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ABSTRACT. Certain classes of analytic functions in tube domains Tc = R™ + ic

in n-dimensional complex space, where C is an open connected cone in IRn,
are studied. We show that the functions have a boundedness property in the
strong topology of the space of tempered distributions S'. We further give

a direct proof that each analytic function attains the Fourier transform of its
spectral function as distributional boundary value in the strong (and weak)

1
topology of 8.
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1. INTRODUCTION.
Vladimirov [1, p. 230] has defined the spectral function Vt of a function

f(z) which is analytic in a tubular domain TB = R + 1B to be the distribution



16 R. D. CARMICHAEL

Vt € 8', the space of distributions of L. Schwartz [2], which possesses the

following properties:

etV e 8' for all y e B; (1.1)
= izt B
f(z) = (Vt , e2%) forall ze T . (1.2)
\]
Here 8 is the space of tempered distributions of Schwartz [2] and (Vt N e12t>

is the Fourier-Laplace transform of the spectral function Vt'

In [3] Vladimirov defined certain classes of analytic functions in tubular
cones TC = RP + iC, where C 1is an open cone, and analyzed the spectral
functions of these analytic functions corresponding to C being an open connected
cone. The results of [3] have been incorporated into the book [1] of Vladimirov
[1, section 26.4].

In this paper we add information to the main results of [3] and [1, section
26.4] which are [1, pp. 238-239, Theorems 1 and 2]. We show that the analytic
functions considered by Vladimirov in these results have boundedness properties
in the strong topology of the space of tempered distributioms g. Further,
we give a direct proof by elementary means that each analytic function attains
the Fourier transform of its spectral function as distributional boundary value
in the strong (and weak) topology of 8', a fact which has been recognized by
Vladimirov [1, p. 238] and which is obtained by him as a special case of a more
general result.

2. NOTATION AND DEFINITIONS.

Our n-dimensional notation is that of Vladimirov [1, p. 1]. x, y, and t will
be points in IJ‘ in this paper and =z edln, n-dimensional complex space. Note
the inner products zt = zltl +...+ zntn and yt = yltl +...+ yntn for t and y
in R" and z e‘:n. Note also the differential operator p* in [L, p. 1], and

we shall write Dg or Dz to indicate that the differentiation 1s with respect

to z or t, respectively. Here « 1is an n-tuple of nonnegative integers. The
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definitions of cone C in R", compact subcone of a cone, indicatrix uc(t)

of a cone, and of the number p., which characterizes the nonconvexity of a cone
C, can all be found in [1, section 25.1]. Note that fc >1 [1, p. 220] for
any cone C. The cone C* = {t ¢ r" : yt 3.0, y € C} 1is the dual cone of C
and C, will denote C, = RrR" \ C*. 0(C) will denote the convex envelope (hull)
of the cone C, and we define the tubes TC and TO(C) by TC =R + iC and
TO(C) = R + i0(C) , respectively.

Let C be a cone in IJI. We make the convention throughout this paper
\J

O(C)) and y ¢ C(e 0(C)) we mean that z ¢ ™  and

that by z ¢ TC(e T
y € c¢' for an arbitrary compact subcone c'cc (C'C: 0(C)).
The space of functions of rapid decrease 8 = 8(R"™) and the space of
tempered distributions g = 8'(155 are defined and discussed in Schwartz
[2, Chapter 7]. The Fourier (inverse Fourier) transform of an Ll(IJS function
¢(t), denoted F[¢(t);x] (3_1[¢(t);x]), will be as defined in Vladimirov
[1, p. 21]. The Fourier transform of a tempered distribution Vt’ denoted
F[V], is defined in Schwartz [2, p. 250, (VII 6; 6)]. All terminology and
definitions concerning distributions in this paper, such as support of a distri-
bution, will be that of Schwartz [2].
Let C be an open connected cone. The analytic function f£(z), =z ¢ TC,
obtains U e 8 as boundary value in the weak topology of 8 if
lim
y+0  (£(x + iy), ¢(x)) = (U,¢) (2.1)
yeC
for each ¢ ¢ 8. Uce 8' is the boundary value of £f(z) in the strong
topology of 8 if the convergence (2.1) holds uniformly for ¢ varying over
arbitrary bounded sets in 8 . The set {Uy €8 :yec), where Uy e 8 in
some sense depends on y ¢ C, is said to be a bounded set in the strong topology

of 8 if for any bounded set ¢ in 8, {(Uy s ) :ded,yecCl isa

bounded set in the complex plane.



