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ABSTRACT. The problem of determining the behavior of the solutions of a per-
turbed differential equation with respect to the solutions of the original
unperturbed differential equation is studied. " The general differential equation

considered is
X' = £(t,X)

and the associated perturbed differential equation is

Y' = £(t,Y) + g(t,Y).
The approach used is to examine the difference between the respective solutions
F(t,to,xo) and G(t,to,yo) of these two differential equations. Definitiomns
paralleling the usual concepts of stability, asymptotic stability, eventual
stability, exponential stability and instability are introduced for the differ-
ence G(t,to,yo) - F(t,to,xo) in the case where the initial values Yo and X are
sufficiently close. The principal mathematical technique employed is a new

modification of Liapunov's Direct Method which is applied to the difference of
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the two solutions. Each of the various stability-type properties considered
is then shown to be gumranteed by the existence of a Liapunov-type function

with appropriate properties.

KEY WORDS AND PHRASES. Liapunov functions, asymptotic behavior of solutions,

asymptotic equivalence.
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1. INTRODUCTION,

One of the paramount uses of stability theory is to determine which stability
properties of a particular system of differential equations are preserved under
small perturbations. This problem has been studied in numerous ways. The method
introduced in the present paper, however, is felt to be an essentially new ap-
proach for dealing with this situation. It is similar to some work done by Lak-
shmikantham T3] in a different context. Instead of considering explicitly which
stability properties are preserved under perturbations, a theory based on the
actual behavior of the solutions of the perturbed differential equation with res-
pect to those of the original differential equation is developed. The results
8o obtained are given in terms of the existence of an extended form of Liapunov
function.

We note that a similar concept, that of asymptotic equivalence, was introduced
by Brauer [1] , though the general approach both he and his successors used is
different from the one employed here. Moreover, the notion of asymptotic
equivalence is merely one of the numerous possibilities which can be considered
in terms of the present approach.

Some analogous results for the discrete case involving the behavior of solu-

tions of difference equations have previously been done by the author[27 .
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2. TIONS
We will consider the differential equation

X'(t) = £(t,X(t)). (2.1)
£(t,X) here represents a function with values in E', an arbitrary m-dimensional
vector space, and defined on some region D in I x E® which contains the axis
{X=0, teI}, where I is the set of non-negative real numbers, For simplicity,
we may take for D the semi-infinite cylinder

D = Dyp = “{(t,X)e TxE":t2 t, 20, IXU<R } .
Here, ||X|i denotes any m-dimensional norm of the vector X. We note that in
most cases, the upper bound R will be taken to be finite, The sole exception
to this convention would occur when we are dealing with the case of instability
for the solutions of the differential equations when the solutions become un-
bounded and hence the region must accomodate them,

In addition, the differential equation (2.1) will be subject to the initial
condition X(to) = X, . Moreover, we will consider only those equations for
which the solution is uniquely determined by the initial point and this unique
solution to the differential equation (2.1) satisfying the initial condition
will be denoted by F(t,t,,X,).

In addition to the differential equation (2,1) , we also consider the asso-
ciated perturbed differential equation

Y'(t) = £(t,%(t)) + g(t,¥(t)) , (2.2)
where g(t,Y) is also a function from Dy,r into E®, If the additional term
g(t,Y) is amall in scme sense, it is reasonable to expect that the behavior of
the solutions of the perturbed equation will be similar to that for the solutions
of the original equation, provided that the initial values for the two equations
are sufficiently close, In this regard, the assumed unique solution to the per-
turbed differential equation (2.2) satisfying the initial condition Y(t,) = y,
will be denoted by G(t,t,¥o).
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The present investigation will be carried out by using a certain class of
continuous real scalar functions V(t,X) also defined on DtOR and satisfying
the requirement V(t,0) = O for all t to. The following additional pro-
perties will all be required. Let M, represent the class of all real-valued
monatone increasing functions, a(r), defined and positive for r3» O and such
that a(0) = O. In terms of this, a real scalar function V(t,X) is said to be
positive definite if there exists a function a(r) of class M, such that

V(t,X) >al b x1I)

forall t >t A real scalar function V(t,X) is said to be positive semi-

o L]

definite if V(+,X)> O for all t > t, . Entirely similar definiiions hold

for such functions being either negative definite or negative semi-definite.
Moreover, corresponding to a function V(t,X), we define its total deriva-

tive with respect to the differential equation (2.1) as

Vi) = g V(X ¢ V(X X(1)
= 2 VE,X) + FV(E,X) 0 £(8,),
where
VV(t,X) = (3%1 - ,'%%)V(t,x).

