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We introduce the notion of fuzzy filters and weak filters in BCI-algebras and discuss their
properties. Then we establish some relations among filters, fuzzy filters, and weak filters
in BCI-algebras.
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1. Introduction. The main problem in fuzzy mathematics is how to carry out the
ordinary concepts to the fuzzy case. The difficulty lies in how to pick out the rational
generalization from the large number of available approaches. It is worth noting that
fuzzy ideals (fuzzy filters) are different from ordinary ideals (filters) in the sense that
one cannot say which BCI-algebra element belongs to the fuzzy ideal (fuzzy filter)
under consideration and which one does not.

In[9, 8, 10, 11, 12], some properties of fuzzy semigroups and ideals in BCI-algebras
were established using the concept of fuzzy point. In this note, we introduce and give
some characterization of fuzzy filter in BCI-algebras.

1.1. Preliminaries. (See [1, 4, 5, 6, 13].) An algebra (X, %,0) of type (2,0) is said to
be a BCI-algebra if for any x,y,z in X, the following conditions hold:

(BCI-1) ((x*y)* (x*2z))*x(zxy)=0.

(BCI-2) (x x (x*y))*xy =0.

(BCI-3) x *xx = 0.

(BCI-4) x*y =0and y *xx =0 imply x = y.
If we define a binary relation < on X by

(BCI-5) x <y if and only if x * y = 0, then (X, <) is partially ordered.

The following properties also hold in any BCI-algebra (see [1, 2, 3, 4, 5, 6, 7, 13]).

(1) x*%0=x.

(2) x xy =0 implies (x xz) x (y*xz)=0and (zxy) *x(z*xx) =0.

B) (xky)kz=(x*xZz)*xy.

4) (x*xy)*xx=0.

B)x*k(x*x(x*xy)) =x%y.

(6) Ok (x*xy)=(0%xx)%(0%y).

(7) (xAy)*y =0, where xAy = x % (x*y).

1.2. Algebra structure of the set of fuzzy points in BCl-algebras. Let (X, *,0) be
a BCI-algebra. A fuzzy set Ain X isamap A: X — [0,1]. If € is the family of all fuzzy
sets in X, x) € & is a fuzzy point if and only if x () = A when x = y; and xx(y) =0
when x # y. We denote by X = {xa/x € X, A € (0,1]} the set of all fuzzy points on X
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and define a binary operation on X as follows:
XAk Yu = (X kY )min(Ap)- (1.1)

It is easy to verify that (X, %) satisfies the following conditions: for any x, VurZa € X
(BCI-1") ((xa  yy) * (Xa * Za)) * (Za % Vi) = Omin(A e«
(BCI-2") (xa * (XA * Yu)) * ¥u = Omin(a,p)-
(BCI-3") xp * x) = 0).

REMARK 1.1. The condition (BCI-4) is not true in (X, ). So the partial order <
in X cannot be extended in (X, *). We will call (X, %) a weak BCI-algebra. We can also
establish the following conditions: for any x,, Yy, z« € X

(1) xa * 0y = Xmin(a,p)-

(2') xa * = Omin(a,) implies that

(XA * Z(x) * (yu * le) = Omin(A, 1,00 » (Za *yu) * (Z(x *X)) = Omin(A, ) - (1.2)

(3") (XA * V) * Zo = (XA * Za) * V.

(4") (2a * ) * X7 = Omin(a,)-

(57) 2a * (xa * (XA * Yp)) = X * Yy

(6") Ok (xa % p) = (O % x2) * (O k V).

(7)) (xAAY) * ¥y = Omin(a,m), where XAy, = xa sk (xa ok yu).

We also recall that if A is a fuzzy subset of a BCl-algebra X, then we have the
following:

A={xy:Ax) = A, xaeX, Ae (0,111, (1.3)
for any A € (0,1]
X}\:{X;\ZX)\ EX}, AA:{X;\ZX)\ GA} (1.4)

We have X3 c X, Ac X, Ay c A, and A, < X,.
It can easily be proved that (Xj, *,0,) is a BCI-algebra.

