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ABSTRACT. In this paper we investigate some structure properties of the tail
o-field and the invariant o-field of both homogeneous and nonhomogeneous Markov
chains as representations for asymptotic events, descriptions of completely
nonatomic and atomic sets and global characterizations of asymptotic c-fields.
It is shown that the Martin boundary theory can provide a unified approach to
the asymptotic o-fields theory.
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1. INTRODUCTION.

The first result on the asymptotic events of a sequence of random variables

was the 0-1 law given by Kolmogorov in 1933 [28]. 1In the years that followed
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the publication of Kolmogorov's book, the 0-1 law was extensively used by

P. Levy, W. Feller, etc. to obtain important properties of some variables
derived from sequences of independent random variables. It was therefore
natural to start the investigation of asymptotic events of other sequences of
random variables of interest and the next important results in this respect have
been the Hewitt-Savage 0 -1 law for symmetrical dependent sequences of random
variables [23] and Blackwell's characterization of invariant events of Markov
chains [4](the invariant events constitute an important class of asymptotic
events).

Nowadays, there is a sizeable literature concerning asymptotic events of
random variables, especially for Markov chains. It seems to us that the time is
ripe for an account of the basic theory of asymptotic events of Markov chains
and the main aim of this paper is to attempt such an account.

Some of the approaches and results given here are new, others are extensions
of the known results to more general settings, but we shall also present many
known results which, in our view, are basic for the asymptotic events theory.

No applications are included here, although the general theory presented
draws heavily on ideas and methods occurring in papers dealing with asymptotic
events for various types of Markov chains. The applications, which are numerous
and important, will be taken up elsewhere.

In the early papers on Potential Theory it has been noticed that any
nonhomogeneous Markov chain can be thought of as a homogeneous one in the
modified context of a space-time chain. However, such an approach was not often
pursued, due probably to the fact that the state space of a space-time chain
seemed to be untractable. We intend to show here that, as far as the theory of
tail and invariant events is concerned, the space-time approach provides a unified

method of dealing with both homogeneous and nonhomogeneous chains.



ASYMPTOTIC EVENTS OF A MARKOV CHAIN 539

The connection between the invariant o-field and the Martin boundary theory
which appeared in Blackwell's paper [4] was noticed by Doob [16]. Further Neveu
[33] and Jamieson and Orey [27] showed that some notions of Martin boundary
theory as space-time harmonic functions can be related to the tail o-field of a
Markov chain. The relation between the Martin boundary theory and asymptotic
(tail and invariant) o-fields will be shown here to go much further and the
Martin boundary theory will provide a unified approach to the asymptotic o-fields
theory.

The paper is devided into five chapters. The first chapter is the
Introduction. The second chapter introduces some notions related to asymptotic
o- fields and basic properties to be used in the sequel are derived. The third
chapter contains representations for asymptotic events and random variables by
means of harmonic and space-time harmonic functions, as well as in terms of some
almost surely convergent sequences of sets. As consequences, criteria for
triviality of asymptotic o-fields are derived. The fourth chapter investigates
the connection between the Martin boundary theory and asymptotic o-fields. It is
shown that the basic almost surely convergence result of the Martin boundary
theory implies new results as well as most of the results previously obtained by
sundry methods in the asymptotic o-fields theory. The last chapter contains some
structure theorems for asymptotic o-fields as descriptions of atomic and nonatomic
events, and global characterizations of asymptotic o-fields.

In the choice of the material presented here, I might have been biased by my
own interests and research and it is possible that insufficient attention has
been paid to some contributions to the asymptotic o-fields theory. I would like
to emphasize that I did not intend to pass judgements on the importance of various
contributions to the field and that I am aware of the fact that the present survey

reflects my own viewpoint on some topics that have preoccupied me for many years.
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2. PRELIMINARY RESULTS.

2.1 DEFINITIONS AND NOTATIONS. Let (S,B) be a measurable space, N={0,1,...}
and A,p two finite measures on (S,B). We shall denote by A & p the product
measure of A and u on (SxS,BOB) and by ||A-u|| the total variation norm of
A-u, i.e. [|a-ul] = ()\-u)+(S) + (A-u) (S) , where (A—u)+ and (A-1yu) are the
positive and negative part of A-u in its Hahn-Jordan decomposition. In the case

S=N and 9 = ?(N) , where Q(N) is the class of all subsets of N , we get

H)\—u” = z [A(i) -u(i)l . Further, AS will stand for the complementary set of
ieN
A, AlA!\2 for the symmetric difference of Al and A2 , Z for the set of integers

and R for the set of real numbers. Two measures A and u are called singular
with respect to each other (denoted A L u) if there is a set Be B such that
A(B) = 0 and u(Bc) =0 ; and X will be said to be absolutely continuous with
respect to u (denoted A << u) if u(B) = O implies A(B) = 0 . Given M , every A
can be decomposed into a sum )\1 + )‘2 where X1<< ¥ and )\ZJ. H . Moreover, there
exists a set H in B , called Hahn set, such that A(B) = A(B N H) + )\(BI\HC)
where A(+ A H) = A (-) and A(-AHY) = A,() .

A kernel N is a mapping from S x B into (-w,=] such that

(i) for every x in S the mapping A »N(x,A) (denoted N(x,-)) is a measure on

B .
(ii) for every A in 3 the mapping x >N(x,A) (denoted N(-,A)) is a measurable
function with respect to (S, B ) .

A  kernel N is said to be positive if its range is in [0,»] ; it is said to be
proper if S is the union of an increasing sequence {Sn: n >0} of subsets of S
such that N(~,Sn) are bounded. A kernel for which N(x,S) =1 for all xe$S is said

to be a transition probability kernel.

Let @ = SxSx ... , ‘§=BefB®... and for each w = (xo,xl,...,xn,...)eﬂ

let Xn(w) X, - Then it is well known ([15]) that given a probability measure v
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on ® and a sequence of transition probability kernels (Pn)neN , there exists
a probability Pv on T under which the sequence of random variables

{Xn(w):n 20} forms a nonhomogeneous Markov chain and

P (X0 €A) = v(a)

(2.1)

P (X eAan=x)

viin+l Pn (x,4)

The probability Pv is uniquely determined by its finite dimensional marginals

defined as follows

Pv(xo € BO,Xl € Bl’ ees ,xk € Bk) =
(2.2)
fBov(dxo) fBlPl(xo,dxl) .. .kaPk(xk_l,dxk) .

The measure V is called starting measure or initial probability distribution of
the chain. If v = §(x) where § stands for the Dirac measure, we shall

abbreviate P for P .
X 8 (x)
Denote by S’n the o-algebra generated by XO,... ’Xn and by 'S“ the o-algebra

generated by Xn,X . . The transition probability after n steps

n+l’"’
m, mtn

P (x,B) denotes the probability that xm+n is in B given that Xm=x and is

defined inductively as

m,mt+1

P (x,B) = Pm(X,B)

m,mrn-1

Pm’m-m(X’B) = JP (X,dY)Pm_l(Y,B)

m,mn

If Pn=P for alln , P depends only on n and will be denoted by P(n) . When

S is countable we can easily check that P(n) =p"
{Xn:n 20} will be said to be a homogeneous Markov chain or a Markov chain

with stationary transition probabilities if for any integers m,n with m<n

and for any Be B
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_ »(n-m)
P (X eB[F ) =P (X_,B) P a.s. (2.3)

@
The o-field J = (\T" will be said to be the tail o-field of the chain. A
n=o

T measurable random variable (event in(.r) will be called tail variable (event).
We shall next consider the shift operator 6 which maps Q into Q by Bw=w'

where w = (xo,xl,...,xn,...) and w' = (xl,xz,... ) . 6A will stand for

Ko p1reee

the set {6w:we A}, e_ll\ for {w:0weA} and 8°A for A . 6" will denote the nth

iterate of 6 . If Y is a function on @ , 6Y is defined by 6Y(w) = Y(8w) and 8"y

as its nth iterate. A random variable Y for which 8Y(w) =Y(w) for all weQ will
- p =

be said to be invariant. It is easy to see that Xn(eu)) —Xn+l(w),xn(9 w) Xn+p(m)

1

and e'P{xneB} = {Xx_, B} . A set A eF will be said to be invariant if 8 A=A

+p €
The class of all invariant sets, denoted by '3 is a o-field, called the invariant
o-field.

A set A in a o-field ‘6 is called atomic with respect to 5 if Pv(A) >0 and A
does not contain two disjoint subsets of positive probability belonging to 5 .
A set A in 9 is called completely nonatomic with respect to 5 if Pv(A) >0 and
A does not contain any atomic subsets belonging to 5 . It is well known (see
e.g. [38] p. 81-82) that Q may be represented as Q = O A where A

h|
n=o
or l})may be absent, but, 1f present, Ao is completely nonatomic and Al’AZ"”

's for j 21

are atomic sets with respect to g . If Ao is present we shall say that is
non-atomic, whereas if Ao is absent we shall say that 9 is atomic. Further, 5
will be said to be finite if AO is absent and there are only a finite number of

atomic sets. Finally, if A, =Q , 5 will be said to be trivial.

1
Denote by lA the indicator of A , i.e. the function which takes on the value

1 for weA and O for we A . We shall say that A1=A2 a.s. if 1A =1A a.s. and

1 2

that 1lim A =A a.s. if 1im 1, =1, a.s.
n A A

n>e n+e n
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2.2 ©6's ACTION ON T’ It is easy to see that both 6 and 6-1 map sets of3r
into sets of '; and are countably additive. Also, we can easily check that 9_1
preserves the disjointness of sets and commutes with complementation and
countable intersections. These properties of 6-1 , unpossessed by 6 , are

1 in the definition and manipulations

probably accountable for the use of 8
involving invariant sets from the very beginning of the ergodic theory. However,
in all the examples available, the failure of such properties for 6 is due to the
relevance of the first coordinate of w which is removed by the action of 6 .
We shall now see that if we restrict our attention to the action of 6 on the sets
of T we can show that all the properties of 9-1 mentioned above are also
possessed by 6 . We prove first

PROPOSITION 1. 6 maps T one-to-one and onto.