Here, x; ,..., X, denote the components of X. V'(t,X) is obviously a measure
of the growth or decay of the function V(t,X) with regard to increasing t along
the trajectories represented by the solutions of the differential equation (2.1).
It should be noted that, in general, this can be calculated without direct
knowledge of the actual solutions,

We now introduce the types of possible behavior for the solutions of the
perturbed differential equation (2.2) which will be of interest to us in the
sequel.

DEFINITION 1: The solutions of the perturbed differential equation (2.2)

are said to be stahle with respect to the wmperturbed differential equation
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(2.1) if, for all € > 0 and for all t, & I, there exists a § ( €,t)) >0
such that ||y, = x,ll <8 implies that
L 6(t,t0,5) - Flt,t,x)l < ¢

for all t 2> t for every solution G(t,to,yo) of the perturbed equation (2.2).

o ?

DEFINITION 2: The solutions of the perturbed differential equation (2.2)

are said to be agymptotics stable with respe o the unper bed g
ferentiel equation (2,1) if they are stable with respect to the equation

(2.1) and if, for all t,€ I, there exists a S ,(t,) > O such that
I Yo = Xl <& dimplies that

Ia(t,t_,y,) - F(t,t5,x)1 > 0

0?70
as t > @ for every solution G (t,t,,y.) of the perturbed equation (2.2).
1 Lordg

The above two definitions are equivalent to the statement that all solutions
of the perturbed differential equation which start sufficiently close to the
initial value of the unperturbed solution respectively remain close to it or
eventually approach it., The latter case is essentially the same concept as
Brauer's asymptotic equivalence.

The next definition expresses an intermediate type of behavior whereby the
perturbed solutions initially may diverge fram the unperturbed sclution, but
eventually became arbitrarily close to the latter., The concept is somewhat

gimilar to that introduced by LaSalle and Rath [4] .

DEFINITION 3, The solutions of the perturbed differential equation (2.2)

are said to be g
equation (2.1) if, for every € > O, there exists a § (€,t,)> O such
that, for any x5, Uy, - xjll <6 implies that

ha(t,t5,55) = F(t,t5,%,) h<e

for a1l t = T, for some T 3 t, , for every golution G(t,t,,¥,) of the
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perturbed equation (2.2).

Finally, we give two further definitions of modes of behavior which will be

considered.

DEFINITION 4: The solutioms of the perturbed differential equation (2.2)

are said to be exponentially stable with respect to the unperturbed dif-
ferential equation (2.1) if there exist positive numbers a and B and a

8o >0 such that t,) € I, Jy, = X0l <60:me1y that (

~a(t-tg)

I G(t’to,yo) - F(t,to,xo)“ < Bl Jo = xO” e °

for all t 2 t, , for every solution G(t,t ) of equation (2.2).

L)

DEFINITION 5: The solutions of the perturbed differential equation (2.2)

are sald to be

ilon (2,1) if, for every € > O and every to € I, there exists some y,
with |y, - x|l < € and such that
0 G(ty,t,,¥0) = Fltp,t0,x )l > €

for some tl > to .

The above definition requires that for each solution of the unperturbed equa-
tion (2.1), a solution of the perturbed equation (2.2) can be found which starts
arbitrarily close to the unperturbed solution and which eventually diverges from
it.