1.3. Weak ideal

DEFINITION 1.2 (see [7]). A nonempty subset I of BCl-algebras X is called an ideal
if it satisfies
(a) 01,
(b) xxy eland y €I imply x 1.
An ideal I of X is said to be closed if 0 x € I when x € 1.

DEFINITION 1.3 (see [7]). A fuzzy subset A of a BCI-algebra X is a fuzzy ideal if
and only if:

(a) For any x € X, A(0) > A(x).

(b) For any x,y € X, A(x) = min(A(x x y),A(y)).

A fuzzy ideal A of X is said to be closed if A(0*x) > A(x) for any x € X.
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DEFINITION 1.4. A is a weak ideal of X if it satisfies the following conditions:
(a) For any v € Im(A), 0, € A.

(b) For any x», v, € X such that x, * y, € A and y, € A, we have Xmin(a ) € A.
A weak ideal A is said to be closed if 0 % x) € A for any x» € A.

REMARK 1.5. A weak ideal A has the following property:

XA % Yy = Omin(Ap)s Yy € A= Xmin(A,u) € A. (1.5)

Clearly, let xa, v, € X such that x; * 3y = Omin(r, and ¥, € A.

Now, y, € A implies that A(y) = u. Let A(y) = «. Using Definition 1.4(a), we
obtain 0y € A. So A(0) > . But o« = A(y) = p = min(A, ). S0 Ominryy € A. Using
Definition 1.4(b), we obtain Xmin ) € A.

Now we discuss the relation between ideal, fuzzy ideal, and weak ideal.

THEOREM 1.6. Suppose that A is a fuzzy subset of X. Then the following conditions
are equivalent:

(1) A is a closed fuzzy ideal.
(2) A is a closed weak ideal.

(3) For any t € (0,1] the t-level subset At = {x € X/A(x) =t} is a closed ideal when
Al = @,

The proof is the same as [10, Theorem 1.4].

2. Fuzzy filter. In this section, we introduce and discuss the notion of fuzzy filter
in a BCI-algebra X.

DEFINITION 2.1 (see [1]). A filter of X is a nonempty subset F such that
(@) x e Fand y € F imply xAy € F and xAy € F.
(b) x € Fand x < y imply y € F.

DEFINITION 2.2. A nonconstant fuzzy set A of X is a fuzzy filter if:
(@) A(xAy) = min(A(x),A(y)) and A(yAx) > min(A(x),A(y)).
(b) A(y) = A(x) when x < y.

DEFINITION 2.3. Let F be a subset of X and A € (0,1] we define a fuzzy set Axr as
Axe(x) = Aif x € F and Axr(x) = 0 otherwise.

THEOREM 2.4. A subset F of X is a filter if and only if Axr is a fuzzy filter.

PROOF. Suppose that F is a filter of X.
(a) Let x,y € X such that x € F and y € F. We have Axr(x) = A and Axr(y) = A.

Since F is a filter, we have then xAy € F and yAx € F and Axr(xAy) = A = Axr(YAx)
such that

AXp(xAY) =z min (Axr(x),AXr (),  AXp(YAX) =min (Axp(x),Axr(¥)). (2.1)
If x ¢ Foryé¢F, mn(Axr(x),Axr(y)) = 0 such that

AXp(xAy) =zmin (Axr(x),Axr(>)),  AXp(¥Ax) =min (Axp(x),AXxr(¥)). (2.2)
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(b) Let x,¥ € X and x < y, we must show that Axr(y) = Axr(x).

If x € F, we have Axr(x) = A, since F is a filter v € F and Axr(y) = A such that
AXrF(Y) = Axr(x). If x € F, Axr(x) = 0 and we obtain Axr(y) = Axr(x).

Conversely, assume that Axr is a fuzzy filter, we must prove that F is a filter.

(a) Let x,y € F. Then Axr(x) = Axr(y) = A. Since Axr is a fuzzy filter,

Axr(xAy) =min (Axe(x),Axr (1)) = A, 2.3)
AXr(¥Ax) =min (Axr(x),AxF(¥)) = A. '

So Axr(xAy) = Axr(yAx) = A such that xAy € F and yAx € F.
(b) Let x € F and x < . Then Axr(x) = A and because Axr is a fuzzy filter Axr(y) >
AXF(x).So Axg(y) = A such that y € F. O

We characterize fuzzy filters in terms of level subsets as in the following theorem.