PROOF. 1In view of the already mentioned properties of e"l we can easily show
that 6_15 T . 'En+1 for all n 30 . Further for any set ACQ , O(O-IA) = A and
so it follows that 9?n+1 = q;n and an upshot of these considerations is 6 T- T
To show that 6 is one-to-one, suppose that for A.l,Az eT,OAl- 6A2 . This means
that there exist W eAl and Wy eA2 such that Gml- ewz . Because /\1 and A2 are
both in (-r we can assume that Xo(wl) -Xo(wz) . Therefore the first coordinates
of 0y and w, are identical and since 9w1= sz , 80 are the other coordinates. We
get W =Wy . Thus A1= A2 and the proof 1is complete.

PROPOSITION 2. 7 ={Ae :r :0A=A} .

PROOF. 1If Ae ?, then Ae To and therefore for any integer n >0 ,
A=6"A e?n . Thus Ae T . Furthermore, A= 9(6-11\) =0A which implies
? &{Ae:6A =A} . The reverse inclusion follows directly from the assertion of
Proposition 1 that 6 is one-to-one over T .

The above given Propositions 1 and 2 are due to Abrahamse [1].

PROPOSITION 3. Suppose that A’Al’AZ"" belong to T . Then
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1) en = (M€
a1 ef a, = Men,
n=1 n=1

(iii) em+nA =emenA for m, ne Z
PROOF. By Proposition 1, 6 and 6_1 are interchangeable, when applied to the
sets of 3’ . Let us apply e-l to both sides of (i); we get Ac= e'l(eA)c .

Since e'l commutes with complementation e'l(eA)°= e'leA°= A®  and we got an

1A'= e-lA" means A' = A" and the proof of (i) is complete. (ii)

equality. But 8
and (iii) can be proved in the same way.

Proposition 1-3 show that there is no reason to use 9_1 instead of 6 in the
definition of an invariant set. Since the Markov assumption was not used in
the above proofs, such an observation holds for the invariant sets of a o-field
generated by an arbitrary sequence of random variables.

2.3 SMALL SETS. A set A in '} will be said to be a null set if Pv(A) =0
and positive otherwise. If for all ne 2, Pv(enA)==0 , N will be called a small
set (see [1]). Obviously, any small set is a null set, but not all null sets are
small sets. Indeed, if we take A= {x}xSx ... such that P\)(X0 =x) =0 we get
Pv(A)==0 . However 6A= and therefore A is not a small set. Less trivial
examples can be given for sets A in T in the case of an improperly homogeneous
chain which will be defined below.

Examples of small sets: (1) any set A for which Px(A) =0 for all xeS ,
(2) any invariant null set (because TnA==A for all neZ).

We shall further identify a class of Markov chains, called properly
homogeneous, for which all the null sets of T‘are small sets.

Denote \)n(B)==Pv(Xn €B) for B€B and let Hn— be the Hahn set occurring in

1

the Lebesgue decomposition of Vn with respect to Vv

. A homogeneous Markov
n-1

hai hi << v 4 1i _ - . .
chain for which v o, an iiz \)n(Hn Hn+1) 0 will be said to be properly
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homogeneous and improperly homogeneous otherwise.
To justify this definition we need to elucidate the implications of the
conditions it imposes on the chain. Notice first that vy << vy implies
vy << vig for all n . Indeed v(B) = O implies vl(B) =0 . But
vl(B) = fP(x,B)v(dx) .
It follows that P(x,B) = 0 for almost all x both with respect to v and vy -
Since
vy (B) = [P(x,N)v) (dx) ,
we get vz(B) =0, and so on.

Consider next the equality

Cc
v(B) = v (BAH _,)+v (BNH )

1

c .
where vn—l(Hn-l) = 0 . The absolute continuity of v, with respect to Vo1

. c - = - =
implies that vn(Hn_l) = 0 and vn(Hn_lﬂ Hn) vn(Hn) . If vn_l(H Hn) 0,

n-1

{vn} are equivalent measures. Suppose that vn_l(H -—Hn) > 0 then

n-1

P (X eH |X . eH

h—l) =1 . This implies

( ) =1,

Hn—l

f
JH P(x,Hn)vn_l(dx) =V

n-1

which yields P(x,Hn) = 1 for almost all x with respect to Vo1 - Further

P(x,Hn) =1 is also true for almost all x with respect to v, and this implies

P(X | el Ixn_2 eH

n-l) =1 . Now we can easily deduce that

ii: {Xn EHn+l} = {Xo eHl} a.s. with respect to P and therefore

lim {X_eH -H ..} = {X eH -H } a.s. with respect to P_ . Thus if a chain is
n n o o 1 v

n+l
n->-v
properly homogeneous Pv(lim sup{Xn e(Hn-Hn+1)}) =0 . Since
n->ce
vn+1(Hn-Hn+1) = 0 implies Vn+k(Hn'-Hn+1) = 0 for any k>0 , we can see that if

a chain is improperly homogeneous, i.e. if PV(llS»iup{Xn e(Hn-—Hn+1)}) >0,
then the temporary homogeneity of its transition probabilities is of no use for

the sequence of sets {Hn- 0,1,...} which are of no relevance to the

Hn+1 3=
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chain after time n (n is the last time (Hn- ) occurs with positive

1.In+1
probability, i.e. n-s:p{(Hk-H.k_'_l) : P(Hk-uk+1) > 0}) .

The notion of a properly homogeneous chain for countable chains was
introduced in [11].

PROPOSITION 1. If {Xn :nx 0} is a properly homogeneous chain, then any null
set in ‘I’ is a small set.

PROOF. Suppose that Ae‘y and Pv(A) = (0 . Since

-1 = = =
P (6 "A[X =x) P (A[X _,=x) we can vrite

-1
P (o) = J P(A[X _; =x)v (dx) .
But

P\’(A) = J P(A|Xn_1=x)vn_l(dx) =0

and using v, << we get Pv(e-lA) = 0 . Inductively, we can prove that

Vn-1

Pv(e-ﬁA) =0 for any n30 . We show now that Pv(eA) = 0 . Indeed,

NCR M ORI
n ‘n-l1

s Pv (xn € (Hn - Hn+1))

and since lim P\’ (Xn € (I-ln - Hn+1
Do

)) =0, Pv(eA) = 0 and the proof can be easily
completed.

Proposition 3(i1ii), §2.2 and the above Proposition 1 together imply

COROLLARY 1. 1If {Xu :n30} is a properly homogeneous chain and A is a
positive set, then P(enA) > 0 for all ne Z .

The following result is due to Abrahamse [1].

PROPOSITION 2. Suppose that Ae(f_ and that AA6A is a small set. Then

oo
A= U enA is an invariant set and Pv(A' A A) = 0 for all starting probabilities

n==—co
VY

-]
PROOF. One can easily check that U 8"A is invariant. Further, for any

=0
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neZ
ABE™ £ (AABAY U (8AAB2M)U ... U 1A 0"A)

Applying Proposition 3, §2.2 we get em(l\A 8A) = 8™ A 9m+1

A for m=0,1,...,n-1
It follows that Pv(enl\AA) = 0 for all neZ and the proof is readily completed
on noticing that
' _ n n =
P (A" AN pv(gwe AAD) < }_va(e AAN) =0 .
2.4 SPACE-TIME CHAINS. Denote b}’\_/{) the family of all subsets of N . A
process {(xn’Tn) :n 320} with Tn taking values in (N,N’) , n=0,1,... is called

a space-time chain (associated with {)(n :nx0}) if Tn+ = Tn+1 . In what

1
follows we suppose that {Xn :n 20} is a nonhomogeneous Markov chain and confine
our attention to the space-time chains for which T0=k for a certain k in N ,
i.e. the chain {(Xn,n+k) :nx0} . y

Let § = (NxS) x (NxS)x... and ¥ = (J(,@j&) ® NOB)®... . The main
reason for the usefulness of the space-time chain concept is given by the

following:

PROPOSITION 1. {(Xn,n+k) :n 20} for any k e N can be thought of as a

~ N A~

~
homogeneous Markov chain on the probability space (Q,g,PA‘) where P, is
v v

determined by the transition probability function

Pn(x,B) for xeS , Be,’B, m=n-1l, neN
~N N
P((x,m+k) ; B x {nt+k}) = (2.4)

0 otherwise
and the starting probability '\\:/(k,-) = v(.) .
PROOF. It is easy to see that the s step transition probability function

of the space-time chain is
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Pm’m+s(x,B) for xeS, BeB, n=m+s, m=0,1,...
~(s) -
P77 ((x,mHk) 5 (Bx{n+k})) = (2.5)
0 otherwise
Further
m,n
P (X ,n+k) e Bx {n#k}|F ) = PN(X ,B) P, a.s. (2.6)

Now combining (2.5), (2.6) and taking into account the relationship between

~
P~ and P we get
v v

F(n-m) ~ ~ o~
PO (X mHk) 3 B x {n+k}) = B (X meH) € B ot} F ) By a.s.

Thus the formula (2.3) defining an homogeneous chain is verified and the proof
is complete.

Proposition 1 has been known for a long time in connection with the
Potential theory (see e.g. Doob [16]).

REMARK. The above Proposition asserts that a space-time chain turns a
nonhomogeneous chain into a homogeneous one. This is, however, done at the
expense of complicating the state-space of the chain. Also, since any state
(n,x) of this new chain appears only once (at time n-k) the absolute
probabilities '\’)/n(ﬁ/) =,§5((Xn,n+k) e’g) are mutually singular. Thus, such a chain
is improperly homogeneous in the sense of the definition given in 2.2.

However, we shall see further on, that there are still many properties of
homogeneous chains which applied to space-time chains yield relevant properties
of the original chain {Xn :n20} , even in the case when the original chain is
homogeneous. The following Proposition 2 is one of this kind.

