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A NOTE ON FIBONACCI MATRICES OF EVEN DEGREE
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Abstract. This paper presents a construction of m-by-m irreducible Fibonacci matrices
for any even m. The proposed technique relies on matrix representations of algebraic
number fields which are an extension of the golden section field. The explicit construction
of some 6-by-6 and 8-by-8 irreducible Fibonacci matrices is given.
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1. Introduction. Fibonacci matrices are characterized by the property that all en-

tries in their positive powers are positive or negative Fibonacci numbers. In general,

products of Fibonacci matrices that are not powers of a single matrix, are not Fibonacci

matrices. Nevertheless, in [1], Dazheng introduced a set of 4-by-4 Fibonacci matrices

which was closed for matrix multiplication. In the same paper, the search for existence

conditions and construction of m-by-m Fibonacci matrices was proposed as an open

problem for every m> 4. A special class of 4-by-4 Fibonacci matrices had previously

been considered in [3].

In [9], Washington showed that all 4-by-4 Fibonacci matrices described in [1] belong

to a matrix representation of the group of units in Z[ζ5], the integral ring of the

cyclotomic field Q(ζ5) (see [8]). Incidentally, the golden section ring Z[ω] with ω =
(1+√5)/2 (see [2]), is a subring of Z[ζ5].

Related to the construction of Fibonacci matrices is their classification, namely the

enumeration of all finite or infinite classes consisting of the powers of a single matrix

which is not a power of another Fibonacci matrix. For the 2-by-2 matrices the classi-

fication problem was already solved in [1], and definitively settled in [9]. In the same

paper [9], an enumeration of the 4-by-4 Fibonacci matrices was attempted. However,

from these results, it turns out that for a Fibonacci matrix classification, the definition

of the equivalence notion should include the concepts of rationally irreducible and of

periodic matrices.

In this paper, we describe a construction of m-by-m Fibonacci matrices for any

even m. The construction exploits Washington’s method in the realm of matrix rep-

resentations of algebraic number fields, with a key role played by the golden section

ring Z[ω].

2. General results. The definition of Fibonacci matrices given in [1] is recast to

include periodic matrices and an equivalence notion based on matrices over Q.
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Definition 2.1. An r×r matrixAwith integer elements is called a Fibonacci matrix

(FM for short) if An, n = 1,2, . . . , has only Fibonacci numbers as its elements, which

may be positive, negative, or zero. A Fibonacci matrix A is said to be simple if it is

nonsingular, and

(a) no permutation matrix P and integer m exist such that PAmP−1 is a block

diagonal matrix of Fibonacci submatrices,

(b) {An |n≥ 0} has entries Fi ∈An for all i and some n.

A simple Fibonacci matrix A is said to be an irreducible FM if no rational matrix U
exists such that UAU−1 is a block diagonal matrix of Fibonacci submatrices.

A Fibonacci matrix A is called basic if its elements are only 1, −1, and 0.

This definition associates to any Fibonacci matrix A a sequence of matrices I,A,
A2, . . . ,An, . . . , and subordinately r 2 scalar sequences that contain only Fibonacci num-

bers. The matrix sequence satisfies the first order linear matrix recurrence

X(n+1)=AX(n) (2.1)

with initial condition X(0)= I. This equation is equivalent to a linear recurrence

x(n+r)=
r−1∑
i=0

ar−ix(n+i) (2.2)

of order r , whose characteristic polynomial p(λ) is the characteristic polynomial

det(λI−A) of matrix A. Using the distinct roots λ1,λ2, . . . ,λu of p(λ), we can write

x(n)=
u∑
i=1

ci(n)λni , (2.3)

where ci(n) is a polynomial in n of degree one less than the multiplicity of λi. If

ci(n)≠ 0 then λi is said to be active, otherwise it is said to be inactive.

Let Z∗t denote the multiplicative group of residues modulo t. The order of Z∗t is

ϕ(t), the Euler totient function. A linear recurrence producing an infinite sequence

that contains only Fibonacci numbers is characterized by the following theorem.