We note that all of these definitions are independent of the behavior of the
solutions of the unperturbed equation. In fact, we specifically indicate that
the equilibria of the original differential equations may be stable, asymptotic-
ally stable or even unstable., This is illustrated by the following:

EXAMPLE 1: Consider the umperturbed differential equation

X' = - aX,
with a > O, whose asymptotically stable solution is given by



STABILITY FOR PERTURBED DIFFERENTIAL EQUATIONS 289

e-a(t—to)

F(t,t,,x,) = x,
Further, consider the associated perturbed equation
Y' = -(a+b)y,
whose solution is given by
G(t,to,yo) - e-(a+b)(t-t°)

As a consequence,

G6(t,%0,¥,) - F(t,to,x;) = ea(t-to) [yoe-b(t—to) “x ] .
If b > 0, this difference approaches O as t+® and thus the perturbed solu-
tions are asymptotically, and in fact exponentially, stable with respect to
the unperturbed equation. On the other hand, if b < O, then the perturbed

solutions are unstable with respect to the unrerturbed equation.

EXAMPLE 2: Consider the equation
X' = f£(t),
where f(t) is any function which is defined and non-integrable on [t, , ® ).
The unstable solution to this equation is gizen by
F(t,t5,x5) = x4 + Sto f(s) ds .
Further, congsider the associated perturbed equation
Y o= r(t) +e(t,Y),
where
he(t, Y ¢ a llh(t)l
for some sufficiently small positive constent a and for some function h(t)

which is integrable on [t, , ® ). The solution is given by
% t
G(t,t5,5,) = ¥, * Sto f(s) ds + Sto g(s,Y(s)) ds,

and hence
t
“ G(t)toyyo) = F(t,to:xo)" < ” yo = xo" + a gto "h(B)” dS,
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which can be made arbitrarily small. Therefore, the perturbed solutions

are stable with respect to the unperturbed differential equation.

3. PRINCIP T
We now present several theorems which supply sufficient conditions for
the above types of behavior to hold in terms of the existence of continuous

real scalar, Liapunov-type, fumctions V(t,X).

THEOREM 1. If there exists a function V(t,X) on Dy oF such that
a) V(t,X) is positive definite
b) V(%,X) is continuous for X = 0
e) V'(t,¥(t) - X(t)) is negative semi-definite,
then the solutions of the perturbed differential equation (2.2) are stable
with respect to the unperturbed differential equation (2.1), provided that

for all t 2 t,,

NG(t,t,,50) - F(t,t0,x,)ll < R.

PROOF: Since V(t,X) is positive definite, there is a function a(r) of
class M, such that
v(t,X) > a(lixil).
Now, given any €, choose y, sufficiently close to x, so that
Yo - %oll < ¢ and  V(t,,y, - %) < ale).

It then follows that

1G(t,t,,¥,) = F(t,t6,x )l < ¢
for all t 2 t,; for, if not, there would be some t; > 1, such that

1G(ty,t0,50) - F(t,t0,x,)il > €.

This, however, would imply that
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V(ty,G6(ty,t,5,) = Fltg,t5,x5)) > a(ll 6(ty,t5,5,) - F(ty,to,x)0 )
a(e)

> V(to’yo - xO)

VvV

A\

V(t]_;G(tl:toyyo) - F(t]_ytoyxo)) )

which is a contradiction.

It should be noted that the above theorem, as well as the ones which
follow, depends strongly on the condition that, for ell t 2 tg,
WG(t,t0,5,) = F(t,t,x,) 1 < R. (3.1)
This condition guaran.ees that both the function V'(t,Y-X) remains well-
defined and that the difference of the two solutions remains on Dtoﬁ' The
following result gives one fairly simple set of criteria for the functions
£(t,X) and g(t,Y) which insures that this holds.

THEOREM 2: If f(t,X) satisfies a generalized Lipschitz condition
le(t,xy) - £6,%)1 € L@E)IX - X0
where L(t) is integrable on [t,, ® ) end if g(t,Y) satisfies
hg(t,Y)Il < aln(t)l

for some sufficiently smell positive constant a and for some function h(t)
which is integrable on [t,, ®), then if y, is chosen sufficiently close

to x

o+ condition (3.1) holds for all t 2 t,.