PROPOSITION 2. The formulas

fn(X X 2 =f((Xn,n+k) , (Xn+l,n+k+1),...)

n’ntl’ "
for n=0,1,... with fn(xn’xn+1"°') = 1A , n=0,1,... set up a one-to-one

correspondence between the events A of the tail o-field ]J and the events
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~
~
A= {f((Xn,n+k),(Xn+1,n+k+1),...} for n=0,1,... of the invariant o-field ?

for any ke N . This correspondence preserves the probability, i.e.
2 () = B
PROOF. Suppose that Ae I . Then there exists a real function f.0 on
.) . If we further require that A e:r

(s®, ®”) such that Y =1, = fo(Xo,X

A 10
then there must exist a sequence of measurable functions on Ssc,w), say

{fn :n 20}, such that

Y = fn(Xn,Xn+l,...) for n=0,1,... 2.7)

If Ae ? we have 6'Y=Y for n=1,2,... and in such a case there exists a

function f such that

Y = f(Xn,X ) for n=0,1,... (2.8)

n+l’" "

Reciprocically, if a set A satisfies (2.7) (or (2.8)) then Ar T (or A ej‘).
~
~ ~
Suppose now that Y is the indicator of a set A in ?’ . Then, according to
~
what we have seen before,Y can be represented as
~ ~
Y = f((Xn,n+k) , (Xn+1,n+k+1) ,ee.) for n=0,1,...
~
But f((Xn,n+k), (Xn+1,n+k+1), vel) = fn(Xn,Xn+1, ...) n=0,1,... and it is eaSJ;ly
seen that such equalities set up a one-to-one correspondence between T and ? .
~ ~
Finally, Pv(A) = Pu(A) follows easily from the definition of P,\.), .
v

Proposition 2 is essentially due to Jamieson and Orey [27] (see also [36]).

3. REPRESENTATIONS FOR ASYMPTOTIC RANDOM VARIABLES AND EVENTS.

A transition probability kernel P defines a linear mapping on the set of

positive and .Q-measurable functions into itself by

PE(x) = [P(x,dy)f(y) 3.1



550 H. COHN

If for any x€S , Ph(x) =h(x) , h will be said to be a P-harmonic function.

Consider a sequence of transition probability kernels (Pn ;n21) . h(x,n)
with x €S and n €N will be said to be a ;-harmonic (or space-time harmonic)
function if Pnh(x,n)==h(x,n—l) for all xeS and neN .

We shall write hn for h(n,+) and agree to suppress the qualifiers P and ET
when referring to harmonic and space-time harmonic functions.

We notice easily that a state-space harmonic function is a harmonic function
corresponding to the space-time transition probability kernel‘; associated to
the space-time chain {(Xn,n) :n 20} , where the original chain {Xn :n20} is a
nonhomogeneous Markov chain with transition probabilities functions {Pn tnx1} .

In what follows we shall confine our attention to the bounded positive
harmonic (space-time harmonic) functions and we shall see that there is an
important connection between such functions and the invariant o-fields (tail
o-fields).

We notice first that whatever the starting measure v , {h(Xn),gki:n 20}
defines a martingale with respect to the probability space (Q,g',Pv) . Indeed,
since h is positive and bounded, the martingale property Ev(lh(xn)l) <o ig
satisfied, whereas the second property

E,a)|T ) =h&x _;) P as.,
is a consequence of the Markov property and (3.1).

Since {h(Xn), ?; ;n 20} is a bounded martingale, the martingale convergence

theorem ([31] p. 398) implies that

lim h(Xn) =X (3.2)

nre

exists Pv a.s. . Thus, to each bounded and positive harmonic function there

corresponds a tail random variable X . We can further check that X is Pv a.s.
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equal to an invariant random variable (say) X' . Indeed, define X'(w) =

1lim inf h(Xn(w)) . Because eh(Xn(Lu)) = h(Xn+1(w)) we get that 6X(w) =X(w) for

n-re

we{w:1lim X_(w) =X(w)} , whereas if w belongs to the sef {w: lim inf Xn(w) $
no © ) n o

X(w)} , then 61im inf X (w) =1im inf X +1(w) =1im inf X (w) . Hence X'(w) is
n-+eo n n->-e n n--o n

invariant.

Reciprocically, if X(w) is a bounded, positive and invariant random variable,
h(x) = Ex(X) is a harmonic function. Indeed, the Markov prope?ty, the
measurability of X with respect to T and the invariance of X yield

PE_(X) = /P (x,dy)E_(X)

[px,an)ET R |%, = )

[P(x,dan)EX|X, =)

E ()

for all xeS . If we agree to call equivalent two invariant variables X and X'
for which Pv (X#X') = 0 for any starting probability v , then we can easily see
that to any variable Z from an equivalent class, there corresponds the same
harmonic function h . On the other hand, if two harmonic functions h and h'
are not identical, i.e. there exists x in S such that h(x) #h'(x) then the
variable X corresponding to h and X' corresponding to h' are not equivalent,
since taking v = §(x) we get EX(X) #EX(X') . Thus, we have proved the
following basic result of Blackwell [4] (see also [8]).

THEOREM 1. (i) Suppose that {Xn :n 20} is a homogeneous Markov chain.
The formula

h(x) = EX(X)

set up a one-to-one correspondence between equivalent classes of positive,

bounded, invariant random variables X and positive, bounded harmonic functions
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(ii) {Xn :tn30}, h and X are related by the formula

lim h(X ) = X P a.s.
n v
n->w

for any starting probability v .
Suppose that we associate to the coordinate variables {Xn} defined on
(Q,'Sn) a nonhomogeneous Markov chain assuming the starting measure v and the

sequence of transition probabilities {P,, k>n} . Denote by PS the probability

k’
measure on 3" determined by v and {Pk :k2n} . We shall denote by E(len=x)

the mathematical expectation of the random variable Y with respect to P;‘ s

where Pi stands for PE with v=68(x) . Two tail variables Y and Y' will be said
to be equivalent if P::(Y#Y') =0 for n=0,1,... and any starting probability v

Theorem 1 has a parallel result for space-time harmonic functions and tail
o-fields, expressed by the following
THEOREM 2. (i) Suppose that {Xn :n3 0} is a nonhomogeneous Markov chain.
The formulas
h(n,x) = E(YIXn=x) n=0,1,... xe$§
set up a one-to-one correspondence between equivalent classes of positive,
bounded tail random variables Y and positive, bounded space-time harmonic

functions {h(n,x)} .

(i) {Pg} , {h(n,x)} and Y are related by the formula
lim h(n,X ) = Y P" a.s.
oo >n v

for m=0,1,... and any starting probability v .

PROOF. Consider the space-time chain {(Xn ,n0+k) :n >0} , associated to
the chain {)(n :n 20} assuming the probability measure Pl:’] . Since according to
Proposition 1,§2.4, {(Xn ,ntk), n 20} can be thought of as a homogeneous chain

-~ N AN
on a certain probability space (Q,f-F,Pm \’) , h(n,x) is easily seen to be
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~
harmonic with respect to the transition matrix P defined by (2.4) and a

~
fortiori with respect to any transition matrix Pm associated to the measure
Pr: . Further, the harmonicity of h(x,n) yields

h(n,x) = E(h(n+1,xn+1)lxn=x) i

Thus {h(n, Xn) : ?n :n32m} is the convergent martingale corresponding to
{h(Xn) : Tn :n 20} in the previous Theorem 1.

Now Proposition 2 §2.4 and Theorem 1 given above provide the remaining part
of the proof.

Theorem 2 was given by Neveu [33] (p. 154). The proof given here is new.

COROLLARY 1. Suppose that {Xrl :n >0} is a homogeneous Markov chain. Then
the following two conditions are equivalent
(i) All positive, bounded, harmonic functions are constant.
(ii) The invariant o-field ? is trivial under any starting measure v .

PROOF. Suppose that there exists a non-constant, positive, bounded,
harmonic function. Then there are two points X and %, such that h(xl) #h(xz)
Assume now that we take the starting measure to be v = %(G(Xl) +6(x2)) . Then

according to Theorem 1 there exists a random variable X such that h(x) =Ex(X)

and EX X) # Ex (X) . But if such a situation occurs, X cannot be P\) a.s.
1 2

constant since in that case EX X) = Ex (XZ) = ¢ where ¢ is a constant with
1 2

Pv(X=c) = 1 and we would get a contradiction. The converse assertion is a
straightforward consequence of Theorem 1.

Analoguously, Theorem 2 yields

COROLLARY 2. Suppose that {Xn :n 20} is a nonhomogeneous Markov chain.
Then the following two conditions are equivalent

(i) All positive, bounded, space-time harmonic functions are constant.
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(ii) The tail o-field Slis trivial under any probability Pg , n=0,1,...
and any starting probability v .

Corollary 1 was proved by Blackwell [4]. Corollary 2 was given in
Jamieson and Orey [27] for homogeneous chains.

These Corollaries have some important consequences to Martin boundary
theory in connecting the harmonic (space-time harmonic) functions theory to
the theory of the asymptotic o-fields of the chain. This connection will be
more fully explored in the next chapter.

We shall next deal with representations for invariant and tail events. It
is assumed that v is fixed and we suppress the qualifier Pv when referring to
a.s. statements or null sets.

A set C in fB will be said to be almost closed if lim{anC} exists a.s.
n->-o

and Pv (1im sup{xn €C})>0 . B will be said to be a transient set if

lim sup{Xne B} is a null set. Denote by g the class of all almost closed and
nre

transient sets by uthe class of all transient sets and byj{: the class of
sets in ? which are null sets. It is easy to see that Zis a boolean algebra
and 2(13 an ideal in f . Denote by ?/%and K/ % the quotient boolean
algebras obtgined by factorizing Efand zpby‘Jt and 2‘ respectively. The
following result exhibits the relationship between the elements of 27 /jz and
U

THEOREM 3. Suppose that {Xn: n2 0} is a homogeneous Markov chain. Then
to each invariant set A there corresponds a transient or almost closed set B
such that A = 1im{xne B} a.s. according as A is a null set or not. This
correspondencen-:; an isomorphism from }/% onto ?/ZL .