Theorem 2.2. Let s be an infinite sequence x(0),x(1), . . . ,x(n), . . . generated by

a linear recurrence (2.2) of order r (≥ 2) with integer coefficients and having char-

acteristic polynomial p(λ). If s is an unbounded sequence containing only Fibonacci

numbers, then

(1) the active root of p(λ) of largest absolute value isωsζt for some integer s and ζt
denotes a tth primitive root of unity;

(2) p(λ) is a polynomial over Q which is divisible by the polynomial

m(λ)=
∏
i∈Z∗t

(
λ−ωsζit

)(
λ−ω̄sζit

)=mt

(
λ
ωs

)
mt

(
λ
ω̄s

)
, (2.4)

where mt(λ) is the tth cyclotomic polynomial of degree ϕ(t) and m(λ) is irre-

ducible over Q.
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Proof. Since s is unbounded and x(n) has the form (2.3), the largest absolute

value |λmax| of the roots of p(λ) is greater than 1. Then, a subsequence s̃ of s exists

(see [5, Theorem 3.6, page 45]), such that

lim
n→∞

∣∣∣∣ x̃(n+1)
x̃(n)

∣∣∣∣= ∣∣λmax

∣∣=ωs (2.5)

for some integer s. Thus, λmax = ωsζt , where ζt is a primitive tth root of unity. In

conclusion, the polynomial m(λ) defined in (2.4) with roots ωsζit , i∈ Z∗t , has integer

coefficients, is irreducible over Q and has a root in common with p(λ). By a Lagrange

theorem, m(λ) divides p(λ).

Theorem 2.3. Let A be an r ×r nonsingular Fibonacci matrix, therefore

(i) If the entries in each matrix An, n = 1,2, . . . , are bounded, then A generates a

cyclic group of finite order (this property was already observed by Kronecker [4, page

24] in another context) N , with ϕ(N)= r/� for some divisor � of r .

(ii) If A is a simple FM, then its characteristic polynomial p(λ) is divisible bym(λ)=
mt(λ/ωs)mt(λ/ω̄s) for suitable s and t.

Proof. If the entries in each matrix An are bounded, then only a finite number

of distinct matrices exists. Thus, there is a minimum integer N such that AN = Ir .

Therefore, A generates a cyclic group of order N . Letφ(λ) be the minimal polynomial

of A, therefore φ(λ) is a factor of both λN−1 and the characteristic polynomial p(λ)
of A. It follows that N satisfies the condition r = �ϕ(N), and is maximum when

ϕ(N)= r .

If A is a simple FM then some of its entries belong to a recurrent sequence of

unbounded Fibonacci numbers; the conclusion follows from Theorem 2.2, since the

characteristic polynomial of these sequences is p(λ).

2.1. Fibonacci matrices of even degree. In view of Theorem 2.3, the splitting field

of the characteristic polynomial of any aperiodic FM matrix contains the subfield

Q(ω). In particular, the characteristic polynomial of irreducible FM is specified by

the following theorem.

Theorem 2.4. Any 2r ×2r Q-irreducible Fibonacci matrix M can be obtained from

the natural representation of a ring Z[η] having Z[ω] as a subring. η is a root of an

irreducible polynomial m(λ) of degree 2r , which splits over Z[ω] into two irreducible

factors of degree r .

Proof. Irreducible matrices have irreducible characteristic polynomials. There-

fore, the characteristic polynomial m(λ) of M with integer coefficients is irreducible

overQ. By Theorem 2.3, it is divided by the irreducible polynomial g(λ,ω)g(λ,1−ω)
with roots ζitωs , for some integers s and t. It follows that m(λ)= g(λ,ω)g(λ,1−ω),
moreover, M is rationally equivalent to a matrix ρ(ζtωs), in other words there is a

basis in Z[η] such that M is a representation of ζtωs .
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Theorem 2.5. Let ρ be the natural representation of Z[η], where η is a root ofm(λ),
then ρ(ω) is a matrix that satisfies the minimal equation ρ(ω)2−ρ(ω)− I = O. The

characteristic polynomial of ρ(ω) is (λ2−λ−1)r , and ρ(ω) can be diagonalized in

Z[η]. The powers ρ(ω)n can be computed as

ρ(ω)n = Fn−1Ir +Fnρ(ω). (2.6)

If ρ(ω) is basic, then it is an FM.

