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In 1999, Chen established a sharp relationship between the Ricci curvature and the squared
mean curvature for a submanifold in a Riemannian space form with arbitrary codimension.
Similar problems for submanifolds in complex space forms were studied by Matsumoto
et al. In this paper, we obtain sharp relationships between the Ricci curvature and the
squared mean curvature for submanifolds in Kenmotsu space forms.
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1. Preliminaries. Let (M, <,>) be a Hermitian manifold and denote by J the canon-
ical almost complex structure on M. According to the behavior of the tangent bundle
TM with respect to the action of J, we may distinguish two special classes of subman-
ifolds M in M:

(a) complex submanifolds, that is, J(T,M) = T,M, for all p € M.

(b) totally real submanifolds, that is, J(T,M) C T, M, for all p € M, where T,M
(resp., T, M) is the tangent (resp., the normal) vector space of M at p. Such submani-
folds were defined and studied by Chen and Ogiue [4].

On the other hand, Yano and Ishihara [8] considered a submanifold M whose tan-
gent bundle TM splits into a complex subbundle % and a totally real subbundle %*.
Later, such a submanifold was called a CR-submanifold [1, 2]. Blair and Chen [1]
proved that a CR-submanifold of a locally conformal Kaehler manifold is a Cauchy-
Riemann manifold in the sense of Greenfield.

The first main result on CR-submanifolds was obtained by Chen [2]: any CR-
submanifold of a Kaehler manifold is foliated by totally real submanifolds (i.e., the
totally real subbundle is involutive).

As nontrivial examples of CR-submanifolds, we can mention the (real) hypersur-
faces of Hermitian manifolds.

2. Kenmotsu manifolds and their submanifolds. Tanno [7] has classified, into
three classes, the connected almost contact Riemannian manifolds whose automor-
phisms groups have the maximum dimensions:

(1) homogeneous normal contact Riemannian manifolds with constant ¢-

holomorphic sectional curvature;

(2) global Riemannian products of a line or circle and a Kaehlerian space form,;

(3) warped product spaces L X ¢ F, where L is a line and F a Kaehlerian manifold.
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Kenmotsu [5] studied the third class and characterized it by tensor equations. Later,
such a manifold was called a Kenmotsu manifold.

A (2m +1)-dimensional Riemannian manifold (M, g) is said to be a Kenmotsu man-
ifold if it admits an endomorphism ¢ of its tangent bundle TM, a vector field &, and
a 1-form n, which satisfy:

¢?=-1d+neE, n(E) =1, $E=0, nodp=0,
g(PX,pY) = g(X,Y) -n()n(Y), n(X)=g(X,5),
(Vi)Y = —g(X,pY)E-n(Y) X,
VxE=X-n(X),

(2.1)

for any vector fields X, Y on M, where V denotes the Riemannian connection with
respect to g.

We denote by w the fundamental 2-form of M, that is, w(X,Y) = g(¢X,Y), for
all X,Y € I['(TM). It was proved that the pairing (w,n) defines a locally conformal
cosymplectic structure, that is,

dw=2wAn, dn=0. (2.2)

A Kenmotsu manifold with constant ¢p-holomorphic sectional curvature c is called
a Kenmotsu space form and it is denoted by M(c). Then its curvature tensor R is
expressed by (cf. [5])

4R(X,Y)Z = (c-3){g(Y,2)X - g(X,Z2)Y}
+(c+D[{nX)Y -n(MXIN(Z)+{g(X,Z)n(Y)-g(Y,Z)n(X)}§ (2.3)
+w(Y,2)pX - w(X,Z)pY —2w(X,Y)PZ].

Let M be a Kenmotsu manifold and M an n-dimensional submanifold tangent to E.
For any vector field X tangent to M, we put

$X = PX+FX, (2.4)

where PX (resp., FX) denotes the tangential (resp., normal) component of ¢»X. Then P
is an endomorphism of tangent bundle TM and F is a normal bundle valued 1-form
on TM.

The equation of Gauss is given by

R(X,Y,Z,W)=R(X,Y,Z,W)+g(h(X,W),h(Y,Z)) -g(h(X,Z),h(Y,W)), (2.5)

for any vectors X, Y, Z, W tangent to M.
We denote by H the mean curvature vector, that is,

H(p) =~ > h(eser), 2.6)
niZI

where {ey,...,e,} is an orthonormal basis of the tangent space T,M, p € M.
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Also, we set

h;’j =g(h(ei,ej),€r),

2 _ 2.7)
Ikl Z g(h(eiej),hei,ej)).
i,j=1
Let {ej,...,en} be an orthonormal basis of T,M. We put
IP|I? = Z g°(Pej,e;). (2.8)

i,j=1

By analogy with submanifolds in a Kaehler manifold, different classes of submani-
folds in a Kenmotsu manifold were considered (cf. [6]).
A submanifold M tangent to § is said to be invariant (resp., anti-invariant) if ¢ (T, M)
C TyM, for all p € M (resp., p(T,M) C T;M, for all p € M).
A submanifold M tangent to & is called a contact CR-submanifold [9] if there exists
a pair of orthogonal differentiable distributions % and %+ on M, such that,
(i) TM =2 o%* o {&}, where {&} is the 1-dimensional distribution spanned by &;
(i) 9 is invariant by ¢, thatis, $(2,) C D, for all p € M;
(iii) 9+ is anti-invariant by ¢, that is, (l)(QZJ;) C T;M ,forall p e M.
In particular, if 9+ = {0} (resp., @ = {0}), M is an invariant (resp., anti-invariant)
submanifold.
Next, recall some notions introduced by Chen (see [3]).
Let L be a k-plane section of T, M and X a unit vector in L. We choose an orthonormal
basis {eq,...,ex} of L such that e; = X.
Define the Ricci curvature Ric; of L at X by