PROOF. Suppose that A is invariant and introduce the martingale

{PV(AI‘}n), ?n ;n20} . Since A eT, the Markov property implies
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P\’(Al ‘;n) =PX (A) , a.s. . The martingale convergence theorem applied to
n

this bounded martingale yields lim Py ) = 1, a.s. . The case Pv(A) can be
e n

easily disposed by taking B=0 . Suppose that Pv(A) >0 and define now

C = {x:Px(A) 2 0.5} . Then lim 1{

n->e

xn ec) = 1A a.s., which yields

1im{X e€C} = A, a.s. . Reciprocically, suppose that 1lim{X_eC} = A exists
n->o n N n

a.s. for any starting measure v . Then lim :i.nf{)(n eC} = U n{Xn €C} is an
no n=o0 m=n

invariant event and P_(1im{X €C} a.s. A 1im inf{X €eB}) =0 .
v n n
n-)co n->o

The remaining part of the theorem is rather straightforward and will be
left to the reader as an exercise. Theorem 3 is due to Blackwell [4].

Theorem 3 1like Theorem 1 has an analogue for nonhomogeneous Markov
chains and tail o-fields which can be obtained by applying Theorem 3 to the
space-time chain.

Denote by 3 the class of all sequences A= (Ao’Al""’An"") such that

1im{X €A } exists P a.s. and P_(1lim sup{X €A }) >0 and of all sequences
n n v \Y n n

n-e n--e
A= (Ao,Al,...,An,...) such that 1im sup{xn eAn} is a null set. Write"jlfor
n->e

the class of all sequences A = (AO,A A ,...) such that lim sup{)(l_l eAn}

1’ . ’ n n-m
is a null set andm for the class of all events in Twhich are null. For

A= (Ao,Al,...,An,...) and B = (Bo’Bl"“’Bn"") we shall define

c c ,c c

A" = (AO,A ,...,An,...) ,AUB = (AOUBO, Al\/Bl,..., AnuBn’”°) N
-1

An+1"°') and 6 A = (S’Ao"”’An-l""

r—l
check that :f is a boolean algebra and vis an ideal in j . Further J /m

6A = (Al,Az,..., ) . It is easy to

and j/ V will denote the quotent boolean algebras obtained by factorizing
T and j by Mand U respectively.

THEOREM 4. Assume that {Xn :n 20} is a nonhomogeneous Markov chain. Then
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1""’Bn"") in v

[y
or j -‘\/ such that lim{XneBn} =A P a.s. for any starting measure v ,
n->-e

to each tail event A there corresponds a sequence (BO,B

according as A is in :m:or T- m This correspondence is an isomorphism

from J /'\7 onto T/m .

REMARK. The isomorphism stated by Theorems 3 and 4 as well as the one to
be considered in the sequel cannot be extended from Boolean algebras to
o-algebras,as can be seen from the following example: Suppose that {Xn :nx0}
is a homogeneous Markov chain assuming only transient states. Then

P(Xn=i.i.o) =0 for any i €S , whereas P(lim :I.nf{Xn €8}) =P(lim sup{XneS}) =1

n->e n-reo

We next confine our attention to the tail ¢g-field of a homogeneous Markov
chain and we shall show that an isomorphism of the type alluded to in Theorem
4 can be shown to commute with 6 for homogeneous chains if the null sets
considered in the statement of Theorem 4 are replaced by small sets.

A sequence A= (AO,A ..) will be said to be totally transient if

1’

lim sup{Xn eAn} is a small set and totally non-transient if P\’(lim SuP{Xn eAn})
N

> 0 and lim sup{XneAn} A lim inf{xn eAn} is a small set. We shall say that
no>e n>®

A A lim{XneA } a.s. is a small set if both A A lim inf{X €A } and
oo n o n n

A A lim sup{Xn sAn} are small sets. Denote by l the class of all sets in :r

n->-e

which are small sets, by Wand Q, the classes of all totally transient and
totally transient as well as totally non-transient sequences respectively.
Q/W/and T/Z will denote the quotent boolean algebra obtained by
factorizing ﬁ and T byWand i respectively.

The following Theorem 5 extends a result established by Abrahamse [1] for
countable chains.

THEOREM 5, Assume that {Xn :n >0} is a homogeneous Markov chain. Then
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to each set A in T there corresponds a totally transient or a totally non-

transient sequence A= (Ao’A ..) such that AA lim{Xn eAn} a.s. is a small

n--e

1
set according as A is in i or in :r— Q‘Z . This correspondence is an
isomorphism from T/o\i onto R/W and commutes with 6 .

PROOF. We can easily check that ﬁ is a boolean algebra and w/an ideal
in Qon using elementary measure and set operations properties. Recall
further the martingale {P\)(AI }'n) s Tn :n 20} used in the proof of Theorem 3.

Under the assumptions of the theorem, we get that Pv(AIfn) =PX (e“A) . Thus
n

if we denote A ={x:P (6"A) >0.5} then 1im{X €A }=A a.s. . Further, if
n x goew DD

instead of A we consider the set 6A , the same martingale argument as above

yields ]_im{Xn €A,

}=06A a.s. and thus the correspondence A -+ (Ao’Al”")
nre

1
commutes with 6 . But the same argument can be applied to Okl\ for any keZ to

yield lim{Xn eAn+k}= 8%A a.s. and now using Proposition 3, §2.2 we get that
n-)m

I\Alim{Xn eAn} a.s. is a small set. Reciprocically suppose that
n->-e

(AO,A .,...)652. Take A=1lim inf{xneAn} ; then AAlim{XneAn} a.s. is

n-—>-o n->e

100
easily checked to commute with 6 and to be a small set. Notice .finally that
the totally transient sequences and the small sets if added or removed from the

l and T respectively, do not alter the above established correspondence
and the proof is now complete.

REMARK. The isomorphism stated in Theorem 2 is the restriction to the
subclasses 3 and z respectively of the isomorphism stated by Theorem 4
Indeed, to see this it is sufficient to notice that any null invariant set is

a small set and that for any C such that P (lim sup{X_ €C})=0 , 1im{X eC} a.s.
N n oo D

is a small set.
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4, MARTIN BOUNDARY THEORY AND ASYMPTOTIC o-FIELDS OF MARKOV CHAINS.

Suppose that {Xn :n 20} is a countable Markov chain assuming the state
space S and denote by Pn(i,j) the n step transition probability from i to j.

Assume that the chain is transient and consider the Green function#*

6,3 = J P4,
n=o

where P°(i,j)= § 8 being the Kronecker symbol. Define the Martin exit

i, 7 "1i,3
boundary kernel K by
G(i,3)
Z \)(n)(j)

n=o

K(i,j) =

and consider the metric

= _ -i
d(x),x,) = 1ES|K(i’xl) K(i,x,) |27 0, (1)

where Ui(l) is the probability that a path from i ever reaches 1. The space S
is completed by adding 1limit points and so completed is a compact metric space.
Let S' be the set consisting of the limit points of metrized S in the completed
space. The set S' is called the Martin exit boundary of S. A harmonic
function h* is said to be minimal if for any harmonic function h such that
h(i) <h*(i) for all i €S, there exists a constant c such that h=ch*. A point
£ in S' is called minimal if K(.,£) is a minimal harmonic function.

The main object of the Martin boundary theory is the identification of the
class of all harmonic functions associated to a transition probability kernel
and for this it suffices to identify the minimal harmonic functions. Indeed,

if we denote by Se the set of all minimal boundary points, then there is a

* For clear surveys of Martin boundary theory for countable chains, the reader

can consult Neveu [34] or Kemeny Snell and Knapp [28].
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representation theorem for harmonic function, called the Martin-Doob-Hunt
integral representation, asserting that any harmonic function h can be
represented as

h(i) = J K(i, £)V(de)

S
e

V being a probability measure on the borelian subsets of Se which is uniquely
determined by h .

There is a useful criterion for minimality of a harmonic function, based on
examining the Martin boundary of the h-process associated to a harmonic function

h . An h-process is a Markov chain assuming the transition probabilities

PEIDRG)  4f g<h(1) <=
h(i)

Q(i,3) =
0 otherwise

If 1 is a minimal harmonic function for the h-process, h is minimal for the
original chain. Equivalently, if the only bounded, positive harmonic function
for the h-processare constant, h is a minimal harmonic function. According to
Corollary 1,83 this happens if and only if ;? is trivial for the h-process and
therefore the identification of harmonic functions is essentially connected
with the structure of the invariant o-field.

If we consider the space~time chain derived from a nonhomogeneous chain
{Xn :n 20}, we get a rather simpler Green function:

G((m,1) : (n,§)) = P""(4,5)

where Pm’n(i,j) = P(Xn=j|Xm=i) with i ,3eS and m, neN , and the same
arguments as before applied to the space-time chain, as well as the Corollary

2, §2 show that the identification of the space-time harmonic functions is
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essentially connected with the structure of the tail o-field SJ . Thus
results concerning the Martin boundary theory for some types of chains as,
for example, those given by Lamperty and Snell [20] or Blackwell and Kendall
[5], etc. can be interpreted as assertions about the tail o-fields of the
chains.

The above mentioned results in the Martin boundary theory refer to
countable Markov chains. Some of these properties have been extended to more
general cases. However, the Martin-Doob-Hunt representation as well as the
most relevant properties of h-processes have not (at least not yet) been
extended beyond the countable case.

The connection between the Martin boundary theory and the theory of
invariant events developed by Blackwell in [4] has been remarked by Doob in
1959 [16]. The connection between the space-time Markov chains and the tail
o-field has been discovered only in 1967 by Jamieson and Orey [27] and
rediscovered by Abrahamse in 1969 [1]. Many authors of papers which appeared
in the meantime have been unaware of the fact that a result concerning the
Martin boundary of a particular chain was the same as a result formulated in the
language of the tail o-field in another paper and even recently some authors
seem unaware of this connection.