Proof. The assertion about the minimal equation for ρ(ω) is proved by applying

ρ to the equation ω2−ω−1 = 0. Since ρ(η) can be diagonalized in Z[η], the same

holds for ρ(ω), which is a linear combination of powers of ρ(η).
The characteristic roots of ρ(ω) must be either ω or its conjugate, therefore the

conclusion follows because the coefficients of the characteristic polynomial belong

to Q.

Since it is well known that ωn = Fn−1+Fnω, the assertion is proved by the appli-

cation of ρ.

In general, if ρ(ω) is not basic, it may or may not be an FM as shown by the following

counterexample. It is well known that the matrix

M1 =
[

0 1

1 1

]
(2.7)

is an FM. The following equivalent matrix

[
−1 1

−1 2

]
=
[

1 0

1 1

][
0 1

1 1

][
1 0

−1 1

]
, (2.8)

although not basic, is an FM, whereas the following equivalent matrix

[
−2 1

−5 3

]
=
[

1 0

2 1

][
0 1

1 1

][
1 0

−2 1

]
(2.9)

is not an FM because its square

[
−2 1

−5 3

]2

=
[
−1 1

−5 4

]
(2.10)

has an entry that is not a Fibonacci number.

Washington [9] has shown that all Fibonacci matrices introduced by Dazheng [1]

belong to an integral representation of the ring Z[ζ5]. However, this property is not

peculiar of all Fibonacci matrix as shown for example by the tridiagonal matrix found

in [3]. In particular,AF and the matrix F̄10 defined in [1] are equivalent inQ to different
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block diagonal FMs, that is,




1 1 1 1

1 2 2 1

1 1 −1 −1

−1 0 0 1







0 1 0 0

1 0 1 0

0 1 0 1

0 0 1 0







1 −1
2

0 −1
2

−1
2

1
2

1
2

1
2

−1
2

1
2

−1
2

−1
2

1 −1
2

0
1
2




=




0 1 0 0

1 1 0 0

0 0 0 −1

0 0 −1 −1


 ,




1 0 0 0

0 0 1 1

1 3 0 1

−2 −2 −2 1







0 0 −1 −1

1 1 1 0

0 1 1 1

−1 −1 0 0







1 0 0 0

− 5
11

− 2
11

3
11

− 1
11

− 4
11

5
11

− 2
11

− 3
11

4
11

6
11

2
11

3
11




=




0 −1 0 0

−1 1 0 0

0 0 0 −1

0 0 −1 1


 .

(2.11)

The matrix AF does not belong to a representation. In fact, it has four distinct eigen-

values ω, 1−ω, −ω, and −1+ω, and its minimal polynomial has degree 4. This is

in contrast to Theorem 2.5, which implies that any reducible FM belonging to a ring

representation has minimal polynomial λ2−λ−1.

Theorem 2.6. A matrix ρ(ζω), belonging to a representation of an algebraic num-

ber field Q(η), is a Fibonacci matrix only if ζ ∈ Z[η] is a root of unity. If η= ζm, then

Q(η) is a cyclotomic field, and necessarily 5 |m.

Proof. The eigenvalues of ρ(ζω) are ζω and its conjugates, which are the roots

of the characteristic equation of any recurrence satisfied by the entries of this matrix.

Therefore, Theorem 2.2 implies the existence of an integer s (≥2) such that (ζω)s=
ωs . It follows that ζs = 1 and ζ is a root of unity, which belongs to the torsion part

of the group of units of Z[η].
If η = ζm, then Q(η) is a cyclotomic field. Since ω ∈Q(ζm), then Q(ω) ⊂Q(ζm).

It is known that Q(ω) ⊆ Q(ζ5), thus Q(ω) ⊂ Q(ζm)∩Q(ζ5). The conclusion 5 |
m follows from [8, Proposition 2.4, page 11], which states that if (m,n) = 1 then

Q(ζm)∩Q(ζn)=Q.
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2.2. Constructions. Theorem 2.4 has also constructive aspects and is useful in the

classification of Fibonacci matrices. Although not elegant, the following construction

shows the existence of FM for any 2n. Consider the following recursive procedure

on matrix dimension which is started with matrix M1. Let A⊕B denote a diagonal

block matrix with blocks A and B. Let Tn be a 2n×2n matrix with all 1s in the main

diagonal, an1 = 1 and all other entries equal 0. The sequence M1,M2, . . . of FMs of

increasing degree is defined as

Mn = Tn
(
Mn−1⊕M1

)
T−1
n . (2.12)

It is immediately seen that Mn is basic, and satisfies the minimal equation M2
n−Mn−

I =O, thereforeMn is a simple FM. In fact, it is not in block-diagonal form and cannot

be transformed into such a form by a permutation matrix.

