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ON THE FIXED POINTS OF AFFINE NONEXPANSIVE MAPPINGS

HULYA DURU

(Received 9 December 2000)

ABSTRACT. Let K be a closed convex bounded subset of a Banach space X andlet T:K — K
be a continuous affine mapping. In this note, we show that (a) if T is nonexpansive then
it has a fixed point, (b) if T has only one fixed point then the mapping A= (I+T)/2 is a
focusing mapping; and (c) a continuous mapping S : K — K has a fixed point if and only
if, for each x € K, [[(A" 0 S)(x) — (S0 A")(x)|| — O for some strictly nonexpansive affine
mapping T.
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1. Introduction. Let (X,d) be a complete metric space. A continuous mapping
@ : X — X is said to focus at a point x¢ € X if, for each x € X, d(p"(x),xo) — 0. Here
@t =@o---o@ (n-times). If @ focuses at some point x( then @ is said to be a focus-
ing mapping. As is well known, every contraction mapping ¢ : X — X focuses at its
fixed point. However not every focusing mapping is contraction. For example, if (X,d)
is compact and @ is strictly nonexpansive (i.e., d(@(x),p(y)) < d(x,y) for each x *
), then @ is not necessarily a contraction but it focuses at its unique fixed point [2].
The importance and relevance of the focusing mappings are due to the fact that a
continuous mapping T from a closed convex subset K of a Banach space (X, | - ||) into
itself has a fixed point if and only if there exists a focusing mapping ¢ : K — K such
that limy, .o || (@" o T)(x) — (T o @™)(x)|| = 0 for each x € K [2]. However a continu-
ous mapping @ : K — K having a unique fixed point xy € K need not to focus at this
point. Indeed, if we take X = £? and T : X — X is given, for x = (x1,x2,...,Xn,...), by
T(x) = (0,x1,X2,...,Xn,...), then @ = Tig, the restriction of T to the closed unit ball
K of £2, applies K into itself, has only one fixed point, namely x, = (0,0,0,...), but it
is not a focusing mapping since, for every x € K and n € N, [|¢"(x) — xoll2 = l1x]|2.
Observe that this mapping @ is affine and nonexpansive (i.e., for each x,y € K and
0<A=<1, TAx+(1-A)y) =AT(x)+ (1 -A)T(y) and [[p(x) — @) < llx = yID.
In the present paper, our aim is to show that (a) every nonexpansive affine mapping
T defined on a convex closed bounded subset K of a Banach space (X;| ||) has at
least one fixed point, (b) the mapping A = (I + T)/2 is a focusing mapping if and only
if T has a unique fixed point; and (c) a continuous mapping S : K — K has a fixed
point if and only if, for each x € K, ||[(A" o S)(x) — (S0 A™)(x)|| — O for some strictly
nonexpansive affine mapping T : K — K.

2. Results. Throughout, we will assume that (X, | -||) is a Banach space, K closed
convex bounded subset of X, and T : K — K is a continuous mapping and A = (I+T)/2.
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LEMMA 2.1. If T is a nonexpansive and, for some x € K, the sequence (A" (X))nen
has a cluster point xo then xq is a fixed point of T

PROOF. We recall that, T being nonexpansive , for every y € K, ||A"(y) — A™ 1 (y)||
— 0 [3, page 98]. Observe also that a point xy € K is a fixed point of T if and only if
it is a fixed point of A. Now by hypothesis, there exists a subsequence (A" (x))ken
of (A™(x))nen converging to xo. Since ||A"(x) — A" 1(x)| — 0, we have ||A™ (x) —
A"+ (x)|| — 0. Hence, we have xg = A(xg), s0 xo = T(x0). O

If T has a unique fixed point, then it is not necessarily a focusing mapping as men-
tioned above. Observe that, in the above example, the set K is compact in the weak
topology and the mapping T, being linear, is continuous in the same topology. The
following result gives a necessary and sufficient condition for a mapping defined on
a compact convex set to be focusing.

PROPOSITION 2.2. If K is compact then T is focusing if and only if T has a unique
fixed point and for each x € K, |T"(x) - T"*1(x)| — 0.

PROOF. Suppose that x is the unique fixed point of T and that for each x € K,
IT™(x) — T"*1(x)|| — 0. Fix a point x € K. Then, since K is compact, the sequence
(T™(x))nen has a convergent subsequence (T"k (x))ren cOnverging to some point yo
in K. Hence, T being continuous, T"*!(x) — T(yy). Since ||[T"(x) - T" 1 (x)| — 0,
| T (x) — T™*+1(x)| — 0 too. So T(yy) = yo. The fixed point of T being unique, we
conclude that yy = xo. Hence X is the only cluster point of the sequence (T"(x))nen-
The set K being compact, the whole sequence (T" (x)),en converges to xg. This shows
that T focuses at xo. Conversely, if T focuses at xg, for each x € K, the sequence
(T™(x))nen converges to xo; so does (T (x))nen. As T is continuous, T (xg) = Xo
so that xg is the unique fixed point of T and || T"(x) — T"*1 (x)|| — llxo—x0ll=0. O

The next corollary is immediate by Lemma 2.1.

