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We define Barna’s polynomials as real polynomials with all real roots of which at least
four are distinct. In this paper, we study the dynamics of Newton’s functions of such
polynomials. We also give the upper and lower bounds of the Hausdorff dimension of
exceptional sets of these Newton’s functions.
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1. Introduction. Newton’s method is a well-known iterative method used to locate
the roots of functions. Barna, [1, 2, 3, 4], proved that for a real polynomial P (x) with
only simple real roots of which at least four are distinct, the exceptional set of initial
points of its Newton’s function N(x) (the set of x € R such that N/(x) does not con-
verge to any root of P, where N/(x) denotes the jth iterate of N) is homeomorphic
to a Cantor subset of R which has the Lebesgue measure zero. Wong [7], generalized
this result to real polynomials having all real roots (not necessarily simple) of which
at least four are distinct (which will be called Barna’s polynomials) by using a sym-
bolic dynamics approach. In this paper, we will investigate the symbolic dynamics of
Newton’s functions of Barna’s polynomials. Furthermore, we give the upper and lower
bounds of the Hausdorff dimension of the exceptional sets.

2. Symbolic dynamics of Newton’s functions

DEFINITION 2.1. A real polynomial with all real roots of which at least four are
distinct is called a Barna’s polynomial. Thus P (x) is a Barna’s polynomial if and only if

P(x)=c[](x-m)", 2.1)
-1

where ¢ is a nonzero real constant, |} <1, < --- < ¥,, n > 4, and m; > 1 for all
l<i<n.

DEFINITION 2.2. The Newton’s function N¢(x) of a function f(x) is defined as

_SXx)
fr(x)’

Ny(x)=x (2.2)

where f’(x) is the derivative of f(x).
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Let P(x) = cH?zl(x —7;)™i be a Barna’s polynomial and Np(x) be the Newton’s
function of P. The following are well-known properties of Np (see [1, 2, 3, 4, 7]).

(a) For each i = 1,2,...,n — 1, there exists ¢; € (7i,%i+1) such that ¢; is a zero of
P’ (x), the derivative of P(x), and {cy,c>,...,cn_1} is exactly the set of all zeros of P’
which are not zeros of P.

(b) In each of the intervals (—oo,c;) and (¢,,—1, +), Np has exactly one critical point.
If they are denoted by a; and a,, respectively, then a, € [r1,c1) and a, € (¢n_1,7n]-
Moreover, Np is monotone increasing on (—oo,a;] and [a,,+o) and monotone de-
creasing on [aj,c;) and (¢p—1,an].

(¢) In each (cj-1,c¢i), 2 < i < n—1, Np has two critical points s{ and szi, where
st < sb.If 7; is a multiple root of Np, then si < #; < si, if 7; is a simple root, then either
i = s, or ¥; = si. The function Np is monotone increasing on (si,s!) and monotone
decreasing on (ci,l,sf) and (sé,ci). Moreover, Ny is monotone increasing on (ci,l,s{)
and monotone decreasing on (sé,ci).

(d) liquci—Np(x) = —o0 and liquc;Np(x) =+oo,foralll <i<n-1.

(e)limg . N§(x) = 7, forall x € (—oo,c;) and limg . NX (x) = 7, forall x € (¢, +).

(f) For each i = 2,3,...,n—1, the interval (c;_1,c;) contains exactly one period-two
cycle of Np, say, at {o, Bi} where o; < si < st < B;. Also Np(a) < —1, Np(b) < —1, and
limy . N§ (x) = 7; for all x € («;,Bi).

DEFINITION 2.3. Let P(x) and Np(x) be as above. The exceptional set A of Np is
defined as the complement of the set of real numbers x such that N (x) =  for some
j =0 or limy .. NK(x) = 7; for some 1 <i < n.

REMARK 2.4. Note that A consists of points where N¥ is well defined for each k € N
and never converge to any 7;.

Since our main interest is on the set A, those points which are not in A together
with their preimages will be removed from R. From this we have the following result
on period-two cycle of Newton’s function.

PROPOSITION 2.5. The function Np has a period-two cycle at {«x, B} such that ¢, <
x <o and fBn-1 <B<cn-1.

PROOF. Since (—oo,cy) and (c;,—1,0) are not in A, we remove these sets together
with their preimages. Let yy = N;l(cl) such that yo € (Bn-1,cn-1). Then (yg,+x) &
A and we remove this interval. Next let z; = Np 1(y9) such that z; € (c1,x2). Then
(—o0,z1) € A and we remove this interval. Applying this procedure repeatedly we get
two sequences of points {y;};; and {zj}j.‘;l where

yi:NI;I(Zi) € (Bn—lscn—l),
Brn-1<:+-<yi<: - <Y2<¥1 <Y <Cn-1,

ZJ':Nl;l(yjfl) € (C1,0(2),
C1<21 <2<+ <Z; < <.