Moreover, there is more to gain by applying the Martin boundary theory to
asymptotic o-fields of a Markov chain and the object of the remainder of this

section is to point out some applications of this kind. Namely. we shall

investigate some consequences of the basic almost surely convergence theorem
in the Martin boundary theory to the structure of the tail and invariant o-field
of a Markov chain.

Let X and p be two probability measures. The Radon-Nykodim derivative of

the restriction of X to the sub c—algebracfl with respect to the restriction of
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U to fi will be denoted by (dk/du) A - Suppose that g(x,A) defined by

g(x,A) = nZOPX(Xn eA)

is a regular kernel and define the measures

) P (X €A)

g, (A)
u n=o

and
g, (A) = ZPv(Xn €h) .
n=o
Then both gu and g, are o-finite measures on 53 . Write now

gu(dy) = K (1,y)g (dy) + su(dy)

for the Lebesgue decomposition of gu with respect to gy - Here Su and g, are
mutually singular on 35 . Kv(u,x) is called Martin boundary kernel.

The basic almost sure convergence result in Martin boundary theory is the
following

THEOREM 1. Suppose that {Xn :n 20} is a homogeneous Markov chain. Then

lim K (pn,X ) = EEE P a.s
oV >“n de 3, v ot
Theorem 1 is basically due to Abrahamse [2] (see also Revuz [39]). It is

based on an idea used in the countable case by Hunt [24]. For an extension to
non-regular kernels based on Chacon-Ornstein ergodic theorem see Derriennic
[13]. Denote by T the set of all probability measures on 33 . We shall next
confine our attention to the case when gf 1s trivial with respect to any v
in T .

THEOREM 2. Suppose that {Xn :n 30} is a homogeneous Markov chain. Then

the following three statements are equivalent
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(1) ? is trivial with respect to any starting probability v
(ii) The probability measures (Pv)\) e T agree on 7
(iii) 1im K (u,X ) =1 P a.s.

ooV >“n v

for any u, veTl

dp

K

dpP
v

PROOF. Suppose that (i) holds. Then must be Pv a.s. constant,

since it is ? -measurable. Assume that p and v are singular. Then there
exists a set H in 7’ such that Pu(H) =1 and P\)(H) =0 . If we consider the

starting probability A = %¥(u+ V) then I”j << P, and P\) << P The only case

A Al

that does not contradict the singularity of P11 and Pv is when P)\(H) >0 and
P)\(Hc) >0 but such a situation is excluded by the triviality of ? with respect

to P)\ . Thus (i) =+ (ii). Suppose now that (ii) holds. Then
dP

i =1 Pv a.s. and (iii) follows from Theorem 1. Finally, assume that (iii)
v

=

holds and ? is not trivial with respect to a certain starting probability v .

Then there would exist two disjoint invariant sets I1 and 12 such that

Pv(Il) >0 and P\)(IZ) >0 . By the martingale convergence theorem

lim P (I |X ) =1 P a.s. . Thus there exists x in S such that
Do v 1l'n I1 v

Px(Il) > Pv(Il) . But by (iii) one has Pv(Il) = Px(Il) and this contradiction

completes the proof.

Write now
P (X edy) =K (4,7)P (X _edy) + 5 (X _ed
pig €Y = RULY v&, €dy) sp(ney)
for the Lebesgue decomposition of P11 with respect to Pv . Here Pv and g,u are

~
mutually singular on ,% . It is easy to see that K\)(u,y) is the Martin boundary
kernel of the space-time chain T(Xn,‘r:-ﬂc :n 20} with keN . Theorem 1 has an
analogue for the tail o-fields and nonhomogeneous Markov chains expressed by

the following
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THEOREM 3. Suppose that {X.n :n30} is a nonhomogeneous Markov chain. Then

dpP

1in X (u,%X) u P
m [T = —= a.s.
e ¥ n de fj’ v

The proof of this Theorem follows easily from Theorem 1 and Proposition 2 §2.4.

The convergence of'zv(u,X£) in the countable case was proved by Doob [16],
[17] but the limit was not identified as in Theorem 3. The possibility of
extending Doob's result to homogeneous chains with separable state space and
assuming transition probability densities was mentioned by Orey [36]. Theorem
3 contains all these results as particular cases and will be further seen to
yield a large number of results concerning the tail o-field of nonhomogeneous
chains.

Also, Theorem 2 has an analogue expressed by the following

THEOREM 4. Suppose that {X.n :nx0} is a nonhomogeneous Markov chain. Then
the following three statements are equivalent
(1) 3, is trivial with respect to any probability measure Pv with veT
(ii) The probability measures (Pv)ve r agree on GJ

~
(iii) lim Kv(u,xn) =1 Pv a.s.
n-o

The proof of this Theorem follows easily from Theorem 3 and Proposition 2 §2.4.
The following result gives a "0 -2 law" for nonhomogeneous Markov chains.

THEOREM 5. Suppose that {Xn :n3>0} is a nonhomogeneous Markov chain and

denote
. n m,n
a(x,y,m) = ln|| P™"(x, - ) -P""(y, )| .
n-ro
Then
(1) sup{lim|| P‘::’n - Pl::nH ; vm,v‘;leI‘ , m=0,1,...}

n->o m m

= sup a(x,y,m) = (0 or 2)
X,yeS,meN
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(ii) sup a(x,y,m) = 0 is a necessary and sufficient condition for the
x,y€S,meN

triviality of T with respect to any probability measure PI: , m=0,1,... and
verl.

PROOF. We shall apply Theorem 4 to the nonhomogeneous Markov chain
assuming the probability measure P: and take y = 6(y) . Thus if :r 1s trivial

with respect to P::

~
iiz Kx(y,Xn) =1 Px a.s. (4.1)
But
~
sup'Pm,n(x,A) -Pm,n(y,A) < sup[[ |1—Kx(y,z)lP (xn e dz) (4.2)
AED Ac$d/A X

+ X ed .
S z

(4.1) together with Theorem 4{ii) can be used in (4.2) to yield

lim|| P®%(x, - ) - P™ (v, <) =0 .
n—m

Thus a(x,y,m) =0 for x,yeS and meN. Notice now that

P ) - B0 (A) IPt:’n(A)v(dx) - IP?’“(A)v'(dy)

f[J(PQ’“(A) - BT @n) v (dy)
which entails

Lim|| P’\':’“ - P’\’,‘:“ll ¢ lim J[Jll Pz’“ - PP vdx)lv' (dy) = 0
n->wo n->o y

and the first part of the Theorem is proved.

’-J
Suppose now that there exists a probability measure v such that J is not
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trivial with respect to PV . Then there would exist two disjoint sets in 3‘ ,

say Tl and T2 such that Pv(Tl) >0 , Pv(TZ) >0 and Pv(Tlu TZ) =1 . Further,

by the martingale convergence theorem (see [31]) 1im Pv(T2|X2) =1, P a.s..
n->® 2

Assume now that € is a number with 0<e <1 and denote

1" . = — E 2= M = -— —ﬁl
Bn-{x.P(Tllxn-x)>1 5} and B {x.P(TZIXn x) >1- -} . Then, we
can easily check that Bi and Bﬁ are disjoint for all n and that

lim {x_eBl}=T P a.s., lim{X eB2}=T
n n 1 v n n

Pv a.s.. Since
n>® n->e

2

1 2
lim P(X_ eBn[Xm-x) = P(Tllxm—x) , lim P(X_ eBnlxm—x) = P(T2|Xm=x) for all
n>e no®

x €S we get for xeBl and yeB2
m m
lin|| 2™ (x, - ) - By, )| 2 1im sup @™ (x,B)) - P™"(y,8L))
n n
n n->

+ 1im sup(®™"(y,B%) - P™%(x,8%))
n n
n-)-m

22 -¢€
and the proof is done.

As a corollary, we get the following "0 -2 law"

for homogeneous Markov
chains

COROLLARY. Suppose that {Xn :n 20} is a homogeneous Markov chain and denote

B(x,y) = lim|[ P"(x, - ) - P"(y, )] .

n-re
Then
1) sup{lim|| P® - P%,|| ;v,v'eT} = sup B(x,y) = (0 or 2)
v v
n>® X,yE€S
(ii) sup B(x,y) = 0 1is necessary and sufficient condition for the

X,yES
triviality of Sawith respect to any probability measure Pv with veTl .

The equivalence between sup B(x,y) =0 and the triviality of Slunder any
xX,y€ES
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initial distribution was given by Jamieson and Orey [27] generalizing a result
due to Blackwell and Freedman [6] , see also [20] and [35]. For an

extension to a continuous parameter chain see Duflo and Revuz [18], and to the
nonhomogeneous Markov chains see Iosifescu [25], [26]. The remaining part of
the Corollary is due to Derriennic [14] who used a combined martingale and
operator theory'* approach to prove the entire Corollary. The proof given
here is new.

Let :9 and j(be two sub o-fields of T such that 'ﬁ & I We shall say
that ﬁ = ? P\) a.s. if for any set A ingf there exists a set A' in 5
such that P\)(AAA') =0 .

The following "0 -2 law" gives a criterion for ? = :T B, a.s. for any
vel .

THEOREM 6. Suppose that {Xn :n 20} is a homogeneous Markov chain and

denote
+
Yoo = tal 2™ x, o) - 2™V, .
n>e

Then
1) sup{lim|| P\()n) —P\()n+1)” , VeT} = sup v(x) = (0 or 2) .

n*e X€S
(ii) sup Y(x) = 0 1is a necessary and sufficient condition for 7 = T

x€eS

a.s. with respect to any starting measure v with veTl .

~
PROOF. 1If we proved that lim Kx(Px’Xn) =1 Px a.s. for any x€S , then

n-re

as in the proof of Theorem 5 we can show that Y(x) =0 for any x€S . Also to
prove that we can replace x by an arbitrary measure v we can proceed as in the

proof of Theorem 5.