COROLLARY 2.3. IfK is compact, T is nonexpansive and has a unique fixed point x,
then A focuses at xg.

The following result is the main result of the paper. The reader will remark that we
do not assume that the set K is compact.

THEOREM 2.4. If T is nonexpansive and affine then it has a fixed point.

PROOF. Since T is affine, for each x € K,

A"(x)z2111[X+(711)T(x)+---+T”(x)] @.1)

From here we get

1A (x) — A2 ()| = énxqzmn < %5(1@,
2.2)

[|A%(x) — A3 (x)]| |x+T(x)-T?(x)-T3(x)|| < %25(1@,...,

1
_?|



ON THE FIXED POINTS OF AFFINE NONEXPANSIVE MAPPINGS 687

and so on. By induction on n, we obtain

||A2n+l(x)_A2n+2(x)H <

1 2n+1
22n+2 n

)5(K),
(2.3)

||A2n+2(x)_A2n+3(x)H <

1 2n+2
22n+3\ m+1

)5(K).

Here 6(K) denotes the diameter of K. Hence, by the inequality
||A2n+1 (X) _A2n+3(x)|| < ||A2n+1 (X) _A2n+2(x)|| + HA2n+2 (X) _A2n+3(x)||’ (2'4)

we have

A2+ (x) = A7 (x) | < [2(2’” 1) v (2’”2)]6(10. 2.5)

22n+3 n n+1

Moreover by induction on n, one can easily see that

1 2n+1 2n+2 3\
22"+3[2< n )+<n+1>]s<4) ’ (2.6)

Thus "
n
HA2n+1(x) _A2n+3(x)|| < (%) S(K). 2.7)
Also, by a similar argument, we also have
3 n
|AZ"(x) — A2 (x)]| < (Z) 5(K). (2.8)

It follows from these inequalities that the sequences (A2 (x))nen and (A2 (X)) pen
are Cauchy sequences. So they converge. As [|A"(x) — A" (x)| — 0, the sequences
(A% (x))nen and (A% 1(x)),en converge to the same point. Hence the sequence
(A™(x))nen converges to this point, which is a fixed point of A, so of T. O

At this point we remark that if the set K is not bounded then this theorem fails
even if X is finite dimensional. Indeed, let X = R, K = [0,c0[ and T(x) = x + 1. This
mapping is nonexpansive and affine but does not have a fixed point.

From this theorem we conclude that if T is strictly nonexpansive and affine, then A
is focusing if and only if it has a unique fixed point. However as mentioned above an
affine mapping may have a unique fixed point even if it is not strictly nonexpansive.

Now by the preceding theorem and corollary, the next result is immediate.

COROLLARY 2.5. If T is nonexpansive, affine, and has a unique fixed point, say xo,
then A is a focusing mapping and focuses at its fixed point.

As applications of these results we present the following.

PROPOSITION 2.6. Let S : K — K be a continuous mapping. Then S has a fixed point
if and only if there exists a strictly nonexpansive affine mapping T : K — K such that,
for each x €K, ||A"oS(x)—-SoA"(x)| — 0.
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PROOF. Let x( be the fixed point of S. Let T be the constant mapping T (x) = xo,
which is affine and strictly nonexpansive. Then A(x) = (x+xg)/2, and, as a direct sim-
ple calculation shows, A" (x) — x for each x € K, so that ||A"oS(x) —SoA™(x)| — O.
Conversely, if, for some strictly nonexpansive affine mapping T : K — K, we have
|[A"oS(x) —SoA"(x)|| — O (we recall that A = (I +T)/2) then, by Theorem 2.4, T has
a fixed point x( and since T is strictly nonexpansive, xy is the unique point of T. So
by Corollary 2.5, A focuses at xg. Hence [|[A" o S(x) —So A" (x)|| — |lxo—S(x0)|l =0,
which completes the proof. O

Remark that Proposition 2.6 remains valid if T is not strictly nonexpansive but
nonexpansive and has a unique fixed point. This remark also applies to the next result.

The classical Markov-Kakutani theorem [1, page 456] states that a family of continu-
ous affine and pairwise commuting family of mappings from a convex compact subset
of a locally convex topological vector space into itself has a common fixed point. In
the next result we show that, in the setting of Banach spaces, dropping compactness
and assuming that one of the mapping is strictly nonexpansive, we still have the same
conclusion.

COROLLARY 2.7. Let (Ty)xer be a family of pairwise commuting nonexpansive affine
mappings on K. If one of them, say Ty,, is strictly nonexpansive, then the family (T ) xer
has a unique common fixed point.

PROOF. By Theorem 2.4, Ty, has a unique fixed point xy. Since the mappings Ts
commute pairwise, xp is a common fixed point of all mappings T,s. The uniqueness
is obvious. O
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