The construction of irreducible FM is a more difficult task, and Theorem 2.4 is again

useful. Let m1(λ,ω) be an irreducible polynomial of degree r over Z[ω] with some

coefficient effectively in Z[ω]. For example, the polynomials λr −ω and λ2r −ωλr +
1 are irreducible in Z[ω] for any r , while λr −ωλ+ 1 is irreducible for any r up

to 11. The polynomialsm(λ)=m1(λ,ω)m1(λ,1−ω) are irreducible of degree 2r with

coefficients in Z. Therefore, the representations of the related algebraic number fields

possibly contain FMs. The method is illustrated by the following two constructions of

irreducible FMs of degrees 6 and 8.

2.3. 6×6 matrices. An irreducible 6×6 matrix can be constructed from an algebraic

field of degree 6 having subfield Q(ω). Let η be a root of the irreducible polynomial

over Q

mi6(x)= x6+x4+2x3−x2+x+1= (x3+ωx+1
)(
x3+(1−ω)x+1

)
(2.13)

which generates the field Q(η). The matrix is built with the same rule that is given by

Washington [9]

ω= 1−η+η2+η3+η5; ωη3 =−η2−η5;

ωη=−1−η3; ωη4 = 1+η−η2+η3+η4;

ωη2 =−η−η4; ωη5 = η+η2−η3+η4+η5;

(2.14)

and results

ρ(ω)=




1 −1 1 1 0 1

−1 0 0 −1 0 0

0 −1 0 0 −1 0

0 0 −1 0 0 −1

1 1 −1 1 1 0

0 1 1 −1 1 1



. (2.15)

2.4. 8×8 matrices. An 8×8 matrix can be constructed from the cyclotomic field

Q[ζ15] of degree 15 which has the subfield Q(ω). This example has the same
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characteristic as the FM of degree 4 constructed by Dazheng [1]. The cyclotomic poly-

nomial m15(x) has degree 8 and factors over Q(ω) into two irreducible polynomials

of degree 4

m15(x)= 1−x+x3−x4+x5−x7+x8

= (x4−ωx3+ωx2−ωx+1
)

×(x4−(1−ω)x3+(1−ω)x2−(1−ω)x+1
)
.

(2.16)

In terms of ζ15 we have ω = 1−ζ2
15 +ζ3

15 −ζ7
15, therefore we obtain the Fibonacci

matrix

ρ
(
ω
)=




1 0 −1 1 0 0 0 −1

1 0 0 0 0 1 0 −1

1 0 0 1 −1 1 1 −1

1 0 0 1 0 0 1 0

0 1 0 0 1 0 0 1

−1 1 1 −1 1 0 0 1

−1 0 1 0 0 0 0 1

−1 0 0 0 1 −1 0 1




,

ρ
(
ζ15

)=




0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

−1 1 0 −1 1 −1 0 1




.

(2.17)

In this case we obtain 15 Fibonacci matrices as ρ(ζj15ω), j = 0,1, . . . ,15. For instance,

we have

ρ
(
ζ15ω

)=




1 0 0 0 0 1 0 −1

1 0 0 1 −1 1 1 −1

1 0 0 1 0 0 1 0

0 1 0 0 1 0 0 1

−1 1 1 −1 1 0 0 1

−1 0 1 0 0 0 0 1

−1 0 0 0 1 −1 0 1

−1 0 0 −1 1 0 −1 1




. (2.18)

Note that the group of the units in Z(ζ15) is isomorphic to Z3 ×C15 by Dirichlet’s

theorem [6], therefore it is generated by ρ(ω), ρ(−ζ15), and by the two following

matrices: ρ(ζ7
15+ζ−7

15 ) and ρ(ζ6
15+ζ−6

15 +ζ7
15+ζ−7

15 ) which cannot be FM. In this case

the FM matrices form only a subgroup of the units in Z(ζ15).
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Table 3.1. Solutions of φ(N)= k with k≤ 4, (see [7, page 250]).

k N :φ(N)= k
1 1, 2

2 3, 4 , 6

3 —

4 5, 8, 10, 12

3. FM classification. In the following, we complete the classification of Fibonacci

matrices of degree 2 given in [9] including periodic matrices, and outline the classifi-

cation of 4 degree matrices.