* For basic methods of the operator theory pertinent to Markov chains see

Foguel [19].
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~

Suppose that 1im K_(P_,X ) # 1 P_ a.s. for some x and denote
e X XM x

dPP

x

dPx 3"’

P, (A)>P_(A) which entails Px(e"lA) >e (1) . But F#=T P as. forall
X

veTl and therefore there exists an invariant set A' such that PX(AA A') =

A= {w: >1} . Then, according to Theorem 3 we have Px(A) >0 and

P, (AAA") =0 . Thus P, ) = Px(e_lA) = Px(A) and we have got a
x X

contradiction that proves the "0" part of the theorem.

Suppose now that there exist a starting probability v and a set A in 5-'
such that P\)(A) >0 and P\)(AAS-IA) >0 . We assume without loss of generality
that A and 6_1 are disjoint, since otherwise in view of Proposition 2, §2.2
we can arrange to have such a situation by taking A N (e-lA)c instead of A .
Suppose now that we choose a number € with 0<e <1 and denote
An = {x: P(AIXn= x)>1- %} . Then by an already familiar reasoning

= -1 = = =
il:;z{anAn} =A P a.s. . Further since P(6 Aan+1 x) P(/\IXn x) and in

view of the disjointness of A and 6—11\ one must have An N An+1 = @ for all

n . Finally, as in the proof of Theorem 5 we get

1n|| P™ (x, - ) -p @D Ly 3 lim(P(n)(x,An) —-P(n+1)(x,An))
n->eo n--o

+ 1imee D) (A ) - P(n)(x,An D)

n-r-e

+1

2 2 - €
and the proof is complete.
A result of the type of Theorem 6,called "0 -2 law" was first given by
Ornstein and Sucheston [37]. Theorem 6 was given by Derriennic [14]. A
related result was obtained independently by McDonald [32]. The proof given

here is new.
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There is yet another "0 ~2 law" due to Derriennic [14] which gives a
criterion for the triviality of 3/'with respect to Pv for any veTl ; namely

THEOREM 7. Suppose that {Xn :n 30} is a homogeneous Markov chain and

denote
L § o) (1)
§Goy) = lm | [ @ x, ) -2 Gy, o 0
n-e i=1

Then

1§ ) _ D)
(i) sup{lim = || Z (64 Py lsv, vierl= sup 8(x,y) = {0 or 2}

n'l', v v

i=1 X,YyeS

(ii) sup 6(x,y) =0 1is a necessary and sufficient condition for the

X,yeS
triviality of ? with respect to any probability measure Pv with ver .

At first sight, the assertion of Theorem 7 seems unexpected, since unlike
Theorems 5 and 6, the total variation property appearing in it does not look
like a consequence of a previously given almost sure convergence result.
However, we shall now see that Theorem 7 is related to Theorem 1, as well as
to an almost sure convergence property based on Chacon-Ornstein ergodic theorem,
established by Derriennic in [13].

Theorem 1 was given under the assumption that g was a regular kernel.
However, under more general conditions (see Derriennic [13]), it can be shown

n

n
that if we denote g(n)(A) = Z P (X, €4), g(n)(A) = z P (X, ¢ A) and write
v =0V i Lo i=o M i

g™ (@) = K0yl @ + sy

n
En) with respect to gin)

1lim Kv(u,Xn)=]im Kﬁ(p,xn) Pv a.s. . If 3’15 further assumed to be trivial

n->ew N>

for the Lebesgue decomposition of g , then

with respect to Pv , then lim K:(u,Xn) =1 Pv a.s. and
N>



ASYMPTOTIC EVENTS OF A MARKOV CHAIN 569

n
2
tm 2 T @ - = 1im 2 sup(al™
N i=1 n> = AeB

@ - @

s(n) (dy)

V
n

lim J |K\(,n) (u,y) -1

n->o

g(n)

< 1 and since lileSn)(u,Xn)-ll =0 Pv a.s. we can see that
n->eo

Here

Theorem 7 is equivalent to an assertion that a certain integral converges to
0 when the integrand tends to O with respect to some measure Pv .

n)

Because Kgn)(u,s)= © and the measure is not Pv but 5:;— , such a result
is not a consequence of a theoretical result from the Integration theory,
although it is likely to be obtainable directly.

Suppose that for any x in S, P(x, *) is absolutely continuous with respect to
a measure m , i.e. that P(x,dy) =p(x,y)m(dy) . Then for any n31 ,
P x,a) = 2™ (x,yIm@y) and 2 (% cay) =p™ (pimiay) , B x_eay) =

(n)

pu (y)m(dy) where

p\(,“) y) = Ip(") (x,y) v(dx)

and

pfln) (y) = Ip(n) (x,y)u(dx)

n
Denote Eg(u,y) = z pii)(y)/pgi)(y) . Then, it is easy to see that Kg(u,y) =
i=1

n
K, (1, y)
In [13] Derriennic has proved a general result which can be applied to

Eg(u,y) to yield lim it(u,xh) =1 if E? is trivial with respect to Pv . The
n->xo

conditions of Derriennic's result include both instances of the dissipative

case (when g is a regular kernel) as well as of the conservative case (when g
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is infinite with positive probability). Thus, such results are connected
with Theorem 7.

There is another aspect, worthwhile to be mentioned, in relation to
ﬁr\:(u,y) . If we apply the space-time chains considerations to I-(r\:(u,y) in the

same way as we did in the proof of Theorem 3, we get that

(n)
P, X))

lim =1 Pv a.s. if and only if (S‘ is trivial with respect to P\) .

n-eo p\()“)(xn)
Then, as in Theorem 6 this can lead to a "0-2 law" for expressions like

|| P(n) (x, - )-P(n+l) (x, - )” under the assumption that the densities

{p(x,y) , x €S} exist. In other words the Chacon-Ornstein ergodic theorem [7]
used in [13] turns out to imply, in the long run, the Ornstein-Sucheston
"0-2 law" [37]!

5. STRUCTURE RESULTS FOR ASYMPTOTIC o-FIELDS.

2. —(x(D) ¢ (2)
We shall consider the vector chain {Xn :n 20} with Xn— (Xn ,Xn ),n20

~
A
defined on the probability space ('5, T.p, {X(l): n2 0} and {X(Z): n3 0}

n n
being two independent copies of {Xn :n 320} and $=Pv® Pv .

Throughtout this section we shall assume that .'B is separable, i.e. is
generated by a countable collection of sets Al’Az"" .

Let fn be a real measurable function of 2n variables and define for any
X,y €S the set function

b CoLysR) = £ Rx,A),. .2 ™ (x,0),2(5,8),... 2™ ,0)) .

In what follows we shall need the following Lemma (see e.g. [37]).

LEMMA. For any n=0,1,... the total variation of wn,” wn” is a
measurable function with respect to g Q% .

PROOF. Denote by :Bk the o-field generated by the sets Al’AZ" . .,Ak s

k
k=1,2,... and by wn(x,y; «) the restriction of wn(x,y: +) to the o-field
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33k . By a version of martingale convergence theorem ([31])
k
ay_(x,y; «) av_(x,y; *)
n n
1lim =
ke d|lbn(x,y; ) dlﬂ»n(x,y; )|

a.s. with respect to Iwn(x,y; -)I and Ll(lwn(x,y;- )I) . Hence, the sequence

of measurable functions

EONCRTRD

I ceys = |] aly Geoys )|

dlv, (x,y5 )|
converges as k + © to
dwn(x,}’; . ) |

alv_G,y; -] = v (xys )
aly_(x,y5 )| " "

which is therefore measurable.
Let us now consider, for any nonnegative integers m and n , the random
variable

ap @ =1 PP,y - B, |

and denote by To the completely nonatomic set and by Tl’T2’°" the atomic sets
occurring in the Pv representation of Q corresponding to SJ .

Consider the following condition

CONDITION (C). Let {Xn :n 20} be a nonhomogeneous Markov chain. Then for
any m=0,1,... and u=1,2,... vm{(x,y)|Tu is either atomic for jJ or a null set

m =
with respect to P%(G(x)+-6(y))} =1.

REMARK. The separability of 55 as well as Condition (C) are satisfied by
any countable nonhomogeneous Markov chain. Indeed, the separability of 35 is
trivially satisfied, whereas Condition (C) is a consequence of the absolute

(m)

continuity of the measurest(G(x)*_s(y)) with respect to v whenever

\)(m) (x) >0 and v(m) (y) >0 .
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The following result will give a characterization of the completely
nonatomic and atomic sets of T by means of {am’n("u'u)} .

THEOREM 1. Suppose that {Xn :n 30} is a nonhomogeneous Markov chain
satisfying condition (C) and .B is separable. Then
(1) There exist the limits

~N .
lim am’n(u») = um(w)
n->

A
lim o (@) = a(:)) P a.s.

A
2 for P_ almost all WeT_ x T v | JT xT '
v o o u

(11) a(®)
ufu' U

~ A ~
a(w) = 0 for Pv almost all weTu x Tu , u=1,2,...

PROOF. We shall first show that for any fixed m , x and y ,
m,n m,n
|| P (x, -)-P (y, - )” is nondecreasing with respect to n . Indeed, if we

p
denote P' = {AxB|AeR, BeB} , then

m,n+1 m,n+1

I e™ ™ 0k, ) =By, )l € 2syp [PT(XR LX) €A)

Ae R’ X

SPO LX) e |

n+l

"> n+l
B

§ .2,s¥ [IJ P‘“’“(x,dt)J P (¢ d2) —[ P'“’“(y,dt)f (t,dz)]]
! B A

Ae A

$£2s ,[Pm’“<x,A)—P“”“<y,A)1 = || P™™x, - ) -y, |
Ae

This implies that 1_1: am’n(g) = am(ﬁ) exists for all @ . The existence of a('u‘)')
will be proved in tt:lhe course of the proof of (ii).