THEOREM 2.5. A fuzzy subset A of a BCI-algebra X is a fuzzy filter if and only if for
anyt € (0,1] the t-level subset At = {x € X/A(x) =t} is a filter when At + Q.

PROOF. Suppose that for any t € (0,1] the t-level subset Al = {x € X/A(x) >t} is
a filter when A! = @, we want to show that A is a fuzzy filter.

(a) Let x,v € X and t = min(A(x),A(y)). Then x,y € A! and because A! is a filter,
we have xAy € A! and yAx € A! such that A(xAy) >t = min(A(x),A(y)) and
A(yAx) =t =min(A(x),A(y)).

(b) Let x, ¥ € X and x < y, we must show that A(y) > A(x).

Let t = A(x). Then x € A! and because A! is a filter, we have y € A’ such that
A(y)=t=A(x).

Conversely, assume that A is a fuzzy filter of X, we must prove that forany t € (0,1]
the t-level subset Al = {x € X/A(x) =t} is a filter when A! + &.

(a) Let x,y € At. Then A(x) >t and A(y) > t. Since A is a fuzzy filter, A(xAy) =
min(A(x),A(y)) >t and A(yAx) = min(A(x),A(y)) = t such that xAy € Al and

yAx € AL,
(b) Let x € A and x < . Then A(x) > t and because A is a fuzzy filter A(y) = A(x).
So A(y) = A(x) = t such that y € AL, O

Now, we construct new fuzzy filters from old ones.

DEFINITION 2.6 (see [8]). If Aisafuzzysubsetof Xanda €[0,1),letA%:X — [0,1]
be given by A% (x) = (A(x))4.

THEOREM 2.7. If A is a fuzzy filter, then A% is also a fuzzy filter.
PROOF. (a)Lletx,y € X.A%(xAy)=(A(xAy))4%. Since Ais afuzzy filter, A(xAy) =
min(A(x),A(y)) such that
(A(xAY))" = (min (A(x),A(»)))"
= min ((A(x))“, (A(»)") (2.4)
=min (A%(x),A%(y)).
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So A%(xAy) = min(A%(x),A%(y)). Similarly, we can prove that
A% (yAx) = min (A% (x),A%(y)). (2.5)

(b) Let x,y € X such that x < y. A%(y) = (A(y))%. Since A is a fuzzy filter, A(y) >
A(x) such that

(A" = (A())" = A%(x). (2.6)
So A%(y) = A%(x). |

DEFINITION 2.8 (see [7]). Let f:X — Y be a mapping. Let B be a fuzzy subset in
F(X).Then f~1(B)(x) = B(f(x)) is afuzzy subset, conversely, let A be a fuzzy subset
in X, then f(A), defined by

S(A)(y)= sup A1), (2.7)
tef-1(y)

is a fuzzy subset of Y.
A mapping f is called a BCI-homomorphism if f(x *y) = f(x) * f (). Itis easy to
see that in a BCI-homomorphism, f(0) =0 and f(x) < f(») when x < y.

THEOREM 2.9. Let f be an onto BCI-homomorphism.

(1) If B is a fuzzy filter, then f~1(B) is also a fuzzy filter.

(2) If A is a fuzzy filter and has a sup property (for any subset T of X, there exists
to € T such that A(ty) = sup;c1 A(t)) then f(A) is also a fuzzy filter.

PROOF. (la)Lletx,y € X, f~1(B)(xAy)=B(f(xAy))=B(f(x)Af(y)).Since B is
a fuzzy filter, we have

B(f(x)Af(»)) =zmin(B(f(x)),B(f(»))) =min(f ' (B)(x),f(B)(¥)) (2.8)
such that f~1(B) (xAy) = min(f~'(B)(x), f~'(B)(y)). Similarly, we can prove that
S7HB) (yAx) = min (fH(B) (x), f 1 (B)(»)). (2.9)

(b) Let x,y € X such that x < y. Then f(x) < f(¥)f ' (B)(y) = B(f(¥)). Since
B is a fuzzy filter, we have B(f(v)) = B(f(x)) = f~1(B)(x) such that f~'(B)(y) =
SHB) (x).