Periodic and aperiodic FM will be considered separately. The periodic matrices have

period N if and only if all eigenvalues are Nth roots of unity. Number fields related to

the construction of aperiodic FMs always contain Q(ω) by Theorem 2.6, a condition

which is not indispensable for number fields related to periodic Fibonacci matrices.

3.1. Periodic matrices

3.1.1. 2×2 FM. The characteristic polynomial p(λ) of a 2×2 periodic matrix must

be the product of cyclotomic polynomials of degree φ(N) not greater than 2. The

solutions of φ(N)= k with k≤ 2, taken from Table 3.1, indicate that possible periods

are 6, 4, 3, and 2.

We have infinite classes of matrices of period 2 and period 4

M2 =

F2n+1 −F2n

F2n+2 −F2n+1


 , M4 =


 F2n −F2n−1

F2n+1 F2n


 . (3.1)

Matrices of period 3 and 6 are of the form

M3 =


 a b

−1±a−a2

b
±1−a


 , (3.2)

where plus and minus signs yield matrices of period 6 and 3, respectively. Therefore,

12 FMs of period 6 are obtained for (a,b)∈ {(−1,±1),(−1,±3),(0,±1),(1,±1),(2,±1),
(2,±3)}; and 12 FMs of period 3 are obtained for (a,b)∈ {(−2,±1),(−2,±3),(−1,±1),
(0,±1),(1,±1),(1,±3)}.

3.1.2. 4×4 FM. The characteristic polynomial p(λ) of a 4×4 periodic matrix must

be the product of cyclotomic polynomials of degreeφ(N) not greater than 4. In partic-

ular, from Table 3.1 it is deduced that possible periods are 2, 3, 4, 5, 6, 8, 10, and 12.

Period 2. Since there are four distinct classes of nonequivalent diagonal matrices

of order 2, namely diag(1, 1, 1,−1), diag(1, 1,−1,−1), diag(1,−1,−1,−1), and

diag(−1,−1,−1,−1), there will be four classes of FM of period 2. We can have an

infinite number of FM of period 2, whereas for larger periods only a finite number of

FMs is possible. In the following only one example for each period is given.
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Periods 3 and 4. The matrix ρ(ζ3) with characteristic polynomial (x2+x+1)2

has period 3, and represents the cube root of unity in the ring of integers Z[α], with

α a root of x4−2x3+2x2−x+1. The matrix ρ(ζ4) with characteristic polynomial

x4−1 has period 4,

ρ
(
ζ3
)=




0 −1 1 0

0 0 −1 1

−1 1 −2 1

−1 0 −1 0


 , ρ

(
ζ4
)=




0 1 0 0

0 0 1 0

0 0 0 1

1 0 0 0


 . (3.3)

Periods 5 and 6. The matrix ρ(ζ5) with characteristic polynomial x4+x3+x2+
x+1 has period 5. The matrix ρ(ζ6) with characteristic polynomial (x2−x+1)2 has

period 6,

ρ
(
ζ5
)=




0 1 0 0

0 0 1 0

0 0 0 1

−1 −1 −1 −1


 , ρ

(
ζ6
)=




0 1 −1 0

0 0 1 −1

1 −1 2 −1

1 0 1 0


 . (3.4)

Periods 8 and 10. The matrix ρ(ζ8) with characteristic polynomial x4 + 1 has

period 8. The matrix ρ(ζ10) with characteristic polynomial x4−x3+x2−x+1 has

period 10,

ρ
(
ζ8
)=




0 1 0 0

0 0 1 0

0 0 0 1

−1 0 0 0


 , ρ

(
ζ10

)=



0 1 0 0

0 0 1 0

0 0 0 1

−1 1 −1 1


 . (3.5)

Period 12. The matrices




0 1 0 0

0 0 1 0

0 0 0 1

−1 0 1 0


 ,




0 1 0 0

0 0 1 0

0 0 0 1

−1 −1 −2 −1


 (3.6)

have period 12 and characteristic polynomials x4−x2+1 and (x2+1)(x2+x+1) =
x4+x3+2x2+x+1, respectively.