(2.3)

Thus lim;_.y; = B and lim;_.z; = & exist. As a result,

Np(B) = Np(lim; . y;) = lim; . Np (i) = lim; .o Np(Np'(2;)) = lim;ez; = x. (2.4)
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Similarly, we have Np(x) = B. Since ¢; < ¢ < & and By-1 < B < cp—1, We get & + fB.
Finally, « # o2 because Np(x) = B = Bn-1 > B2. This completes the proof of the
proposition. O

For each i = 2,3,...,m — 1, we have Np((ci_1,;]) = [Bi,+), and Np([Bi,ci)) =
(—o0,;]. Thus there exist t; € (¢i-1,«;] and u; € [Bi,ci) such that Np(t;) = B and
Np(u;) = «. Then Np((ci_1,t;]) = [B,+o) and Np([ui,ci)) = (—o,x«]. Denote the
2n —4 intervals

[t2, 2], [Ba,uz], [t3, &3], [ B3, uz], .., [tn-1, &n-1], [Bn-1,Un—1] (2.5)

by I1,1I»,...,I»,_4, respectively, and let I = fff4 I;. With a similar approach used by

Wong [7], we shall define the transition matrix V associated to Np. This matrix V will
determine the symbolic dynamics of Np. Let V = (v;j) be a (2n —4) X (2n —4) matrix
of zeros and ones defined by

1 if AN (I;) = @,
v.j_{ ) (2.6)

0 otherwise,

for i,j € {1,2,...,2n —4}. From this definition and properties of Np, it is easily seen
that V is a (2n—4) x (2n —4) matrix built from the following 2 x 2 matrices:

0 1 1 1 0 0
J:[l 0], M:[O 0] N:[l 1] 2.7
In fact V can be interpreted as an (n—2) X (n —2) matrix of matrices as follows:
1) Vi=Jforl<i<n-2,
(2) Vij=Mforl<i<n-3,forj>1i,
(3) Vij=Nfor2<i<n-2,forj<i.
For example, if n = 6, then the matrix V has the form

J M M M
N J M M
N N J M (2.8)
N N N ]

With the same technique in [7], V is irreducible and we can show that Np restricted to
A is conjugate to the one-sided shift map o on the set 3%, , where

S a={s=S081" Sn - €Zop_s Vs, =1 Viz0} (2.9)

is the symbolic sequences space consisting of 21 —4 symbols (cf. [6]).

REMARK 2.6. From [6], we have card(Pery o) = Tr(V¥), where card(Pery o) denotes
the number of points of period k of the shift map o and Tr(V¥) is the trace of V.

REMARK 2.7. By MATHEMATICA, we compute that Tr(V¥) = (m—2)X+(-1)k(n-2)
where V is the transition matrix associated to Newton’s function of a Barna’s polyno-
mial with n distinct real roots.
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We summarize this section as follows.

THEOREM 2.8. Let P(x) =c¢ H?zl (x —7;)™i be a Barna’s function and Np the New-
ton’s function of P. Let A be the exceptional set of Np. Then A is a Cantor subset of R
and Np restricted to A is conjugate to the one-sided shift map on %y, _,.

REMARK 2.9. There is some difference between our proof of Theorem 2.8 and the
proof of a similar result by Wong in [7]. In our proof we use the fact that the exceptional
set A lies between the period-two cycle {«, B} as stated in Proposition 2.5 and hence
we can explicitly define the transition matrix V.

3. Hausdorff dimension of exceptional sets. Let A be the exceptional set of New-
ton’s function of a Barna’s polynomial with n distinct real roots. In this section, we
give the upper and lower bounds of the Hausdorff dimension of A. The technique
we will use here is similar to the one used in [5]. We first note that Np L has n—2
branches N;j where N, i((ci,ci+1)) = Rforall 1 <i <n—-2. We will write Ngoﬁl,,,sH
for the inverse Np K using specific branches N,;}O, N;,}l yenn ,N;}H. Let the interval I
be the same as in the previous section. Then I has n — 2 preimages under Np each in

the interval (ci_1,¢;), 2 <i<n-1.For each k > 1, we have

n-2
N = U ILgsieesias (3.1)

S0,S1 s Sk—1=1

where I, ..., , = N;X (I). Let Ay = {x | N§(x) € I}. Then Ay = Np¥(I) and

5081+ Sk—-1
A = k=0 Ak- Define
my =min{|Np(x)| | x € A},
m=min{|Np(x)| | x €A},
My =max {|Np(x)| | x € Ax},
M =max {|Np(x)| | x € A}.