(2a) Let v,y € Yand x € f~1(y), x’ € f~1(y’) such that

A(x)= sup A(t), A(x')= sup A(t),

tef~1(y) tef-1(y")
(2.10)
A(xAx')= sup A(t), [fA(YAY')= sup =A(xAx).
tef~1(yAy") tef~1(yAy")
Since A is a fuzzy filter,
A(xAx') =2min (A(x),A(x"))
=min( sup A(t), sup A(t)) (2.11)
tef~1(») tef~1(")

=min (f(A)(¥),f(A) ("))
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such that

fA)(YyAY') =zmin (f(A) (), f(A) (). (2.12)

Similarly, we can prove that f(A)(y'Ay) =min(f(A)(y), f(A)(¥')).

(b) Let y < »" and x € f~1(y), x’ € f~1(»') such that A(x) = Sup;c-1(,) A(t),
A(x") = sup;cp-1(,)A(t), and x < x’ fA)(y") = SUPef-1(,) AL) = A(x").

Since A is a fuzzy filter, A(x') = A(X) = sup;cp-1(,)A(t) = f(A)(y) such that,
SA ) = f(A) ). O

3. Weak filter. In this section, we introduce and discuss the notion of weak filters
in a BClI-algebra X.

DEFINITION 3.1. Let A be a fuzzy set of X. A is a weak filter if for any xa,y, € X,
(@) xa € A and y, € A imply xaAy, € A and y,Ax, € A.
(b) X\ € A and XA XYy = Omin()\,u) imply Ymin(A,u) € A.

We characterized fuzzy filters in terms of weak filters as follows.

THEOREM 3.2. A fuzzy subset A of a BCl-algebra X is a fuzzy filter if and only if A
is a weak filter.

PROOF. Suppose that A is a weak filter, we want to show that A is a fuzzy filter.

(@) Let x,y € X and t = min(A(x),A(y)). Then x;,y; € A and because A is a weak
filter, we have x;Ay; € A and y,;Ax; € A such that A(xAy) = t = min(A(x),A(y))
and A(YAx) =t =min(A(x),A(y)).

(b) Let x,y € x and x < v, we must show that A(y) = A(x).

Let t = A(x). Then x; € A and because x < v, we have x; x y; = 0y.

Using the fact that A is a weak filter, we obtain y; € A such that A(y) >t = A(x).
Conversely, assume that A is a fuzzy filter of X, we must prove that A is a weak filter.

(a) Let xp, vy, € A. Then A(x) > A and A(y) = p. Since A is a fuzzy filter, A(xAy) >
min(A(x),A(y)) > min(A,u) and A(xAy) > min(A(x),A(y)) > min(A, u) such that
xaAy, € A and y,Ax) € A.

(b) Let x3 € A and x, * Yy = Omin(a,u- Then A(x) = A and x < y. Because A is a
fuzzy filter A(v) = A(x) = A > min(A, ) such that Yminau) € A. O

The following theorem characterizes weak fuzzy filters (namely, fuzzy filter
Theorem 3.2).

THEOREM 3.3. Let A be a closed fuzzy ideal (namely, A is a closed weak ideal
Theorem 1.6). Then A is a weak filter if and only if A satisfies the following equiva-
lent conditions:

(i) xa € A and Ymin(ry) & A imply that x x v, A.
(i) xr € A and x x y, € A imply that Ymini ) € A.

PROOF. Itis easy to see that (i) and (ii) are equivalent.

Suppose that A is a weak filter, we want to show that A satisfies (i).

Let xa € A and Ymina ) ¢ A. Using (6') and (4), we obtain 0x * (xa * V) = (0 % X)) *
(0ak yy) = [0x % (Oa % V) ] xa.
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If xA % v, € A, then 0y * (x) * ;) € A because A is a closed weak ideal. So
[0a % (0x % ¥,) ] % x\ € A. Since x; € A and A is a weak ideal, we obtain 0, * (0 * ;) €
A. But from (BCI-3") and (3") [0 * (0x * 7)1 % ¥y = Omin(a,») and since A is a weak filter,
we obtain Ymin(r ) € A which is a contradiction. Thus A satisfies (i).

