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ON O-PRECONTINUOUS FUNCTIONS
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ABSTRACT. We introduce a new class of functions called 0-precontinuous functions which
is contained in the class of weakly precontinuous (or almost weakly continuous) func-
tions and contains the class of almost precontinuous functions. It is shown that the 6-
precontinuous image of a p-closed space is quasi H-closed.
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1. Introduction. A subset A of a topological space X is said to be preopen [14] or
nearly open [26] if A c Int(Cl(A)). A function f : X — Y is called precontinuous [14]
if the preimage f~1(V) of each open set V of Y is preopen in X. Precontinuity was
called near continuity by Ptak [26] and also called almost continuity by Frolik [9] and
Husain [10]. In 1985, Jankovi¢ [12] introduced almost weak continuity as a weak form
of precontinuity. Popa and Noiri [23] introduced weak precontinuity and showed that
almost weak continuity is equivalent to weak precontinuity. Paul and Bhattacharyya
[21] called weakly precontinuous functions quasi precontinuous and obtained the fur-
ther properties of quasi precontinuity. Recently, Nasef and Noiri [16] have introduced
and investigated the notion of almost precontinuity. Quite recently, Jafari and Noiri
[11] investigated the further properties of almost precontinuous functions.

In this paper, we introduce a new class of functions called @-precontinuous func-
tions which is contained in the class of weakly precontinuous functions and con-
tains the class of almost precontinuous functions. We obtain basic properties of 0-
precontinuous functions. It is shown in the last section that the O-precontinuous
images of p-closed (resp., B-connected) spaces are quasi H-closed (resp., semi-
connected).

2. Preliminaries. Throughout, by (X,T) and (Y, o) (or simply X and Y) we denote
topological spaces. Let S be a subset of X. We denote the interior and the closure of
S by Int(S) and CI(S), respectively. A subset S is said to be preopen [14] (resp., semi-
open [13], x-open [17]) if S C Int(CI1(S)) (resp., S C Cl(Int(S)), S € Int(Cl(Int(S)))). The
complement of a preopen set is called preclosed. The intersection of all preclosed sets
containing S is called the preclosure [8] of S and is denoted by pCl(S). The preinterior
of S is defined by the union of all preopen sets contained in § and is denoted by
pInt(S). The family of all preopen sets of X is denoted by PO(X). We setPO(X,x) = {U :
x € U and U € PO(X)}. A point x of X is called a 0-cluster point of S if CI(U)nS # @
for every open set U of X containing x. The set of all 8-cluster points of S is called
the O-closure of S and is denoted by Clg(S). A subset S is said to be 0-closed [27] if
S = Clp(S). The complement of a 9-closed set is said to be 0-open. A point x of X
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is called a pre O-cluster point of S if pCl(U) NS # @ for every preopen set U of X
containing x. The set of all pre 0-cluster points of S is called the pre 0-closure of S
and is denoted by pCly(S). A subset S is said to be pre 0-closed [20] if S = pCly(S).
The complement of a pre 0-closed set is said to be pre 9-open.

DEFINITION 2.1. A function f : X — Y is said to be precontinuous [14] (resp., almost
precontinuous [16], weakly precontinuous [23] or quasi precontinuous [21]) if for each
x € X and each open set V of Y containing f(x), there exists U € PO(X,x) such that
f(U) cV (resp., f(U) cInt(CL(V)), f(U) c CL(V)).

DEFINITION 2.2. A function f:X — Y is said to be almost weakly continuous [12]
if £71(V) cInt(Cl(f~1(CL(V)))) for every open set V of Y.

DEFINITION 2.3. A function f: X — Y is said to be strongly 0-precontinuous [19] if
for each x € X and each open set V of Y containing f(x), there exists U € PO(X,x)
such that f(pCL(U)) C V.

DEFINITION 2.4. A function f : X — Y is said to be 0-precontinuous if for each
x € X and each open set V of Y containing f(x), there exists U € PO(X,x) such that
f(pCLU)) c Cl(V).