Since To is completely nonatomic, for any € >0 we can find n(e) disjoint
sets T(1),...,T(n(e)) in T' such that T°=T(1)V T(2)V ...VT(n(e)) and
0<P (T(s)) <€/4 for 1ss<n(e) , (see e.g. [38] p. 81). Let
B (s) = {x: P(T(-s)l)(n =s8>1-%/4} . As we have seen before (in the proof of

Theorem 2, §3) we can get that lim{Xn eBn(s)}=T(s) a.s. with respect to Pv
n->x
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for s=1,2,...,n(e) . Since for m sufficiently large Bm(s) and Bm(s') with

s#s' are not empty we can find x sBm(s) and y sBm(s') such that

Lim|| P (x, - ) =Py, )l 2
n>re

1im(Pm’n(x,Bn(S ) - Pm’n(y,Bn(S )+

n--e

1im(Pm’n(y,Bn(s') -Pm’n(x,Bn(s'))
n->-o

P(T(s) le= x) - P(T(s) |xm= y) +

P(T(s')|Xm=y) —P(T(s’)IXm=x)

W

1-€/4-¢/4+1-5/4- 54

=2-€.
Since by the above Lemma {otm n((;()} are random variables, lim inf am(G) is also
’ ﬂ A \ i~:: -
a random variable and lim inf am(w) >2-¢ for Pv almost all welI(s) xI(s') .

n->e

However, we can split each of the sets T(s) , s=1,2,...,n(e) into disjoint

subsets whose probabilities are smaller that e'/é for any preassigned ¢’

smaller than € . Using the same reasoning as above we get, in particular,

that 1lim inf an(g) >2-¢' for /I:\) almost all ®eT(s) xT(s') and because we can
n-

apply this to any subset of T(s) , s=1,...,n(e) we deduce that a(;) =2 for
A ~

P almost all weT xT .

v o o

~
The proof of a(u“;) =2 for Pv almost all Ge | ! Tu XTU, is easier and will
u#u'

be left to the reader as an exercise.
~, N ~
We shall now prove that a(w) =0 for P\) almost all w eTu XTu ,u=1,2,...

A
Denote Am= {(x,y) |Tu is atomic in T or null, with respect to

Pm
F(8(x) + 8(y))

m

A

} and notice that for any (x,y) eA , dP"/
m X

dPy

= cn(x,y) is

T
u

a constant and 0 < cm(x,y) <o . Indeed Tu must be atomic or null with respect
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to Pi and P" since these two probability measures are absolutely continuous
m m

with respect to P%(G(x) +8(y)) ° Further, if cm(x,y) were 0 or PX and

Pl; would be singular on Tu’ i.e. there would exist a set H € Tu with H ETI

such that P:(H) =0 and P;l(H) =1 . But in such a case H and H® would be sets

. m m c i
in T with P%(G(x) +6(y))(H) >0 and P%(é(x) +6(y))(H ) >0 which contradicts
N ap™ P™(T )
the assumption that (x,y) eA . Thus c_(x,y) = X =X 9 | Dpefine
m m m| T m
apl ! tu PO(T)

N
further An(u) = {x: P(Tu|Xn=x) >1-¢} and take (x,y) € (An(u) XAn(u))r\ An .

Making use of Theorem 3, we get

. Ym m
lim K (x,X ) = c_(x,y) P a.s.onT . (5.1)
e n m y

Since for any A in

~,
Pm’n(x,A)—Pm’n(y,A) < I Il—Km(x,z)lP (X edz)
A v y'n

we are led to the inequalities

1lim sup sup (Pm’n(x,A) - Pm’n(}';A))

e Aef

(5.2)
limj 1 - ¥™(x,X ) |[P_(X_edz)
n-e An(u) y noy

+ lim sup Pm’n(x,Ac(u))
N n

= |1 - cm(x,y)|P(Tu) + e .

If we take into account that P::(Tu) >l-¢, Pl;:(Tu) >1l-¢and 1-€e< cm(x,y) <
1
1-¢ ° (5.2) yields

1
Lim 5 [P, ) -P™"(y, )| ¢ max(e , 75=0)P(T ) +¢ .
o l1-¢ u

Since the quantity on the right side of (5.1) can be made arbitrarily small



ASYMPTOTIC EVENTS OF A MARKOV CHAIN 575

by choosing € sufficiently small we get a(u‘;’) =0 for /l'}v almost all
5:—:Tu><Tu ,u=1,2,... and the proof is complete.
A characterization of completely nonatomic sets of T for a countable chain
was given in [10].
Define now for any nonnegative integers m and n, the random variable
Bo,n(® = 1 —% I vy - P“"“(xn, D .

The following result gives a characterization of the tail o-field
structure by means of the sequence {Bm,n(w)} .

THEOREM 2. Suppose that {Xn :n 20} is a homogeneous Markov chain
satisfying Condition (C) and % is separable. Then

(i) There exists the limits

lim B r](w) = Bm(w)

n-r-e
1lim B8 (w) = B(w) P a.s.
me v
(ii) B(w) =0 for Pv almost all w eTo
B(w) = P(Tu) for P\) almost all weTu ,uzl .

PROOF. As in the proof of Theorem 1 we can use simple inequalities to
prove that Hv(n)(-) —Pm’n(x, . )” is nondecreasing with respect to n .
Indeed, we can start off by writing

”v(n+1)(.) _Pm,n+1 ) eA) -

(x, - )” < %Lé& IPv<(Xn’Xn+l

m
Pt ) €|

< llf v(n)@y)J P (g dz) —J P‘“’“(x,dy)f Pl (g 42y |
A B

A B
and complete the proof in the same way as in the proof of Theorem 1. Here A
and %' are the same as defined in the proof of Theorem 1. Thus

lim Bm I1((») = Bm(w) exists for all weQ . The existence of B(w) will be proved
n-=o ’
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in the course of the proof of (ii).

Notice now that we can write
v® (a) - P™ P (x,4) = J(P“"“(y,A) ZP™ " (x,4))v ™ (ay)

for any A in . Thus

B (w)=1-sup J(Pm’n(y,A) - 2™ (x,4))v ™ (ay)
m,n
AeQ)
Choose further a sequence {Bn(u) :n >0} such that lim{Xn € Bn(u)} =Tu Pv a.s.
n-roo

for u=0,1,... and write B as
m,n

(m)

By (@) =1~ sup [ @™ (y,8) - P A0 (dy)

Aeh JBm(U)

+I E™ (v, - P x ,a))v ™ @y)] .
B;(U) "

If we take into consideration that

lim lim J Pm’n(y,B (c) (u))v(m) (dy) =1im lim [ c Pm’n(y,Bn(u))v(m) (dy)
m> no JB (u) n mr n+e /B (u)
m m
=0
we get that
B(w) =1im lim B () =1-lim lim sup J @™ " (y,4) —Pm’n(Xm,A))v(m)(dy)
Mmoo nN->w > mo n>o AC Bm(u) Bm(u)

(5.3)

- lim lim sup ™" (y,A) -Pm’n(Xm,A))v(m) (dy)

me N ACB;(U)IB;(u)

Pv a.s. provided that the limits appearing on the right side of (5.3) exist

Pv a.s. . But a scrutiny of the proof of Theorem 1 above reveals that

these limits exist and that
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lim lin  sup @™ (y,8) - PP ,8)v™ (ay)

m>® n>* AcB (u) JB (u)
m m

P (T ) P a.s. if u=0
viiu v

0 if ux1l

and

lim lim sup @™ (y,A) - Pm’n(Xn,A))v(m) (y)=1-? (T )

m® n>e A BS (u) fBC(u)
m m

P a.s. for u=0,1,... and the proof is complete.

A result of the type of Theorem 2 as well as the Corollaries given below
were given by Cohn [9],the transition probabilities appearing in it being
replaced by the backward transition probabilities. Griffeath has used a
"coupling" method in [21] to show that a dual result can be obtained using
instead the forward transition probabilities. For a martingale proof of this
result see [10]. Further Griffeath has extended thisresult to the case when
B is polish in [22]. Here we have used a different approach to further extend
this result to the case when B is only assumed to be separable.

COROLLARY 1. (i) B(w) =1 Pv a.s. if and only if SJ is trivial with
respect to Pv .

(1) B() > 8 P a.s. with o<<ss% if and only if T 1is
finite with respect to Pv

(iii) B(w) > 0 Pv a.s. and (i) and (ii) do not hold if and
only if TT is atomic with respect to Pv

(iv) Pv(B(w) = 0) > 0 if and only if TJ is nonatomic with
respect to Pv

PROOF. The Corollary is an immediate consequence of Theorem 2 the only
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point needing a proof being that if B(w) > % Pv a.s., then B(w) =1 Pv a.s.

Indeed, if B(w) > § P\) a.s. with §>0 , T is at most finite and in such a
case there must exist an atomic set Ti such that Pv(Ti) < % .

Conditions for the finiteness of T were previously given by Bartfai and
Revesz [3] and Iosifescu [26].

COROLLARY 2. 1If Pv(B(w) > 0) > 0 and we denote the probability

distribution of B by

lPo Pl P2 .

then ')’ contains Pi/x atomic sets having probability X i1 .
i

(d

3

PROOF. Let us denote by {Tlt sk=1,.. .ki} the atomic set of which have

k=1,...,k, . Thus

the same probability. Then by Theorem 2, Pv (Tlt) =x i

i >

the number ki is equal to Pi/x and the proof is complete.
i

The following result is a straightforward consequence of Theorem 2.
COROLLARY 3. The tail o-field of the sequence {Xn :n 20} has the same

structure as the tail o-field of any of its subsequences {Xn :tk20} .
k

We shall further show that we can establish results analogous to Theorems
1 and 2 given above for the invariant o-field ?’ of a homogeneous Markov chain.

In analogy to Condition (C) we shall consider

CONDITION (C'). Let {Xn :n 20} be a homogeneous Markov chain. Then for
any m=0,1,... and u=1,2,...

/\}m{ (x,y)lIu is either atomic for 7’ or null with respect to

Prs+ey)’ L

Let us define, for any integers m and n , the random variable
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n .
Yo @® = 1 ”izl(P(i)(Xn(ll)’ oy - p@ (XrﬁZ)’ Nl

and denote by I0 the completely nonatomic set and by 11,12,... the atomic
sets occurring in the Pv—representation of @ corresponding to 3’ .