3.2. Aperiodic matrices. In [9], Washington proved that there are only 8 classes of

2×2 FM equivalent to each of the two classes of nonequivalent FM generated by

[
0 1

1 1

]
,

[
0 −1

−1 −1

]
, (3.7)

respectively. For 4×4 aperiodic Fibonacci matrices the situation is more complex, and

it is necessary to distinguish irreducible and reducible matrices.
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The characteristic polynomials of irreducible Fibonacci matrices can be

t = 3 x4+Lsx3+(L2s+(−1)s
)
x2+(−1)sLsx+1,

t = 4 x4+L2sx2+1,

t = 5 x4+Ls+1x3+(L2s+(−1)s+1)x2+(−1)s+1Ls−1x+1,

(3.8)

because a root must be of the form ωsζt , and its conjugates, therefore t ≤ 5. The

case t = 2 yields reducible polynomials x4−L2sx2+1 to which correspond reducible

Fibonacci matrices.

The characteristic polynomials of reducible nonblock diagonal Fibonacci matrices

are

1 x4−L2sx2+1,

2
(
x2±Lsx+(−1)s

)2,

3
(
x2±Lsx+(−1)s

)(
x2±1

)
,

4
(
x2±Lsx+(−1)s

)(
x2±x+1

)
.

(3.9)

In the following we will show one Fibonacci matrix for each polynomial. The number

of distinct classes of Fibonacci matrices for each characteristic polynomial may be

very large and the problem of computing such a number remains open.

Irreducible aperiodic FM. All irreducible Fibonacci matrices are obtained from

a field representation for t = 3, 4, 5, and provide a representation of the group of field

units with basis {1,ω,ζt,ωζt}. If t = 5 then a second representation is possible, as

Washington showed with basis {1,ζ5,ζ2
5 ,ζ

3
5}.

Let t = 3, set s = 1 then the polynomial x4+x3+2x2−x+1 has roots ωζ3, ω̄ζ3,

ωζ2
3 , and ω̄ζ2

3 . If, in the field Z[ωζ3], we consider the basis {1,ω,ζ3,ωζ3}, then

we have

ρ
(
ωζ3

)= ρ(ω)ρ(ζ3
)=




0 0 0 1

0 0 1 1

0 −1 0 −1

−1 −1 −1 −1


 . (3.10)

From ρ(ωζ3)3m+ε = ρ(ω)3m+ερ(ζ3)ε, with ε= 0, 1, 2, it follows that ρ(ωζ3) is an FM

since ρ(ω) is a block diagonal FM and both

ρ
(
ζ3
)=




0 0 1 0

0 0 0 1

−1 0 −1 0

0 −1 0 −1


 , ρ

(
ζ2

3

)=


−1 0 −1 0

0 −1 0 −1

1 0 0 0

0 1 0 0


 , (3.11)

have at most two ±1 in each row and the other elements 0.
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Let t = 4, set s = 1 then the polynomial x4+3x2+1 has roots ωi, ω̄i, −ωi, and

−ω̄i. If, in the field Z[ωi] we consider the basis {1,ω,i,ωi}, then we have

ρ(ωi)= ρ(ω)ρ(i)=




0 0 0 1

0 0 1 1

0 −1 0 0

−1 −1 0 0


 , ρ(i)=




0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0


 . (3.12)

From ρ(ωi)4m+ε = ρ(ω)4m+ερ(i)ε, with ε = 0, 1, 2, 3, it follows that ρ(ωi) is an FM

since ρ(ω) is a block diagonal FM and ρ(i) have at most one ±1 in each row and the

other elements 0.

Reducible aperiodic FM. Referring to the list (4) of characteristic polynomials

for reducible aperiodic FM, we give an example for each case with s = 1.

(1) x4−L2x2+1= (x2−ω2)(x2−ω̄2)= (x2−L1x−1)(x2+L1x−1), an example is

provided by the FM in [3].