REMARK 2.5. By the above definitions and Theorem 3.3 below, we have the following
implications and none of these implications is reversible by [19, Example 2.2], [11,
Example 2.9], and Examples 2.6 and 5.11 below.

strongly 8-precontinuous = precontinuous = almost precontinuous

(2.1)
= @-precontinuous = weakly precontinuous.

EXAMPLE 2.6. This example is due to Arya and Deb [4]. Let X be the set of all
real numbers. The topology T on X is the cocountable topology. Let Y = {a,b,c},
o ={9,Y,{a},{c},{a,c}}. We define a function f: (X,T) — (Y,0) by f(x) =a if x
is rational; f(x) = b if x is irrational. Then f is a 6-precontinuous function which is
not almost precontinuous

3. Characterizations

THEOREM 3.1. For a function f : X — Y the following properties are equivalent:
(1) fis 0-precontinuous;

(2) pCly(f~1(B)) c f~1(Clg(B)) for every subset B of Y;

(3) f(pCly(A)) C Cla(f(A)) for every subset A of X.

PROOF. (1)=(2). Let B be any subset of Y. Suppose that x ¢ f~1(Clg(B)). Then
f(x) ¢ Clp(B) and there exists an open set V containing f (x) such that CI(V)nB = &.
Since f is 0.p.c., there exists U € PO(X, x) such that f(pCl(U)) c C1(V). Therefore, we
have f(pCl(U))nB = @ and pCl(U) n f~1(B) = @. This shows that x ¢ pCly(f~1(B)).
Thus, we obtain pCly (f~1(B)) c f~1(Clg(B)).
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(2)=(3). Let A be any subset of X. Then we have pCly(A) C pCly(f~1(f(A))) C
f71(Clg(f(A))) and hence f(pCly(A)) C Clo(f(A)).

(3)=(2). Let Bbe a subset of Y. We have f(pCl,(f~1(B))) C Clo(f(f~1(B))) c Clg(B)
and hence pCly (f~1(B)) € f~1(Clp(B)).

(2)=(1). Let x € X and V be an open set of Y containing f (x). Then we have C1(V)n
(Y-Cl(V)) = @ and f(x) ¢ Clg(Y —CL(V)). Hence, x ¢ f~1(Clg(Y —CL(V))) and x ¢
pCly (f~1(Y = CL(V))). There exists U € PO(X,x) such that pCL(U) n f~1(Y -C1(V)) =
@; hence f(pCl(U)) c CI(V). Therefore, f is 0.p.c. O

THEOREM 3.2. For a function f : X — Y the following properties are equivalent:
(1) f is O-precontinuous;

(2) f~1(V) cpInty(f~1(CI(V))) for every open setV of Y;

(3) pCly(fF~1(V)) c f~1(CL(V)) for every open setV of Y.

PROOF. (1)=(2). Suppose that V is any open setof Y and x € f~1(V). Then f(x) €
V and there exists U € PO(X,x) such that f(pCl(U)) c CI(V). Therefore, x € U C
pCL(U) c f~1(C1(V)). This shows that x € pInt,(f~1(Cl(V))). Therefore, we obtain
F7HV) cpInty (f 1 (CL(V))).

(2)=(3). Suppose that V is any open set of Y and x ¢ f~1(C1(V)). Then f(x) ¢
Cl(V) and there exists an open set W containing f(x) such that WnV = &; hence
Cl(W)nV = @. Therefore, we have f~(CI(W))n f~1(V) = &. Since x € f~1 (W), by
(2) x € pInty (f 1 (CL(W))). There exists U € PO(X, x) such that pCl(U) C f~1(Cl(W)).
Thus we have pCl(U) n f~1(V) = @ and hence x ¢ pCly(f~1(V)). This shows that
pCly(f~1(V)) C fF7H(CUV)).

(3)=(1). Suppose that x € X and V is any open set of Y containing f(x). Then
Vn(Y-Cl(V)) = @ and f(x) ¢ CI(Y —CL(V)). Therefore, x ¢ f~1(Cl(Y —Cl(V))) and
by (3) x ¢ pCly(f~1(Y-Cl(V))). There exists U € PO(X, x) such that pCL(U) n f~1 (Y -
Cl(V)) = @. Therefore, we obtain f(pCl(U)) c CI(V). This shows that f is 0.p.c. O

THEOREM 3.3. For a function f : X — Y the following properties hold:
(1) if f is almost precontinuous, then it is 0-precontinuous;
(2) if f is O-precontinuous, then it is weakly precontinuous.

