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ABSTRACT. A necessary and sufficient condition for a bounded operator to be a
composition operator is investigated in this paper. Normal, quasi-hyponormal,
paranormal composition operators are characterised.
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1. PRELIMINARIES.

Let N be the set of all non-zero positive integers and

KZ be the Hilbert space of all square-summable sequences. Let ¢ be a map-
ping from N into itself. Then we define a composition transformation C

¢

2
from £ into the space of all complex valued sequences by

C¢f = fo¢ for every f e 2.

In the case C¢ is bounded and the range of C¢ is in 22 , we call it a com-

position operator. The symbol B(I_z) denotes the Banach algebra of all bounded
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linear operators on £2 .
In the first section of this paper, a criterion for a bounded operator to be
a composition operator is given. In latter sections, Normal, Quasi-hyponormal,

Paranormal composition operators are characterized.

2. CRITERION FOR A BOUNDED OPERATOR TO BE A COMPOSITION OPERATOR.

In this section we obtain a necessary and sufficient condition for a bounded

operator A to be a composition operator.

THEOREM 2.1. Let A ¢ B(KZ) . Then A 1is a composition operator if and
(n) (m)

*
only if for every ne N , there is an me N such that A e =e , where

(n)

e is the sequence defined by e(n)(p) = gp (the Kronecker delta).

PROOF. Let A be a composition operator on 22 . Then A = C¢ for some

@ _ c: e® _Q®)) o efinition of c: 61.
(n) (m)

*

Conversely suppose A e =e . Then define ¢(n) =m . ¢ 1is well
* *

Thus A~ ™ Q@) _ c¢ ™

*
¢ - Let ne N. Then Ae

defined, since m 1is unique. for every n € N.

* *
This shows that A = C¢ and hence A = C¢ .

3. NORMAL COMPOSITION OPERATORS.

An operator A ¢ B(H) 1is normal if A commutes with its adjoint. It is not
true in general that every invertible operator is normal. It is true in case of

composition operators and is shown in the following theorem.

THEOREM 3.1. Let C¢ € B(Cz) . Then C, 1is invertible if and only if C

¢ ¢

is normal.

PROOF. Suppose that C¢ is invertible. Then by Theorem 2.3 of [6] C¢
is unitary and therefore, it is normal.
Conversely, if C¢ is not invertible, then by theorem 2.2 of [6] , ¢

is not invertible, and so either ¢ is not one-to-one or ¢ 1is not onto.
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If ¢ is not one-to-one, then [|C: e(n)|| =1 and [|C¢ e(n)ll > V7 for
some n e N. And if ¢ is not onto, then ||C: e(n)|| =1 and HC¢ e(n)|| =0
for n e N\ ¢(N), where O¢(N) is the range of ¢ . Thus in both the cases,

C  is not normal. This proves the sufficient part.

¢

COROLLARY. Let n € N . Then C; is normal if and only if C¢ is

normal.

4. QUASI-HYPONORMAL COMPOSITION OPERATORS.

Let C¢ € B(@z) . Then the measure l¢_1 is absolutely continuous with

respect to the measure A [4]. It is clear that the measure A((bo‘tb)-1 is
absolutely continuous with respect to the measure A¢—1.
-1
Let d;i = fO (the Radon-Nikodym derivative of the measure A¢-1 with

respect to the measure A .),

-1 -1
dA (¢Ofi - g . and dA §§o¢) = b
dr¢

Then by Theorem A [1, p. 1331, h =g * f

*

An operator A € B(@z) is quasi-hyponormal if IIA A x|| < |IAA x|| for

all xe£% . A is called paranormal if ||A xI12 < I]Alel for all unit
vectors x in 52 . It is shown in this section that the class of quasi-

hyponormal composition operators coincides with the class of paranormal composition

operators.

THEOREM 4.1. Let C, € B(lz) . Then C, 1is quasi-hyponormal if and only

] ¢
if £ sg .

* 2
PROOF. Suppose C, is quasi-hyponormal. Then ||C¢C¢XE|| s||C¢C¢xE|| ,

¢
where XE is the characteristic function of the set E .