Conversely, suppose that A satisfies (ii), we must show that A is a weak filter.

(@) Let x) € A and y, € A. From (7') (xaAYy) * Yy = Ominay and (VuAxy) * Xp =
Omin(a,z)- Because A is a weak ideal, xaAy, € A and y,Ax; € A.

(b) Let x € A and x * 7y = Omin(a - Since A is a weak ideal, x x v, € A. Using (ii),
we obtain Ymina ) € A. O

4. Closed fuzzy filters. In this section, we introduce and discuss the notion of
closed fuzzy filters and closed weak filters in a BCI-algebra.

DEFINITION 4.1 (see [1]). A filter F of X is said to be closed if 0 x x € F when x € F.

DEFINITION 4.2. A fuzzy filter A of X is said to be closed if A(0* x) > A(x) for
any x € X.

DEFINITION 4.3. A weak filter A is said to be closed if 0, * x) € A for any x, € A.

Now we discuss the relation between closed filters, closed fuzzy filters and closed
weak filters.

THEOREM 4.4. Suppose that A is a fuzzy filter (namely, A is a weak filter; and for any
t € (0,1] the t-level subset At = {x € X/A(x) =t} is a filter when At = @, Theorems
2.5 and 3.2). Then the following conditions are equivalent:

(1) A is a closed fuzzy filter.

(2) A is a closed weak filter.

(3) For any t € (0,1] the t-level subset At = {x € X/A(x) =t} is a closed filter when
Al = @,

PROOF. (1)=(2).Letx) € A.Then A(x) = A.Since A is a closed fuzzy filter, A(0 * x) >
A(x) = A such that (0% x)y = 0, % x) € A.

(2)=(3). Let x € At. Then A(x) > t such that x; € A. Since A is a closed weak filter,
0p%x; = (0%x); € A. So A(0* x) > t such that 0% xAt.

(3)=(1). Let x € X and t = A(x). Then x € A! and because A! is a closed filter, we
have 0% x € A! such that A(Oxx) >t = A(x). O

THEOREM 4.5. Let A be a closed fuzzy filter (namely, A is a closed weak filter
Theorem 4.4). Then the following conditions are equivalent.
(i) A(x*xy)=A(y*x) forany x,y € X.
(ii) xr* vy € A imply y, * x) € A.

PROOF. Assume that A is a closed fuzzy filter, we want to show that (ii) holds.

Let x, * v, € A. Since A is a closed weak filter, 0 * (x % V) € A.But 0y * (xa % yy) =
[0 (x % 3) Imina) = [ % ) % (X % ) Imin( gy = (Y k V) * (xa % v,) € A and using
(3") and (BCI-1'), we have [ (3 * yyu) * (xa % ) 1 x (v xa) = [k ) * (Vpkxa) ] *

(xa * ¥u) = Omin(a,p)- Since A is a weak filter, we obtain (7 * X )min(au) = Yy kX2 € A.
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Now, we prove that (i) and (ii) are equivalent.

(1)=(2). Let xa,¥v, € X such that x * ¥, € A. x) * v, € A implies A(x * y) >
min(A, u). But A(y *xx) = A(x*y) = min(A, y) such that (¥ * X)min(\u) = Yu*kXa € A.

(2)=(1). Let x,v € X and t = A(x *y). Then (x * y); = x; * ¥; € A. Using the
hypothesis, we obtain y; x x; = (¥ *x); € A such that Alyxx)=t=A(x*xy).

Similarly, we can prove that A(x x y) > A(y * x). Finally, we obtain A(x *x y) =
A(y *xx). O

THEOREM 4.6. Theorems 2.7 and 2.9 are valid if “fuzzy filter” is replaced by “closed
fuzzy filter.”

The proof is the same as Theorems 2.7 and 2.9. So it is omitted.
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