a subsolution of A
On the other hand, by (3.6), there exists a constant ¥ > 2||&|| such that
_ v
f(x,v) <2—g1, Vx e[0,1], 3.32)
where g; = ma>i]f01 G(x,y)dy. Then
v <&(x)+ % <7, (3.33)

AD(x) = E(x) +BO(x) < & x>+j Glx, )y

that is, ¥ is a supersolution of A.
(i) If up < v, then it follows from (3.31), (3.33), and [1, Theorem 19.1] that A has
(3.34)

a fixed point w* (x) satisfying uo < w* <v
(ii) If ug £ v, then define
{uePlux) = ullv*(x), Vx €[0,1]}

P(,U*) —
where v* is given by (2.13). We show that A maps P into P(v*). In fact, for any u € P
(3.35)

we have by (2.5)
1
Bu(x) = JO GO, y)f(y,u(y))
>J v*(x)G(z,y) f (y,u(y))dy = v*(x)Bu(z), Vx,ze€[0,1]
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Hence by Lemma 2.4 and Remark 2.5, we have

Au(x) =&(x)+Bu(x) =2 v*(x)&(y) +v*(x)Bu(y)=v*(x)Au(y), Vx,yel[0,1].
(3.36)

Thus Au(x) = |[Au||lv*(x) (Vx €[0,1]), that is, Lemma 2.8(ii) is satisfied for u* (x)
= v*(x), 6 = 1. Moreover, ¥ € IntP, and by (2.14), v*(x) > TB((it/¢po)P(x)) =
Tuo(x) for some T > 0, that is, Lemma 2.8(iii) holds. Therefore, by (3.31), (3.33), and
Lemma 2.8, A has a nonzero fixed point in P. This completes the proof. O

REMARK 3.5. In a similar way as establishing Lemmas 2.3, 2.6, 2.7 and Theorems
3.1, 3.2 and 3.4, one can also discuss the existence of positive solutions for other

rrrr

physically important boundary conditions for Lu = u'""”.

ACKNOWLEDGEMENT. The author is supported in part by Monbusho Scholarship
of Japan, National Natural Science Foundation of China and the State Education Com-
mission Doctoral Foundation of China.

REFERENCES

[1] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, Berlin, 1985. MR 86j:47001.
Zbl 559.47040.

[2] D. J. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Notes and
Reports in Mathematics in Science and Engineering, vol. 5, Academic Press,
Massachusetts, 1988. MR 89k:47084. Zbl 661.47045.

[3] P.Korman, Computation of displacements for nonlinear elastic beam models using mono-
tone iterations, Int. J. Math. Math. Sci. 11 (1988), no. 1, 121-128. MR 88j:65282.
Zbl 631.73073.

[4] R.D.Nussbaum, Eigenvectors of nonlinear positive operators and the linear Krein-Rutman
theorem, Fixed Point Theory (Sherbrooke, Que., 1980), Lecture Notes in Math., vol.
886, Springer, Berlin, 1981, pp. 309-330. MR 83b:47068. Zbl 489.47037.

[5] J. X. Sun, Some new fixed point theorems of increasing operators and applications, Appl.
Anal. 42 (1991), no. 3-4, 263-274. MR 92g:47087. Zbl 738.47052.

BENDONG LOU: DEPARTMENT OF MATHEMATICS, SHANDONG UNIVERSITY, JINAN 250100,
CHINA

Current address: GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF
ToxkyoO, KOMABA 3-8-1, MEGURO-KU, TOKYO 153-8914, JAPAN

E-mail address: blou@glacia.ms.u-tokyo.ac.jp


http://www.ams.org/mathscinet-getitem?mr=86j:47001
http://www.emis.de/cgi-bin/MATH-item?559.47040
http://www.ams.org/mathscinet-getitem?mr=89k:47084
http://www.emis.de/cgi-bin/MATH-item?661.47045
http://www.ams.org/mathscinet-getitem?mr=88j:65282
http://www.emis.de/cgi-bin/MATH-item?631.73073
http://www.ams.org/mathscinet-getitem?mr=83b:47068
http://www.emis.de/cgi-bin/MATH-item?489.47037
http://www.ams.org/mathscinet-getitem?mr=92g:47087
http://www.emis.de/cgi-bin/MATH-item?738.47052
mailto:blou@glacia.ms.u-tokyo.ac.jp

