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ON THE EXTENSION OF LINEAR OPERATORS
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Abstract. It is well known that the Hahn-Banach theorem, that is, the extension theo-
rem for bounded linear functionals, is not true in general for bounded linear operators.
A characterization of spaces for which it is true was published by Kakutani in 1940. We
summarize Kakutani’s work and we give an example which demonstrates that his charac-
terization is not valid for two-dimensional spaces.
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1. Introduction. The fact that it is always possible to extend a bounded linear func-

tional with its norm preserved was proven by Hahn in 1927 [3, page 217]. This is the

well-known Hahn-Banach theorem, that is, the extension theorem for bounded lin-

ear functionals on normed linear spaces. The following theorem is Hahn’s result with

appropriate changes updating the terminology.

Theorem 1.1. Let M be a closed subspace of the real Banach space X, and f a

bounded linear functional defined on M . Then there exists a bounded linear functional

F defined on X with F(x)= f(x) for all x ∈M and ‖F‖ = ‖f‖.

An obvious question is whether a similar result can be established for bounded

linear operators. Specifically the question may be stated as follows.

Question 1. Let M be a closed subspace of the real Banach space X. Is it possible

to extend every bounded linear operator b, which maps M into an arbitrary Banach

space Y , to a bounded linear operator B which maps X into Y and has the same norm

as b?

2. Kakutani’s theorem. The above question was essentially raised by Kakutani [5,

page 93]. He noted that the answer to this question in general is no. Actually, this was

first demonstrated by Murray [6]. However, some results on extending linear operators

have been obtained by placing conditions on the domain or range space. Papers by

Bohnenblust [1], Kakutani [5], Murray [6], Nachbin [7], and Sobczyk [8] among others,

contain such results.

Kakutani claimed that with some restrictions the answer to the above question is

affirmative. These restrictions are given in the following theorem [5, page 94].

Theorem 2.1 (see [5]). LetX be a Banach space. In order that the answer to the above

question be affirmative for any closed linear subspace M of X and any bounded linear
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operator which maps M into another Banach space Y (also arbitrary), it is necessary

and sufficient that X be a unitary space.

However, as it is shown in Section 3, there is still a problem with Kakutani’s theorem.

3. A counterexample to Kakutani’s theorem. The following definitions will aid in

demonstrating the invalidity of Kakutani’s claim.

Definition 3.1. A normed linear space X is a unitary space if the norm satisfies

the parallelogram law, that is,

‖x+v‖2+‖x−v‖2 = 2
(‖x‖2+‖v‖2) ∀x,v ∈X. (3.1)

Definition 3.2. Let X be a Banach space and M a closed subspace of X. Then

M has property � if for every Banach space Y and every bounded linear operator b
mapping M into Y , there exists a bounded linear operator B mapping X into Y such

that B(x)= b(x) for all x in M and ‖B‖ = ‖b‖.

Definition 3.3. LetX be a Banach space. We say thatX has the extension property,

if every closed subspace of X has property �.

In other words, if X has the extension property, then the answer to Question 1 is

affirmative. In light of these definitions Kakutani’s theorem may be restated as follows.

Theorem 3.4. A Banach space X has the extension property if and only if X is a

unitary space.

In 1935, Jordan and von Neuman [4] proved that the parallelogram law is a necessary

and sufficient condition for a Banach space to be a Hilbert space. In fact Dunford and

Schwartz in part 1 of their classic text “Linear Operators” use the Jordan-von Neuman

condition to describe Kakutani’s result [2, page 554].

Thus Kakutani proved (in 1939) that X is a Hilbert space if and only if an arbitrary

bounded linear operator defined on a subspace of X has an extension to all of X with

the same norm.

In his proof of Theorem 2.1, however, Kakutani assumed that dim(X) ≥ 3. But he

made no note of this restriction in the statement of his theorem and neither did

Dunford and Schwartz. Of course, if every normed linear space X with dim(X) < 3

is unitary, this would not be a problem. However, the vector space of pairs (x1,x2)
of real numbers with the norm defined by ‖(x1,x2)‖ = |x1| + |x2| is not a unitary

space. Furthermore, it can be shown that every two-dimensional Banach space has the

extension property independent of whether it is a unitary space or not.

Let X be any two-dimensional space, not necessarily a unitary space, Y an arbitrary

Banach space, and M any subspace of X (X is a Banach space and M is closed since

X is finite dimensional). The following demonstrates that every subspace of X has

property �.

The cases for two-dimensional and zero-dimensional subspaces are trivial. In the

two-dimensional case set B(x)= b(x), for all x ∈X. In the zero-dimensional case set

B(x)= 0, for all x ∈X. It is easy to see that in both cases B is an extension of b with

‖B‖ = ‖b‖.
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Now let M be any one-dimensional subspace of X. Then there is a v in X with

‖v‖ = 1 and M can be expressed as M = {tv | t is real ‖v‖ = 1}. If b is any bounded

linear operator mapping M into Y , then

‖b‖ = sup
‖tv‖≤1

∥
∥b(tv)

∥
∥=

∥
∥b(v)

∥
∥ sup
|t|≤1

|t| =
∥
∥b(v)

∥
∥. (3.2)

The functional f defined onM by f(tv)= t is linear and bounded with ‖f‖ = 1. By

Theorem 1.1, that is, the Hahn-Banach theorem, there is a bounded linear functional F
defined on X with F(x)= f(x) for all x inM and ‖F‖ = ‖f‖ = 1. Let B be the mapping

from X into Y defined by B(x) = F(x)b(v) with x in X and v as defined previously,

that is, ‖v‖ = 1. Then B is linear and

B(tv)= F(tv)b(v)= tb(v)= b(tv). (3.3)

Further,

‖B‖ = sup
‖x‖≤1

∥
∥B(x)

∥
∥= sup

‖x‖≤1

∥
∥F(x)b(v)

∥
∥

=
∥
∥b(v)

∥
∥ sup
‖x‖≤1

∣
∣F(x)

∣
∣=

∥
∥b(v)

∥
∥‖F‖ =

∥
∥b(v)

∥
∥= ‖b‖.

(3.4)

Hence any one-dimensional subspace of X has property �.

Since every subspace of X has property �, X has the extension property. But X need

not be a unitary space. In other words the correct form of Theorem 3.4 is as follows.

Theorem 3.5. A Banach space X with dim(X)≥ 3 has the extension property if and

only if X is a unitary space, that is, if and only if X is a Hilbert space.
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