18 R. D. CARMICHAEL

3. THE THEOREMS OF VLADIMIROV.

Let C be an open cone. A function £(z) belongs to the class Hp(a;C),
C

where p >1 and a >0, if f(z) is analytic in the tubular cone T~  and,
for an arbitrary compact subcone C' in C, the inequality
' N K, a|y|? c'
E@ | <mech) a+ 2PV a+ p 2P, 2= wmy ¢, (3.1)

is satisfied where M(C') is a constant which depends at most on the compact
subcone C'CZ C and N and K are nonnegative real numbers which do not

depend on C'C C. We define

Hp(a + €;C) = K C}a Hp(a HN HO(C) = Hl(O;C).

For the convenience of the reader we now state the theorems of Vladimirov
with which we are concerned in this paper.

THEOREM 1. [1, p. 238] Let f£(z) € Hp(a + €3;C), where C 1is an open
connected cone, p > 1, and a > 0. The spectral function Vt of f(z) can
be represented in the form of a finite sum of distributional derivatives of
continuous functions ga(t) of power increase,

v, = g Dg‘(ga(t)) (3.2)

which, for all t ¢ C; , where C; is an arbitrary compact subcone of
n *
C,k =R \C , and for all € > 0, satisfy
1
A ' 1 P
< -(a - .
lg (O] < M(C,) expl-(a'-0) (u ()" ] (3.3)

where the numbers p and a are connected with p' and a' by the relations

+p_1'= 1, (p'a")Ppa)? = 1. (3.4)

™ |

Conversely, if Vt satisfies these conditions for certain numbers a' > 0,
p' > 1 and the cone C,, then all derivatives Dg(f(z)) of its Fourier-
Laplace transform £(z) belong to the class Hp(apg + €;0(C)).

Notice that the C* as printed in [1, p. 239, line 8] should be C, instead

as we have written in Theorem 1.
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THEOREM 2. [1, p. 239] Llet f£(z) € Hl(a + €:C) where C 1is an open
connected cone and a > 0. Then its spectral function Vt € S' and Vt has
support in {t : uC(t) < a}. Conversely, if Vt € sf and has support in
{t : uC(t) f_a} for some a 2_0 and some open connected cone C, then all
the derivatives DS(f(z)) of the Fourier-Laplace transform f(z) of V.
belong to the class Hl(apC;O(C)).

4. LEMMAS.

As noted in the introduction, we shall add information to Theorems 1 and 2.
We shall show that the analytic functions in these theorems have a strong
boundedness property in 8'. In addition we give a direct proof that the
analytic functions attain the Fourier transform of their spectral functions as
distributional boundary values in the strong (and weak) topology of 8'-

The following lemma is the basis of the boundary value result, and its
proof in turn is useful in obtaining our strong boundedness properties. Through-
out this section C 1is an open connected cone.

LEMMA 1. Let f£(z) € Hp(a +€3;C), p>1 and a > 0. The spectral
function Vt of f(z) is in 8' as is (e-yt Vt)’ y € 0(C), and

1lim
y20 Fle Vv ] =3([V] (4.1)
y€0(C) t
in the strong (and weak) topology of S‘.

PROOF. Let C' be an arbitrary compact subcone of 0(C). By the
sufficiency of Theorem 1, the spectral function Vt of f(z) has the repre-
sentation (3.2). Since each ga(t) in (3.2) is continuous and of power
increase over R", we immediately have Vt € §. The fact that (e 7t Vt) € 8',
y € c'c 0(C), follows by the proof of Theorem 1 given in [1, section 26.5].

Let ¢ be an arbitrary element of 8. Using the notion of distributional

\]
differentiation and the generalized Leibnitz rule, we have for y ¢ C — 0(C) that
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<vt,<e‘yt -1 o))y =

L nﬁ({yt -1) D) (6(e)) at (4.2)

-7 vt fe
5 o B+§=a gly!

]Rn

_ el al
g -1) B+§=a BiyT Ly (8:7)

where a, B, and Y are n-tuples of nonnegative integers and

I(8,7) = [ gy (t) (Bl e pP)) o) (8e)) a. (4.3)
B
For the arbitrary C'C 0(C) we apply [1l, p. 223, Lemma 2] to obtain a number

*

* v
§ = G(C') > 0 and an open cone (C ) , both depending on C', such that (C)

*
contains the cone C = {t € Rn tyt 20, y € C}, the dual cone of C, and

) *
ye>68 |y| ||, yec, te(c)' . (4.4)
' n * 1 ' n *
Put C, = R \ c) . C, is a compact subcone of C, = R \ C, and we
have C; n (C*)' =ﬂ and C; U (C*)' = R®. We now write the integral
Iy(a,B,Y) in (4.3) as
1 2
Iy(a,B,Y) = Iy(a,B,Y) + Iy(a,B,Y) 4.5)

where

I, @, 8,y) = by 8a® (DBl 8 &7 By Yo ae
(c
(4.6)

fig,(® (DBl 8 ey - )y pY(p(er) ar.