PROOF. Statement (2) is obvious. We will show statement (1). Suppose that x €
X and V is any open set of Y containing f(x). Since f is almost precontinuous,
F~1(Int(CL(V))) is preopen and f~1(Cl(V)) is preclosed in X by [16, Theorem 3.1].
Now, set U = f~1(Int(Cl(V))). Then we have U € PO(X,x) and pCl(U) c f~1(Cl(V)).
Therefore, we obtain f(pCl(U)) c CI(V). This shows that f is 0.p.c. O

COROLLARY 3.4. Let Y be aregular space. Then, for a function f : X — Y the following
properties are equivalent:

(1) f is strongly 0-precontinuous;

(2) f is precontinuous;

(3) f is almost precontinuous;

(4) f is O-precontinuous;

(5) f is weakly precontinuous.

PROOF. This is an immediate consequence of [19, Theorem 3.2]. O
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DEFINITION 3.5. A topological space X is said to be pre-regular [20] if for each
preclosed set F and each point x € X — F, there exist disjoint preopen sets U and V
such thatx e U and F C V.

LEMMA 3.6 (see [20]). A topological space X is pre-regular if and only if for each U €
PO(X) and each point x € U, there exists V € PO(X,x) such that x € V C pCL(V) C U.

THEOREM 3.7. Let X be a pre-regular space. Then f : X — Y is O.p.c. if and only if it
is weakly precontinuous.

PROOF. Suppose that f is weakly precontinuous. Let x € X and V is any open set
of Y containing f (x). Then, there exists U € PO(X, x) such that f(U) c CI(V). Since X
is pre-regular, there exists U, € PO(X,x) such that x € U, C pCl(U,) C U. Therefore,
we obtain f(pCl(Uy)) c C1(V). This shows that f is 0.p.c. O

THEOREM 3.8. Let f: X — Y be a function and g : X — X XY the graph function of
f defined by g(x) = (x, f(x)) foreach x € X. Then g is 6.p.c. if and only if f is 6.p.c.

PROOF

NECESSITY. Suppose that g is 0.p.c. Let x € X and V be an open set of Y containing
f(x). Then X xV is an open set of X XY containing g (x). Since g is 6.p.c., there exists
U € PO(X,x) such that g(pCl(U)) c CI(X x V). It follows that CI(X xV) = X xCI(V).
Therefore, we obtain f(pCl(U)) c CI(V). This shows that f is 6.p.c.

SUFFICIENCY. Let x € X and W be any open set of X XY containing g(x). There
exist open sets U; € X and V C Y such that g(x) = (x, f(x)) € Uy xV C W. Since f
is 6.p.c., there exists U, € PO(X,x) such that f(pCl(Uz)) c CI(V). Let U = Uy N Uy,
then U € PO(X,x). Therefore, we obtain g(pCl(U)) c Cl(Uy) x f (pCl(U;)) c Cl(Uy) x
Cl(V) c Cl(W). This shows that g is 0.p.c. O

4. Some properties

LEMMA 4.1 (see [15]). Let A and X, be subsets of a space X.
(1) If A € PO(X) and X, is semi-open in X, then An Xy € PO(X)p).
(2) If A € PO(Xy) and Xy € PO(X), then A € PO(X).

LEMMA 4.2 (see [7]). Let A and X, be subsets of a space X such that A C Xy C X. Let
pCly, (A) denote the preclosure of A in the subspace Xo.

(1) If Xo is semi-open in X, then pCly (A) C pCl(A).

(2) If A € PO(Xp) and X, € PO(X), then pCl(A) C pCly, (A).

THEOREM 4.3. If f : X — Y is O.p.c. and X, is a semi-open subset of X, then the
restriction f/Xo:Xo — Y is 0.p.c.