(2) (x2±L1x+−1)2, an example in the case of sign − is Dazheng matrix ρ(ω), and

for the sign + is −ρ(ω).
(3) (x2±L1x+−1)(x2±1),




1 0 0 0

0 1 0 0

0 0 1 0

1 0 0 1







0 1 0 0

1 1 0 0

0 0 0 ±1

0 0 1 0







1 0 0 0

0 1 0 0

0 0 1 0

−1 0 0 1


=




0 1 0 0

1 1 0 0

∓1 0 0 ±1

0 1 1 0


 . (3.13)

(4) (x2±L1x+−1)(x2±x+1),




1 0 0 0

0 1 0 0

0 0 1 0

1 0 0 1







0 1 0 0

1 1 0 0

0 0 ±1 1

0 0 −1 0







1 0 0 0

0 1 0 0

0 0 1 0

−1 0 0 1


=




0 1 0 0

1 1 0 0

−1 0 ±1 1

0 1 −1 0


 . (3.14)

4. Conclusions. In this paper, we have shown that the construction of Fibonacci

matrices stems from a matrix representation of algebraic number fields containing

the golden section ring Z[ω]. In particular, a construction of 2n×2n FM for any n
has been presented, and irreducible FMs of degree 6 and 8 have been shown.

In [9], Washington observed that the set of Fibonacci matrices considered by

Dazheng is a representation of the full group of units in the cyclotomic ring Z[ζ5]. The

matrices of degree 8 obtained here form an analogous subgroup of the units in Z[ζ15];
nevertheless they cannot generate the full group of units. An interesting problem that

appears to be open is to find all cyclotomic fields whose group of units contains a

subgroup in a matrix representation formed by FMs.

Lastly, the classification problem for Fibonacci matrices has been considered, and

the classification of the 4×4 matrices outlined.
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Appendix

Integral representations of algebraic integer number rings. Let M(r ,R) denote

the ring of r×r matrices with entries from a ring R. An integral representation of the

algebraic ring of integers Z[η] is an homomorphism Φ : Z[η]→M(r ,Z), that is,

Φ(aα+bβ)= aΦ(α)+bΦ(β), ∀a,b ∈ Z,
Φ(αβ)= Φ(α)Φ(β). (A.1)

A representation Φ is said to be faithful if the kernel Ker(Φ) = {0}. The natural

representation ρ of Z[η] is a faithful representation defined by

ρ(η)=A=




0 1 0 ··· 0
...

. . .

0 0 0 ··· 1

er er−1 er−2 ··· e1


 , (A.2)

where A is the companion matrix of g(x) = xr −e1xr−1−e2xr−2−···−er−1x−er ,

the irreducible polynomial with root η. The image Im(ρ) of Z[η] is the subring of

M(r ,Z) consisting of the matrices of the form ρ(α) = a0It + ··· + ar−1Ar−1. Two

integral representations ρ and ν of Z[η] are called equivalent if there is a matrix

U with rational entries, such that ρ(x) = Uν(x)U−1 for every x ∈ Z[η]. An integral

representation ρ of Z[η] is said to be Q-irreducible if no matrix Q with entries in

Q exists such that Qρ(η)Q−1 is a block diagonal matrix with integer entries. A Q-

irreducible representation ρ of Z[η] is said to be F-reducible over some extension

field F if there is a matrix Q with entries in F such that Qρ(x)Q−1 is a block diagonal

matrix over F for all x ∈ Z[η], otherwise it is said to be absolutely irreducible.

Proposition A.1. The natural representation ρ of Z[η] is Q-irreducible and is

completely reducible over the splitting field F of g(x). If Z[θ] is a proper subring of

Z[η] of degree t/r , then

• g(x) =∏t
i=1gi(x) splits over Z[θ] into the product of t irreducible polynomials

of the same degree r/t
• any natural representation ρ of Z[η] is equivalent to a representation ν in which

the matrices ν(x), with x ∈ Z[θ], are an outer tensor product of the t×t matrices

of a natural representation ψ of Z[θ] by the r/t×r/t identity matrix;

• the characteristic polynomial of a matrix ρ(x) with x ∈ Z[θ] is a power of expo-

nent r/t of the characteristic polynomial of ψ(x).
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