PROOF: We have

t
F(t,t,,x,) = x5 + Sto r(s,X(s)) ds

and

t t

G(t,t5,¥,) = Vo * Sto £(s,Y(s)) ds + S g(s,¥(s)) ds.

to
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As a consequence,

16(t,20,50) = F(t,t,x)l]
% ‘ t
live = Xoll * gto le(s,¥) - £(s,0))| a5 + jt g(s,Y)) ds
(¢}

5
t t

< Vo = Xl * gt L(s) |i G(s,to,yo) - F(s,to,xo)” ds + aj-tolih(s)ll ds
tno t )

¢ Ny - xll + agto Il h(s)ll ds + Sto L(s) Il &(s,t,5,) - F(s,t,,x,)llds

t
= A + gto L(s) HG(s,to,yo) - F(s,to,xo)" ds,

where, we observe, the quantity A can be made arbitrarily small. We now

apply the following form of Gronwall's Inequality to the above relation:

t
Ir 2(t) >0 and P(t) $Q(t) + Sto Z(s) P(s) ds,

then

t t
P(t) < Q(t) + Q(8) 2(s) exp Z(u) du] ds.
to 8

We therefore obtain

halt,ty,3,) = F(t,t %) |

N

g ° %
A + A to L(s) exp [ gs L(u) du] ds
1

A{1 + Sto L(s) exp[ K(t) - K(s)J ds }

t
= A{1 + eK(t) g L(s) e-K(S) ds }
to

eK(t) (e-K(t) - e-K(to) ) }

= A{l -

= a eK(t) - K(to)
t

< A exp [St L(s) ds |
o)

Ac,
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which can be made smaller than any given R by choosing the constant a sufficiently
small and by choosing Y, sufficiently close to X . We note that in the above,

K(t) represents an indefinite integral of L(t).

We now turn to a result giving sufficlent conditicns for asymptotic behavior

for the two solutions,

THEOREM 3. If there exists a function V(1,X) on D.%R such that
a) V(t,X) is bounded below
b) V'(t,Y(t) - X(t)) is negative definite,
then the solutions of the perturbed differential equation (2.2) are asymptotically
stable with respect to the unperturbed differential equation (2.1) provided that

condition (3.1) holds for all t > to -

PROOF, Since V'(t,Y-X) is negative definite, there exists a function a(r)
of class M, such that
V'(t,Y-X) € -a(hy-Xxl).
Moreover, we have that
V(t,6(t,t,5,) - F(t,t,,x,))
t
= V(t°)YO - xo) + gto V'(S:G(s:to:yo) - F(s:to,xo)) ds
1
€ Vo, - X)) - S t a(ll G(s,tq,¥,) - F(s,t_,x )l Hs.
Taking the limit as t > @ and using the fact that V(t,X) is bounded below by
some B, we find that
t
Um, , o gto a(li G(s,to,yo) - F(s,to,xo)” ) ds § V(tg,y, - xo) - B,
which implies that, as t ~®,
a(ll G(t,tg,¥,) - F(t,t5,x,)Il ) > 0.

Therefore, since a(r) is monotonically increasing, it follows that

I G(t,t0,¥0) - F(t,tg,x,)|l ~0



294 S. P. GORDON

as t - o, thus proving the theorem.

THEOREM 4. If there exists a function V(t,X) on DtOR such that
a) V(t,X) is positive definite
b) V(t,X) is continuous as X = 0
e) V'(t,Y - X) < - b(t), where .S(:o b(s) ds 3 O,
then the solutions of the perturbed differential equation (2.2) are eventually
stable with respect to the unperturbed differential equation (2.1), provided
that condition (3.1) holds for all t > tq.
PROOF: Since V(t,X) is positive definite, there exists a function a(r) of
class M, such that
V(t,X) > a( uXi).
Now, suppose that the solutions of (2.2) are not eventually stable with respect
to (2.1). Then, for any € > O and any x,, there exist sequences { Zy b xg
and {t} *® ask~> ® such that
N Gty,to,7) = Flty,to,xo )12 €.
Consequently,
V(tk,G(tk,to,zk) - Flty,t,x,)) > alli Glty,t,,2y) - Flty,to,x,) 0 )
> a(e) > O,
Furthermore,
V(tk,G(tk,to,zk) - F(tg,t0,%,))

tx
= V(to,zk - xo) + gto V'(s,G(s,to,z ) - F(e,to,xo)) ds

tx
g b(s) ds.