Cy

1§<a,s,v)

For any n-tuple B of nonnegative integers we have

e-Yt -1, B = (0’--'s0)’
1Bl g8 eyt By - .7
0Bl 8 T 54 (0,...,00,

1
for all y € C € 0(C) and in fact for all y € I{n; hence for any o in the

last sum in (4.2) and any subsequent B and Y, B+ Y =a, (4.7) yields
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o g (nIEl B I8y b - o (4.8)
ye0(C) o t t
for all t e R . (The limit (4.8) actually holds as y - 0, vy e'Rn,
because (4.7) holds for all y ¢ R".)

Recall that we desire a convergence result in this lemma as y -+ O,
y € 0(C). Hence to obtain (4.1) it suffices to consider y € 0(C) such that
|y| <Q for Q>0 fixed. Now consider the integrand of the integral
Ii(a,B,Y) in (4.6) for t ¢ (C*)'. Since each ga(t) in (3.2) is of power
increase over lf‘, we have the existence of a polynomial Pa(t) corresponding
to each ga(t) such that

lg, (] <2 (Jth) , te R, (4.9)

Using (4.9) and (4.4) we get

|8 (0 (D18l 48 e

_pf Y
Dy (1)) DL (N ] <

I8l

<P (th) @+ ]y exp(=8]y]|t]) |nI(¢(c))| (4.10)

i%dd)u+qw5|ﬁwa»|
* '
for t e (C )' and y € C c 0(C) such that |y| < Q. Since ¢ € 8, the
right side of the last inequality in (4.10) is an Ll function over R which
L}
is independent of y € C < 0(C) such that |y| < Q. Using this fact, (4.8),

and the Lebesgue dominated convergence theorem we obtain

1lim 1
y->0 I (a,B8,y) =0 (4.11)
yeo(c) 7

for any o in (4.2) and any subsequent B and Yy, B + Y = a.
We now consider the integrand of the integral I;(a,B,Y) in (4.6) for
te C;. For such t each ga(t) in (3.2) satisfies (3.3). Using (3.3), the

relations (3.4), the facts

-yt < |yl ug(c) (8) » Up(cy(E) < Pg ug(t) , teCys ye0(C) (4.12)
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contained in [1, section 25.1], and analysis as in [1, p. 244], we have for

t e C;c C, and y € c'c 0(C) such that |y| < Q that

I8, () (-1 |8l yB e~ pBy) pYcacen) | <
<MLC) expl-(a'- O 2?1 @ + Iyl 1Bl Y8 pYcocen |
< Mé(C;) exp[—(a'-e)(uc(t))p 1+ lylIBI exp(|y| P U (®)D) |DZ(¢(t))I (4.13)

<M(Cy) (1+ I/ 18 expl-(a'-©) (u ()P + |y| o, u ()] D(o(e)) |

<uue) a+al®h e A P L RENCIONE

(3.3) holds for all € > 0. In particular (3.3), and hence (4.13), holds for
€>0 fixed such that (a' - 2€) > 0 for the fixed a in (3.4). For € >0
fixed in this way in obtaining (4.13), we now conclude from (4.13) that

lag (0 (- 1Bl 78 & pBayy o¥cacen] <

(4.14)

8] 1 1 p/p" P Py Y
) explo(rigy) o5, Q%1 D (o(e))]

' (]
< Me(c*) (L +Q
1
for all t € C;C C, and y €CC 0(C) such that |y| < Q. Since ¢ €38
the right side of (4.14) is an Ll function over R and is independent of
y € C'C 0(C) such that Iyl < Q. Thus by (4.14), (4.8), and the Lebesgue
dominated convergence theorem we have
1im 2
y>0 I°(2,B,Y) =0 (4.15)
ye0(C)
for each relevant @, B, and Y. Combining (4.5), (4.11), and (4.15) we get
1lim
y*0 I (2,8,Y) =0 (4.16)
ye0(C)
for each @ in (4.2) and each B and Y, B +Y =0. Since ¢ 1is an