RiCL(X)=K12+K13+---+K1k, (2.9)

where K;; denotes the sectional curvature of the 2-plane section spanned by e;, ;. We
simply called such a curvature a k-Ricci curvature.
The scalar curvature T of the k-plane section L is given by

T(L)= > Kij. (2.10)
1<i<j<k

For each integer k, 2 < k < n, the Riemannian invariant ®; on an n-dimensional
Riemannian manifold M is defined by

1. ..
®k(v)=man;R1cL(X), pEM, (2.11)

where L runs over all k-plane sections in T, M and X runs over all unit vectors in L.
Recall that for a submanifold M in a Riemannian manifold, the relative null space
of M at a point p € M is defined by

Np={XeT,M|h(X,Y)=0,Y e T,M}. (2.12)
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3. Ricci curvature and squared mean curvature. Chen established a sharp rela-
tionship between the Ricci curvature and the squared mean curvature for submani-
folds in real space forms (see [3]).

We prove similar inequalities for certain submanifolds of a Kenmotsu space form
M (c). We will consider submanifolds M tangent to the Reeb vector field E.

THEOREM 3.1. Let M(c) be a (2m + 1)-dimensional Kenmotsu space form and M an
n-dimensional submanifold tangent to §. Then
(i) for each unit vector X € T,M orthogonal to &,

R1C(X)<f{(n (c-3)+= (3||PX||2 )(c+1)+n2||HH2}; (3.1)

(ii) if H(p) = 0, then a unit tangent vector X € T,M orthogonal to & satisfies the
equality case of (3.1) if and only if X € Np;

(iii) the equality case of (3.1) holds identically for all unit tangent vectors orthogonal
to & at p if and only if p is a totally geodesic point.

PROOF. Let X € T, M be a unit tangent vector X at p. We choose an orthonormal
basis ey,...,en =&, €ni1y..-,€2m+1 IN T,,M(c) such that ey,...,e, are tangent to M at p,
with e; = X.

Then, from the equation of Gauss, we have

n2||H\|2:2T+|m||2—n(n—1>$—(3||p||2 2n+2)":1. 3.2)
From (3.2), we get
2m+1 ) ) >
n?|H|? =21+ > [(hh) + (R + - +hy,) +2Z(h§j)}
r=n+l i<j
2m+1 3 c+1
-2 > > hih,-nn- 1)——(3\|P|I2—2n+2)T
r=n+l2<i<j<n
2m+1
S2m el S (et ) (R~ )] @.3)
r=n+l
2m+1 2m+1
+2 Z Z(hl) -2 Z Z h:/lh;'j
r=n+li<j r=n+l2<i<j<n
c-3 > c+1
-nn- 1)T—(3IIPII -2n+2)——.
From the equation of Gauss, we find
2m+1 P
S Ki= > > |min- ()
2<i<j<mn r=n+l2<i<j<n
+(n—1)(n—2)c—3 (3.4)
2 4

L (3IPI2=3||Per| = 2n+4) L
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Substituting (3.4) in (3.3), we get

2m+1

1o, .
Enl||m|2=2Rlc(X)+— S (R =k —hGy)°
r=n+1
2m+1 n P C——3 c+1
+ > > (hy) —2(n- 1)~ - (BIPX|2-2)~ (3.5)
r=n+lj=1
. c-3 > c+1
= 2Ric(X) ~2(n—1) == ~ BIPX|* ~2) =~

which is equivalent to (3.1).
For (ii) assume that H(p) = 0. Equality holds in (3.1) if and only if

T=---=h{,=0, hiy=hhp+---+h),, =0, rei{n+l,...,2m}. (3.6)

Then h{j =0, forall je{l,...,n},r € {n+1,...,2m}, thatis, X € N.
For (iii) the equality case of (3.1) holds for all unit tangent vectors at p if and only

if
hlfj =0, i+j,re{n+l,...,2m},
(3.7)
hiy+hb+---+h),,—2h};=0, ie{l,...n},re{n+l,. .. 2m}.
It follows that p is a totally geodesic point.
The converse is trivial. O

COROLLARY 3.2. Let M be an n-dimensional invariant submanifold tangent to § in
a Kenmotsu space form M(c). Then,
(i) for each unit vector X € T,M orthogonal to &, we have

RiC(X)s%{(n—l)(c—3)+%(c+1)}; (3.8)

(ii) a unit tangent vector X € T, M orthogonal to & satisfies the equality case of (3.8)
ifand only if X € Np;

(iii) the equality case of (3.8) holds identically for all unit tangent vectors orthogonal
to & at p if and only if p is a totally geodesic point.