2
or IIMfOXEIIZ < IIXE0¢0¢|| by proof of Th. 3 [3],
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or £ fiXEdA < £ |xEo¢o¢|2dx = £ X d) (60¢) "t
or £ fiXEdA < £ XEhodA
or é (ho'fi) d» 20 .
Since this is true for all E £ N , therefore, ho 2 fi . This shows that
fo < g, -
Conversely, if fo < 8, > then fi < fo - ho .
Hence, |lc;c¢f||2 - £ |Mfof|2 dr < £ |£1%n_ar

- £ L£]2dr (408)”) = £ | fo¢os | 2ar
_J 2., 2
X |C¢C¢f| dx = IIC¢C¢f|| .

This completes the proof.

THEOREM 4.2. Let C¢ € B(lz) . Then C¢ is quasi-hyponormal if and only
if C¢ is paranormal.
PROOF. Necessity is true for any bounded operator A . For the sufficiency,

if C, 1is paranormal and n € N , then

¢

2
||c¢x{n}|| < ||c¢c¢x{n}|| for all n e N .

2 2 -1
or flx{n}°¢| dx < (flx{n}’ dx (¢09) );§
2 -1 2 -1.%
or [1Xy 17 are™ < (JIx 417 dh (00) D)
or I £f dx < ( I h d)\);5
{n} © {n} °
or £ () < (b (@)

or (fo(n))2 < ho(n) = go(n). fo(n) for all n € N .
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Hence fo <g Thus C is quasi-hyponormal in view of the previous theorem.

(I [}

THEOREM 4.3. Let € B(KZ) and ¢ : N> N be one-to-one. Then the

%

following are equivalent.

(i) C is normal

¢

(ii) C¢ is hyponormal

(iidi) C, 1is quasi-hyponormal .

¢

PROOF. The implications (i) implies (ii), (ii) implies (iii) are true for
any bounded operator A . Here we show that (iii) implies (i). For this let
C¢ be quasi-hyponormal. Then ¢ 1is onto, because if ¢ is not onto, then
taking XﬁKn)} to be the characteristic function of the singleton set {¢(n)}

for n € N\¢ (N) we have

*
l|c¢c¢x{¢(n)}|| =1 and |lc¢c¢x{¢(n)}|| =0

which is a contradiction. Since ¢ is one-to-one by hypothesis, therefore ¢
is invertible. By theorem 2.2 [6] C¢ is invertible and so by theorem 3.1

C is normal.

¢

REMARK. One has the following inclusion relation for classes of operators.
Normal € Quasi-normal € Hyponormal S Quasi-hyponormal .

All the inclusions are proper [2]. We show with the help of examples that these

inclusions are also proper for composition operators.

EXAMPLE 1. Quasi-normal but not normal.

Let ¢ : N > N be defined by

g(n+1)/2 if n is odd
() = 4/2 if n 1is even
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Then from theorem 3 of [3] it follows that C, is quasi-normal since

¢

* .
C¢C¢ = Mf = 2I, where I is the identity operator. But C¢ is not normal
o

in view of theorem 3.1.

EXAMPLE 2. Hyponormal but not quasi-normal.

Let ¢ : N> N be the mapping such that ¢(1) and ¢(2) equal 1 and
$(3n+m) = n+l for m = 0,1,2 and n ¢ N. Then fo(n) =2 if n=1 and
fo(n) =3 if n # 1. It is clear that foo¢ < fo . Hence C¢ is hyponormal.

But (f°o¢) (2) # f°(2), hence C, is not quasi-normal.

¢

EXAMPLE 3. Quasi-hyponormal but not hyponormal.

Let ¢ : N+ N be the mapping such that ¢(1) and ¢(3) equal 2, $(2)
equals 1 and ¢(3n+m) = n+2 for m=1,2,3 and n ¢ N . Then C¢ is quasi-
hyponormal in view of theorem 4.1. But C¢ is not hyponormal because if x € 22

is such that x(1) = 2. x(3) =1 and x(n) = 0 otherwise, then

* *
||C¢x|| =3 and ||C¢x|| =~7 . Thus ||C¢x|| £ ||C¢x|| .
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