PROOF. For any x € X and any open neighborhood V of f(x), there exists U €
PO(X,x) such that f(pCl(U)) c CI(V) since f is 0.p.c. Put Uy = U n Xy, then by
Lemmas 4.1 and 4.2 Uy € PO(Xo,x) and pCly, (Uo) C pCl(Up). Therefore, we obtain

(f/X0) (pCly, (Uo)) = f (pCly, (Vo)) C f(pCl(Up)) € f(pCLU)) C CLV).  (4.1)

This shows that /X, is 6.p.c. O
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THEOREM 4.4. A function f : X — Y is O.p.c. if for each x € X there exists X, €
PO(X,x) such that the restriction f/Xy: Xy — Y is 6.p.c.

PROOF. Let x € X and V be any open neighborhood of f(x). There exists Xy €
PO(X,x) such that f/X,: Xo — Y is O.p.c. Thus, there exists U € PO(Xy,x) such
that (f/Xo)(pCIXO(U)) C CI(V). By Lemmas 4.1 and 4.2, U € PO(X,x) and pCl(U) C
pCly, (U). Hence, we have f(pCl(U)) = (f/Xo) (pCLU)) C (f/Xo) (pCly, (U)) C CL(V).
This shows that f is 0.p.c. O

COROLLARY 4.5. Let {Uy : A € A} be an x-open cover of a topological space X. A
function f : X — Y is 0.p.c. if and only if the restriction f /Uy : Uy — Y is 0.p.c. for each
A EA.

PROOF. This is an immediate consequence of Theorems 4.3 and 4.4. O

Let {X4: @ € d} be a family of topological spaces, A, a nonempty subset of X, for
each x € o and X =II{ Xy : & € 4} denote the product space, where o is nonempty.

LEMMA 4.6 (see [8]). Let n be a positive integer and A = H}?:IAD(J. XMt o Xa-
(1) A € PO(X) if and only ion(j IS PO(X[XJ,) foreach j=1,2,...,n.
(2) pCl(H(xem AO() C HtxestlpCI(Atx)-

THEOREM 4.7. If a function fy: Xy — Y« is 0.p.c. for each x € . Then the product
function f : 11Xy — 1Y, defined by f ({x«}) = {fa(x«)} for each x = {xy}, is 0.p.c.

PROOF. Let x = {x,} € I1X, and W be any open set of ITY, containing f(x). Then,
there exists an open set V ; of Yy : such that

f0)={fa(xa)} € T Ve X Mg Ya CW. (4.2)

Since fy is 0.p.c. for each «, there exists Ug; € PO(Xaj,xaj) such that fo(j(pCI(UD(j))
- Cl(VD(J,) for j =1,2,...,n. Now, put U = H?:on(j xHa¢ana. Then, it follows from
Lemma 4.6 that U € PO(IT1X4,x). Moreover, we have

S (pCUW))  f (T}, pCL(Uay) X Moty Xex)
CI, fo; (PCl(Uw;)) X Mt Y (4.3)
C H}?:lCl(V,xj) X Haza; Yo C CLUW).
This shows that f is 0.p.c. O

5. Preservation property

DEFINITION 5.1. A topological space X is said to be

(1) p-closed [7] (resp., p-Lindeldf) if every cover of X by preopen sets has a finite
(resp., countable) subfamily whose preclosures cover X,

(2) countably p-closed if every countable cover of X by preopen sets has a finite
subfamily whose preclosures cover X;

(3) quasi H-closed [25] (resp., almost Lindelof [6]) if every cover of X by open sets
has a finite (resp., countable) subfamily whose closures cover X,

(4) lightly compact [5] if every countable cover of X by open sets has a finite sub-
family whose closures cover X.
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DEFINITION 5.2. A subset K of a space X is said to be

(1) p-closed relative to X [7] if for every cover {Vy: @ € 4} of K by preopen sets
of X, there exists a finite subset {, of & such that K Cc U{pCl(Vy) : x € A},

(2) quasi H-closed relative to X [25] if for every cover {Vy: & € 4} of K by open
sets of X, there exists a finite subset s, of & such that K C U{Cl(Vy) : & € s, }.