arbitrary element of 8, we combine (4.2) and (4.16) to yield
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1lim
y+0 et v, =V, (4.17)
ye0(C)
in the weak topology of 8. But 8 is a Montel space ([1, p. 21] and [4,
p. 510].) Hence by Edwards [4, p. 510, Corollary 8.4.9] the convergence (4.17)
is in the strong topology of 8' also. Since the Fourier transform on 8'
[2, Chapter 7] is a strongly continuous mapping of 8' onto 8', the desired
convergence (4.1) now follows in the strong (and weak) topology of 8'. The
proof is complete.
The next lemma is the basis of our strong boundedness results concerning
the analytic functions Hp(a +€ C), p>1 and a > 0.
LEMMA 2. Let p>1 and a > 0. Let C be an open connected cone. Let
Vt be any generalized function of the form (3.2) where the ga(t) satisfy the
conditions stated in Theorem 1. Then v, € S', (e—yt Vt) e 8 for all
y € 0(C), and {3[e-yt Vt] € 8' :ye 0() , |y| < Q} 1is a strongly bounded set
in 8' for Q > 0 being arbitrary but fixed.
PROOF. Let C be an arbitrary compact subcone of 0(C). The facts that
v, € 8 and (e_yt Vt) € S' for all y ¢ C'C 0(C) follow as at the beginning
of the proof of Lemma 1. The locally convex topology of 8 is defined by the
norms
sup
ol = lalsk @+ [eD* [DXoen] ,  k=1,2,3,... . (4.18)
teR®
Let & be an arbitrary bounded set in 8. For the arbitrary c'c 0(C) we
apply [1, p. 223, Lemma 2] as in the proof of Lemma 1 and obtain a number
§ = G(C') > 0 and an open cone (C*)', both depending on C', such that (C*)'
contains the cone C* and (4.4) holds. We then put C; = r" \ (C*)', and

\J

*
C, 1s a compact subcone of C, = r" \ C as in the proof of Lemma 1. Using

the form of v, in (3.2) and the generalized Leibnitz rule we obtain for any

\]
¢ed® and ye C € 0(C) that
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Bw' plel 8 @y + Ty (.19

CRAR MNRICOES) n ! I
o B+y
where

ey = [, , g, e " D) dt
y (C ) o t

(4.20)
2 -yt oY

I (oY) = Cf; 8, (t) e 7" D (4(t)) dt.

Using (4.4), (4.18), and the fact that each ga(t) satisfies (4.9) for some

polynomial Pa(t)’ we have

@] < oo FalleD ety DY (e)) | dt

IA

f*), p(lel) @+ (D™ YN @+ [eh™  ae (4.21)
C

In

-n-1
Rallcbllka [ a+]eh

]RI‘I

where Ra is a constant and ka is a positive integer with both depending
on o; and (4.21) holds for each @ and Yy, a=8+7Y, in (4.19). Also
recall that each ga(t) satisfies (3.3). Using (3.3), (4.12), and analysis
as in (4.21), (4.13), and (4.14) we have for y € C < 0(C) that

ECRSY 5M;<c;)cf, expl-(a'-@ (u ()P 1 explly| p; u ()] [DL(6(e))] at

*

<M (c*) ||¢||k f' exp[-(a'-€) (u,(tNP + |y| o, u (O] @+ leh™ L ae  (4.22)
*

iME(C*) ||<1>” ' eXP[ (T—

' -n-1
-25)) »/p Dg ly1°1 1{“ A+ ep™ " ae

" '
where MG(C;) is a constant and ka is a positive integer depending on 0.
Because of (3.3), we can assume that € > 0 in (4.22) is fixed such that

(a' - 2€) > 0. Since (4.22) holds for each o and y, B +y =0a, in (4.19)
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and since ¢ 1is a bounded set in §, it follows from the combination of
(4.19), (4.20), (4.21), and (4.22) that

{(e-yt Vt, ¢(t)) : e ®, ye0(), |y] £Q 1is a bounded set in the complex
plane for Q > 0 arbitrary but fixed. Since ¢ was assumed to be an arbitrary

bounded set in §, this proves that {e-yt V. :ye0(C), |y] <Q 1is a

t
strongly bounded set in 8 ; hence {Z}[e-yt Vt] €8 :yeo0(), ly| < Q} is
a strongly bounded set in 8' since the Fourier transform in &' [2, Chapter 7]

1
is a strongly continuous mapping from § onto 3'. The proof is complete.