PROOF. It is known that every invariant submanifold of a Kenmotsu space form is
minimal (cf. [6]).

On the other hand, for any unit tangent vector X € T,M orthogonal to &, we have
IPXI =I1lpXI =X = 1.

Then, the inequality (3.1) implies (3.8). O

Similarly, we can prove the following results.

COROLLARY 3.3. LetM be an n-dimensional anti-invariant submanifold tangent to &
in a Kenmotsu space form M (c). Then,
(i) for each unit vector X € T, M orthogonal to §, we have

Ric(X)s%{(n—l)(c—3)—(c+1)+n2\|H||2}; (3.9)
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(ii) if H(p) = 0, then a unit tangent vector X € T,M orthogonal to & satisfies the
equality case of (3.9) if and only if X € Ny;

(iii) the equality case of (3.9) holds identically for all unit tangent vectors orthogonal
to & at p if and only if p is a totally geodesic point.

COROLLARY 3.4. Let M be an n-dimensional contact CR-submanifold of a Kenmotsu
space form M(c). Then
(i) for each unit vector X € 9y,

Ric(X) < %{(n—1)(c—3)+%(c+1)+n2\|H||2}; (3.10)
(ii) for each unit vector X € 9%, we have

RiC(X)Si{(n—l)(c—B)—(c+1)+n2|\H||2}. (3.11)

4. k-Ricci curvature. In this section, we prove a relationship between the k-Ricci
curvature and the squared mean curvature for submanifolds tangent to & in a Ken-
motsu space form.

THEOREM 4.1. Let M(c) be a Kenmotsu space form and M an n-dimensional sub-
manifold tangent to &. Then we have

IH|* =

2T c—3_(3||PX||2—2(n—1)>c+1 @.1)

n(n—l)_ 4 nmn-1) 4

PROOF. We choose an orthonormal basis {ey,...,en,en+1,...,€2m+1 = &} at p such
that e;+; is parallel to the mean curvature vector H(p), and ey,...,e, diagonalize the
shape operator A, .. Then the shape operators take the forms

a O 0O --- 0
0 a 0 --- 0
An+1 =
0 0 0 - an w2
n
A, = (hl?j), i,j=1,....m; vy =n+2,...,2m, trace A, = Zh; =0.
i=1
From (3.2), we get
n 2m n 2
nIHIP =21+ al+ > > ()
i=1 r=n+2ij=1 (4.3)

c—-3

-1 - @IPxIE -2 -1) 3L,

4

On the other hand, since

0<> (ai—a;)’ =m-1)>a?-2> aa;, (4.4)

i<j i<j
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we obtain
2
n n
n?|H|? = (Zai) =>a?+2> ajaj<n) a, (4.5)
i=1 i=1 i<j i=1
which implies that
n
> ai=n|H|?. (4.6)
i=1
We have from (4.3)
c+3 c+1
P HI? = 2T +nlHI =n(n -1 === BIPXI*-2(n-1)——,  (“7)
which is equivalent to (4.1). O
Using Theorem 4.1, we obtain the following.

THEOREM 4.2. Let M(c) be a Kenmotsu space form and M an n-dimensional sub-
manifold tangent to €. Then, for any integer k, 2 < k < n, and any point p € M, we
have

) _¢—-3 (BlIPII*-2n+2)(c+1)
IHII=(p) = Ok (p) 1

inn—-1)

(4.8)
PROOF. Let {ej,...,e,} be an orthonormal basis of T, M. Denote by L;,...;, the k-

plane section spanned by e;,...,e;, . It follows from (2.9) and (2.10) that

iy (eq),
ief{i],e.,iy}
1 4.9)
T(P)= Y z T(Lil---ik)
Cn 2 1<ij<---<ig=n
Combining (2.11) and (4.9), we find
-1
T(p) = %@Hp). (4.10)
From (4.1) and (4.10), we obtain (4.8).

In particular, we obtain the following.

COROLLARY 4.3. Let M be an n-dimensional invariant submanifold tangent to § in
a Kenmotsu space form M (c). Then, for any integer k, 2 < k <n, and any pointp € M,

®k(p)S%+C+l

. 4.11
in (4.11)
COROLLARY 4.4. Let M be an n-dimensional anti-invariant submanifold tangent
to € in a Kenmotsu space form M (c). Then, for any integer k, 2 < k < n, and any point
p EM,

> ~¢c—-3 c+1
IH[<(p) = Ok (p) 2t on 4.12)
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COROLLARY 4.5. Let M be an n-dimensional contact CR-submanifold of a Kenmotsu
space form M(c). Then, for any integer k, 2 < k < n, and any point p € M,

-3 B Bh-n+1)(c+1)
4 2n(n-1) ’

IH|2(p) = Or(p) - & (4.13)

where 2h = dim%.
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