THEOREM 5.3. If f: X — Y is a 0.p.c. function and K is p-closed relative to X, then
f(K) is quasi H-closed relative to Y.

PROOF. Suppose that f: X — Y is 6.p.c. and K is p-closed relative to X. Let {V:
x € d} be a cover of f(K) by open sets of Y. For each point x € K, there exists
x(x) € d such that f(x) € V(). Since f is 0.p.c., there exists Uy € PO(X,x) such
that f(pCl(Uy)) C Cl(Vy(x))- The family {Uy : x € K} is a cover of K by preopen sets
of X and hence there exists a finite subset K, of K such that K C Uyek, pCL(Uy).
Therefore, we obtain f(K) C Uyek, Cl(Va(x)). This shows that f(K) is quasi H-closed
relative to Y. O

COROLLARY 5.4. Let f: X — Y be a 0.p.c. surjection. Then, the following properties
hold:

(1) If X is p-closed, then Y is quasi H-closed.

(2) If X is p-Lindeldf, then Y is almost Lindelof.

(3) If X is countably p-closed, then Y is lightly compact.

A subset S of a topological space X is said to be S-open [1] or semipreopen [3]
if S ¢ CI(Int(CIL(S))). It is well known that x-openness implies both preopenness and
semi-openness which imply B-openness. The complement of a semipreopen set is said
to be semipreclosed [3]. The intersection of all semipreclosed sets of X containing a
subset S is the semipreclosure of S and is denoted by spCl(S) [3].

DEFINITION 5.5. A topological space X is said to be

(1) B-connected [24] or semipreconnected [2] if X cannot be expressed as the union
of two nonempty disjoint S-open sets,

(2) semi-connected [22] if X cannot be expressed as the union of two nonempty
disjoint semi-open sets.

REMARK 5.6. We have the following implications:
B-connected = semi-connected = connected. (5.1)

But, the converses need not be true as the following simple examples show.

EXAMPLE 5.7. (1) Let X = {a,b,c} and T = {X,9,{a},{b},{a,b}}. Then (X,T) is
connected but not semi-connected.

(2) Let X = {a,b,c} and T = {X,,{b,c}}. Then (X, T) is semi-connected but not
B-connected.

LEMMA 5.8. For a topological space X, the following properties are equivalent:

(1) X is B-connected or semipreconnected.

(2) The intersection of two nonempty semipreopen subsets of X is always nonempty.
(3) The intersection of two nonempty preopen subsets of X is always nonempty.
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(4) pCI(V) = X for every nonempty preopen subset V of X.
(5) spCl(V) = X for every nonempty semipreopen subset'V of X.

PROOF. The proofs of equivalences of (1), (2), and (3) are given in [2, Theorem 6.4].
The other properties (4) and (5), which are stated in [18], are easily equivalent to (3)
and (2), respectively. O

THEOREM 5.9. If f: X — Y is a 0.p.c. surjection and X is B-connected, then Y is
semi-connected.

PROOF. Let V be any nonempty open set of Y. Let v € V. Since f is surjective,
there exists x € X such that f(x) = y. Since f is 0.p.c., there exists U € PO(X,x)
such that f(pCl(U)) c CI(V). Since X is B-connected, by Lemma 5.8 pCl(U) = X and
hence CI(V) = Y since f is surjective. Therefore, it follows from [22, Theorem 4.3]
that Y is semi-connected. O

REMARK 5.10. The following example shows that the image of B-connectedness
under weakly precontinuous surjections is not necessarily semi-connected.

EXAMPLE 5.11. Let X be the set of real numbers, T = {J}u{V c X:0 € V},
Y ={a,b,c}, and o = {Y,D,{a},{b},{a,b}}. Define a function f: (X,7) — (Y,0) as
follows: f(x) =aif x <0; f(x) =cif x =0; f(x) = b if x > 0. Then f is a weakly pre-
continuous surjection which is not 6.p.c. The topological space (X, T) is B-connected
by Lemma 5.8. By Example 5.7(1), (Y, o) is connected but not semi-connected.
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