5. ADDITIONS TO THEOREMS 1 AND 2.

Let us now consider Theorem 1. Let C be an open connected cone. Let
f(z) € Hp(a +€3;C), p>1 and a > 0. By the sufficiency of Theorem 1 we have

that the spectral function Vt of f(z) has the form (3.2) and

c

eiZt) , zeT . (5.1)

f(z) = (Vt ,

(Recall (1.2).) Further note that Vt € 8' and (e-yt Vt) € S' for all

y € 0(C) as obtained in the proofs of Lemmas 1 and 2. For any fixed y ¢ C,

f(x + 1iy) ¢ S as a function of x € R" because of the growth (3.1) defining

the Hp(a + €;C) spaces. Let ¥ €8 and let ¢ € § be that unique element

of 8 such that ¢(t) = &Y¥(x);t] [2, Chapter 7]. Using (5.1), (3.2),
distributional differentiation, a change of order of integration, and differentia-

tion under the integral sign we get

2t ge ax

(£(z) , ¥Y(x)) =] plol glel [ 2% ve) [ g (0 et
n n o
o R R

(5.2)

5 -1 ol ]{n 8, (t) (D: ]énwx) elZt 4x) dc.

But if ¢(t)

FY(x);t] then

e-yt o(t) = fn ¥Y(x) eizE dx. (5.3)
R
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]
Putting (5.3) into (5.2) and using the Fourier transform on 8 [2, Chapter 7]
we have

@ v = ] 0l 1 e @ 0%t sy ae
a R

(5.4)
I CRAR ANRIONERCICRAR A PR TCON
for all y = Im(z) € C which proves that
£(z) =3 V], z=x+1ye €, (5.5)

with this equality holding in 8. Thus by combining (5.5) and Lemma 2 we
can also conclude in the sufficiency of Theorem 1 that
{f(z) : y = Im(2) € C, |Y| < Q} 1s a strongly bounded set in 8 for Q>0
being arbitrary but fixed. Further, by combining (5.5) and Lemma 1 we have
obtained a direct proof of the fact that
1im
y»0 f(x + iy) = F[V] (5.6)
yeC
in the strong (and weak) topology of §,
In the converse of Theorem 1 Vladimirov proves that if Vt has the form
(3.2) then all derivatives Ds(f(z)) of the Fourier-Laplace transform

izt

f(z) = (Vt , e ) of Vt belong to the class Hp(a pg + €;0(C)), C being

an open connected cone. By the analysis in (5.2), (5.3), and (5.4) we conclude

that (5.5) holds in this converse also for z = x + iy € TO(C).

Then combining
this fact with Lemmas 1 and 2 we add the conclusions to the converse of Theorem
1 that {f(x) : y = Im(2) € 0(C) , |y| < Q} 1is a strongly bounded set in s,
where Q > 0 1is arbitrary but fixed, and (5.6), with C replaced by 0(C),
holds in the strong (and weak) topology of g.

We now consider Theorem 2. For the element f£(z) € Hl(a + €;0)

(e Hl(a pC;O(C)) in the converse), a > 0, and its corresponding spectral

function Vt € 8' in both the sufficiency and necessity of this theorem, we can
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prove lemmas like Lemmas 1 and 2. Then using techniques as in our preceding
additions to Theorem 1 we have the conclusions in both the sufficiency and
necessity of Theorem 2 that

c

£(z) = 3le 7" Vl,z=x+1iyeT (e 70(®)

in the converse),
with this equality holding in 3'; {f(z) : y = Im(z) € C (¢ 0(C) in the converse),
|y| < Q} 1is a strongly bounded set in 8 for Q > 0 being arbitrary but
fixed; and (5.6) holds in the strong (and weak) topology of 8' with 0(C)
replacing C in the converse. The now evident details are left to the
interested reader.

Let us also note the generalization of Theorems 1 and 2 given by Vliadimirov
in [1, section 26.7] concerning functions £(z) € Hp(a + €;C) which are
analytic in tubular cones TC where C 1s an open cone that is the union

of a finite number of open connected component cones C k=1,2,...,r. By our

K °
analysis in this paper one can also conclude our strong boundedness property
in ¢  for the analytic function £(z) € Hp(a + €;C) 1in [1, p. 247, Theorem]
in each of the connected components TCk , k=1,2,...,r , of TC and for the
analytic extension function f£f(z) in the conclusion of this result of
Vliadimirov for 2z € TO(C).

The Theorems 1 and 2 of Vladimirov have recently motivated this author
to define more general spaces of analytic functions in tubes than the Hp(a;C)
and Hp(a + €;C) spaces. The associated spectral functions are distributions
of exponential growth, a class of distributions which contains the tempered

distributions 8'. Our analysis will appear in [5].
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