1

< V(to,zk - xo) .

Now, letting k > @, we have z, - x > 0, so that V(tk,zk - x,) > 0 also.

However, since by assumption,

®
Sto b(s) ds 2 O,
we are led to a contradiction.
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THEOREM 5: If there exists z function V(t,X) on Dy g such thet
e
a) al,';)(,'{p <V(t,X) < a, px i P
for some positive constants 2y and a, and for some p > O,
b) Vi(t,Y - X) < -agliY - xnP,

for some positive constant as,
then the solutions of the perturbed differentizl equation (2.2) are exponentially
stable with respect to the unperturbed differential equation (2.1) provided that

condition (3.1) holds for all t > to-

PROOF: From the conditions on V(t,X) and V'(t,Y - X), we find
VI(t,Y-X) < -agY-xi® < ~(ag/ay) V(LY - X) .

Therefore, upon integrating, we obtain

-az(t - t5)
V(t,6(t,t5,5,) = F(t,t,x)) ¢ V(t,,y, - x,) e 4 o/ |
where we have written a, = a3/a2 . Moreover, it follows that
V(t,G(t,t,5,) = F(t,to,x)) > aq ll G(t,t,,5,) - Flt,t5,x ) P
and hence
-a,(t - t,)
NGt t0,5,) = Flt,t,x )l P /a) Vitg,y, - x,) e 4 o/,
As a result,

I1G(t, t0,0) = Ft, 1, %)l < By, = x| e~ (/P (b - to)

which completes the proof.

Finally, we conclude this section with a criterion for the solutions of (2.2)

to be unstable with respect to equation (2.1).

THEOREM 6: Suppose there exists a real scalar function V(t,X) such that
a) for each € >0 and each t > t, and each solution F(t,t_,x,) of

(2.1), there exists a solution G(t,t ) of (2.2) such that

o’yo
I G(t,t0,¥,) - F(t,to,x ) < €

and
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V(t,G(t,to,yo) - F(t,to,xo)) < 0;
Corresponding to each solution F(t,to,xo), the set of all points for
which V(t,Y - X) < O is bounded by the hypersurfaces IlY - XIl =R
and V = O and may consist of several component domains;
b) In at least one of the component domains D* in which V(t,Y - X) <0
corresponding to each solution F(t,to,xo), V(t,X) is bounded below;
c) In the domain Dx,
Vi(t,Y - X) ¢ -a( |V(t,Y - X)]),
for some function a(r) of class Mg,
then the solutions of the perturbed differential equation (2.2) are unstable

with respect to the differential equation (2.1).

PROOF: Let F(t,to,xo) be any solution of (2.1) and choose any point

(tl,y1 - xl) in D* such that
- = b <
V(tl,yl xl) b <0,
where x, = F(tl,to,xo). Consider the solution G(t,tl,yl) of (2.2). We thus have

V(t,G(t,t,y;) - Ft,t9,x))

t
V(t,y - %))+ g t V' (s,6(s,t),¥1) - F(s,t),x1)) ds
%t
< -b - iy a( | V(s,G(s,tl,yl) - F(s,tl,xl))l ) ds
t
< -b - S a(b) ds
4
= -b - a(b) (t‘tl):
which approaches - @ as t *® . However, by assumption, V(t,Y - X) is bounded
below in D* and hence, the points (t,G(t,tl,yl) - F(t,tl,xl)) must leave D%
as t *® ., This can only happen across the boundary IlY - X|| = R, for any

arbitrarily large R. Moreover, since ¥y, can be chosen arbitrarily close to X,

the solutions of (2.2) are unstable with respect to (2.1).
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4. CONCLUDING RFMARKS,

Subject to the usual difficulty in finding a Liapunov function for a differ-
ential equation, the approach presented in this paper should prove to be one of
the most useful techniques in studying the behavior of the solutions of a per-
turbed differential equation,

Moreover, it is apparent that the concepts introduced here can be extended
to encompass in addition all of the various refinements of the stability pro-
perties, such as uniform stability, equiasymptotic stability, umiform-asymp-
totic stability and so forth.
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