(3.2)

REMARK 3.1. For each k > 1, My > My, and my < My since Ag D Agy1.

We now state and prove the result on the estimation of the Hausdorff dimension
of A.

THEOREM 3.2. In(n—-2)/InM <dimA <In(n-2)/Inm.

PROOF. For each k > 1, let Sy and Ly be the lengths of the smallest and largest
intervals in Ay, respectively. For each k > 0, we get

I

5051 Sk

I

5051 Sk

—My

< —Mpiq < —Sk. (3.3)

gL N (x)dx = —

S051 Sk

Hence, |15051“'5k | > Sk /M. By iterating, we get IISOSI_,_SkHH | = S/ (My)P. Similarly, we
have IIS(JSl_,,SkHH | < Ly/(my)?. Since A is compact, any covering {U;} of A can be re-

fined to a finite cover, where each element of this cover contains exactly one I, Skepet
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for some sufficiently large p. Then we get

N n-2 « n-2 Sk «
DAL RS S A ) _1(<Mk>”)

(3.4)

If x <In(n—-2)/In My, then this diverges as p — o, that is, as the covering gets smaller.
Thus dimA > In(n —2)/InMjy. By letting k — o, we have dimA > In(n —2)/InM. Sim-
ilarly, for a given € > 0 and for some sufficiently large p, there exists a covering
{Ui}(ifiz)k+n of A such that each element of the cover contains exactly one interval

| 1+€
ISOSI"'Skﬂg—l and |U;|' "€ < IIA.Osl___SkHH |. Thus
(146) n-2 «
+€)x
Z | Ul\ = Z ISOSI"'Skﬂa—l ‘

S0Sktp—1 1
n-2 x
> (( Lk),,> (3.5)

m
S0veSkp-1 =1 k

Il
—
~

=
~
>3
—
S
|
N
~
=
S
N
N
N————
=

and this goes to zero as p — « if @ > In(n —2)/Inmy. Consequently, dimA < (1 +
€)In(n — 2)/Inmy. By letting k — o~ and € — 0 we have dimA < In(n — 2)/Inm.
[

EXAMPLE 3.3. Let P(x) = (x+1)(x+2)(x—1)(x—2) be aBarna’s polynomial and
Np(x) = (3x* —5x2 —4)/(4x3 — 10x) be the Newton’s function of P. Then Np has
three period-two cycles approximately at

{x0,x1} = {~1.5435941,1.5435941},
{x2,x3} = {~1.4790145,-0.3142616}, (3.6)

{x4,x5} = {0.3142616,1.4790145}.

These are the only period-two cycles by Remark 2.4. From Proposition 2.5, we obtain
{x0,x1} by removing the sequence of points which are the successive preimages of
—2 and 2. Since (N3)' (xo) = (N3)"(x1) > 1, {x0,x1} € A. Hence, in order to find the
maximum and minimum values of |N’| we must also consider the values of |Nj|
at the preimages of x¢ and x;. By computation, xg = N;l(xo) ~ —0.2965502 and
X7 = N;l (x1) =0.2965502. Since Np(x) is an odd function, we get, by computation,

[Np(x0) | = [Np(x1) | = [Np(x6) | = [Np(x7)| ~3.8985101,
[Np(x2) | = [Np(xs5) | ~10.2443746, (3.7)

INp(x3)| = | Np(xq)| ~3.4016188.
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It follows that

m=min{|Np(x)| | x € A} ~3.4016188,

(3.8)
M =max{|Np(x)| | x € A} ~10.2443746.
Consequently, we have
0.2979063 =~ In2 <dimA < In2 =~ (0.5661804. (3.9)
InM Inm

REMARK 3.4. LetP(x)=c H’f:l (x —7;)™i be a Barna’s polynomial and let Np(x) be
its Newton’s function. Let M (x) = kNp(x/k), k is a nonzero real constant. Then M is
the Newton’s function of Barna’s polynomial of the form Q (x) = co(x—1)™ [T" ! (x —
¥i/rn)™i and M is conjugate to Np via the map h(x) = kx. As a result, « is a periodic
point of Np if and only if k« is a periodic point of M and N, () is equal to M’ (k).
Consequently, dynamics of M and Np on their exceptional sets are the same and the
Hausdorff dimensions of their exceptional sets are equal. As a result, it suffices to
consider the dynamics of Newton’s functions of Barna’s polynomials which have 1 as
the largest root.
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