The following result will give a characterization of the completely

.

nonatomic set and atomic sets of ? by means of {Ym n(uo)} .

THEOREM 3. Suppose that {Xn :n 20} is a homogeneous Markov chain
satisfying Condition (C') and 9 is separable. Then
(i) There exist the limits

lim ym,n(S) = Ym(g)

n->v
lim v () = Y(G) P a.s.
m v
m->°
e
(ii) y(@) = 2 for P_ almost all Gel XIUU I xI,
\% o (o} uFu' u u

~, Fad ~
y(w) = 0 for P\) almost all wel *xI u=1,2,...

Ly § o 1)
PROOF. It is easy to see that . I z (P (%, - )=-P " (y, - )| converges
i=1

for any x and y fixed, as n goes to = (see e.g. [14] p. 115) since if we

€ (1)
denote f(n) = ” z (P (x,+)-P (y, - ))” then f(n) can be shown to be a
i=1

subadditive function i.e. f(mn) < f(m) +£f(n) for all m , neN and therefore

lim f(n)/_ = inf f(n)/_ . Hence lim Y (53 =y ('u')‘) exists for all '555 .
n n m,n m
n--e nz1 n->o

The existence of Y(u’)') will be proved in the course of the proof of (ii).

Since Io is completely nonatomic, for any € >0 we can find n(e) disjoint
sets I(1),...,I(n(e)) in ?' such that I°=I(1)UI(2)U... JI(n(e)) and
0<P(I(s)) <€/4 for 1<s<n(e) . Let C(s)={x: PX(I(s)) >1-€/4} . As we

have seen in the proof of Theorem 3, §3, we get lim{Xn eC'(s)}=1I(s) P\) a.s.
n->o
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for s=1,2,...,n(e) . It follows that lim P(n) (x,C(s)) =PX(I(S)) . Take now

n->r«o

x€C'(s) and yeC'(s") with s#s'

Then

n .
lim%” ) P, ) —p (v, )1l =
i=1

n-re

n . .
lim £ ) (P(l)(x,C(s))—P(l)(y,C(S)))"‘
n->o i=1

n .
1nd @@ ,e) -2 e

n->o i=1

> 2 -¢€

A ~
Thus 1lim inf Ym(;) >2-¢ for Pv almost all weI(s) xI(s') and as in the proof

n->o

A
of Theorem 1 we can conclude that Y(ﬂ) =2 for P\) almost all Te Io ><Io

~ A ~
The proof of y(w) =2 for P\) almost all we U Iu XIu' is easier and will

u#u'

be left to the reader as an exercise.

~
We shall now prove that Y(le) =0 for almost all weIu XIu ,u=1,2,...

According to Theorem 1 of [14] for any x , y €S

1 ri (1) (i) I
Lim= | L @7 (x, *) =P 7y, - Dl s 2sup (P _(A)-P_(A))
now B i=1 Ae 7(x,y) X y

where }’(x,y) is the invariant o-field of the Markov chain assuming the
starting measure %(&8(x) + 8(y))

N
According to Condition (C') there is a set Am of points (x,y) with

~

m m

m=0,1,... . Further (5.4) implies

n—)oan

n . .
tim 27 P, ) - 2Py, -0l
i=1

"
v (A ) =1 such that Iu is atomic or null with respect to P%(G(x) +5()) fo

(5.4

r

(5.5)
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2|P<1)-P<1>>|+2sup (P_(N) - P_(N) .
(x,y) ¥ y
A clﬁ

Choose now Cu(e)= {x: Px(Iu) >1-%¢/4} and take x , y eC, . Then (5.5)
implies

lin 1 | Z(P D =x )PP P e, s 2 f 2

n->©

for any (x,y) eAm(u)/\(Cu(e) xCu(e)) .  But

~lm

lim P {(X(l)

m->e

Dy R a e, o) xc (N = P

and the proof is complete.

Define now, for any nonnegative integers m and n , the random variable
+m
5 <w>—1——!|2<(1 Y-

The following result gives a characterization of the invariant o-field
structure by means of the sequence {Gm’n(w)} .

THEOREM 4. Suppose that {Xn :n 20} is a homogeneous Markov chain
satisfying Condition (C') and 5515 separable. Then
(i) There exist the limits

1im Gm’n(w) = 6m(m)

n-oo
ii: Gm(m) = §(w) Pv a.s.

(ii) S(w) =0 for P almost all w el
S(w) = P(Iu) for Pv almost all w eIu ,u=1,2,...

PROOF. As in the proof of Theorem 3 the convergence of the quantity

n N
%,” ) (v(l+m)(-)-P(i)(
i=1

X, -)|| for any x fixed is a consequence of the

T (i4m) (1)
subadditivity of H z (v (-)-P (x, -))’l which can be shown to be
i=1
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entailed by the triangle inequality and the inequality
n+l

Iy o™y p® e, oy <
i=2

n
2_sup z [P

) eA) -P (X
Ae B' i=1

) eAle=x)]

v (Fiam X i4m* Ki4mh

n . .
cll T o™y DLy
i=1

has a proof analogous to the parallel result for {Bm,n} given at the
beginning of the proof of Theorem 2. In rest the proof can be carried out as
in the case of Theorem 2,if one takes into account the changes occurring when
considering invariant sets rather than tail sets which were manifest in the
proof of Theorem 3. Theorems 3 and 4 extend the results established for
countable chains in [11].
COROLLARY 1. (i) S(w) =1 Pv a.s. if and only if 3? is trivial with

respect to Pv .

(ii) 6S(w) > ¢ Pv a.s. with 0<Gs% if and only if ? is
finite to Pv .

(1ii) S(w) > 0 P, a.s. and (i) and (ii) do not hold if and
only if ;? is atomic with respect to Pv .

(iv) Pv(é(w) = 0) > 0 if and only if :} is nonatomic with
respect to Pv .

COROLLARY 2. If Pv(ﬁ(m) > 0) > 0 and we denote the probability distribution

of § by

then Er contains Pi/x atomic sets with respect to Pv having probability Xy
i
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ix1.

The proof of these Corollaries can be carried out as those of the
corresponding Corollaries after Theorem 2.

We notice that Corollary 3 after Theorem 2 does not have a counterpart
for invariant o-fields following from Theorem 4. In fact a result of this
type does not hold for the invariant o-field.

We shall next consider another characterization of the atomic sets of the
tail o-field of a homogeneous Markov chain.

Suppose that T is an atomic set of TJ . Then for any k21 , Pv(T/\Bk]D
is either 0 or equal to Pv(T) . We are therefore led to consider the
quantity d defined as

d=inf{k>0: eT=1 a.s. with respect to P\)}

and agree to take d=« if there is no integer k such that ek'r=’r Pv a.s.
d will be said to be the asymptotic period of the set T .

THEOREM 5. Suppose that {Xn :n 20} is a properly homogeneous Markov chain
and d the asymptotic period of the atomic set T of SJ . Then

(1) If d=«,then there exists a sequence {Bn :n 20} of mutually disjoint

sets of B such that 1im{X eB }=T P a.s.
e DM v

(ii) 1If d <>, then there exists a sequence {Bn :n 320} of sets of P with
Bnd=BO N Bnd+1=B1""’B(n+l)d-l=Bd-1 , for n=0,1,... , where

{BO,Bl,...,Bd_l} are mutually disjoint sets, such that iii{xn eBn}='T P a.s.

d
(iii) In either case Lj B, is an atomic set of Ef .
k=0 k

PROOF. A consequence of Proposition 1, §2.3 is that if A is a set in fr
with Pv(T) >0, then Pv(ekA) >0 for all keZ . Further if T is an atomic set of

~
Q{ , then the sets ektr with k € Z will also be atomic sets of § . Indeed
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P\)(ek T) > 0 for all k €eZ and if we suppose that ekT for a certain k is not

atomic then there would exist two disjoint sets in T , say, T' and T" ,

Pv(T') >0 , P\)(T") >0 and ekT=T' U T" . But according to Proposition 3, §2.2

k k

we get 9"k(6k T)=T=6 T'VU6 T" . Since O—k preserves the disjointness

of sets and by Corollary 1 after Proposition 1, 52.3 we get P\’(e_kT') >0,

P\)(G-k T") > 0 and the atomicity of TI would be contradicted. Thus ekT with

k €Z are all atomic sets of T and are either such that Pv(SmT ne"Ty=0 for
m#n with m,neZ , in which case d=> , or there exists a number k with

T=06"T P\, a.s. , in which case d <= ,

Suppose now that we choose the sets {B_} such that 1im{X e€B }=T P a.s.
n pow DD v

as defined in the proof of Theorem 5, §3 i.e. Bn= {x:P(T Xn=x) >%} for

}= o“T P a.s. on applying Theorem 5, §3.

n=0,1,... . We have 1im{xn€Bn+k N

n-re

Since Pv(T nek T) =0 we get

k _ _ k _
13P (TUS Tan—x) Pv(Tan—x)+P(9 T[Xn—x)

(5.6)

Pv(T]Xn =x) +P(T|Xn+k= x)

If we assume that there exists x in Bn an+k then (5.6) yields
1 aP(Tlxn=x) +P(T|Xn+k=x) >%+% =1 which is absurd. Thus P\’(T(\ek T)=0
implies the disjointness of Bn and Bn+k for all n and k and (i) and (ii)
are proved.

To prove (iii) it will suffice to show that

U o"1=1inix_ e Us} P, a.s.
n> k=0

=—o0

It is clear that I = U o' T belongs to j . In addition,we can prove that

==
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I is an atomic set of ?1 . Indeed, if we admit the contrary,since T is an
atomic set of S’and I can be expressed as a union of mutually disjoint sets,
we would get that a subset of I (say), I' in E} with 0 <Pv(1') <Pv(I) will
entail the existence of a subset of T (say), T' in T with 0‘<Pv(T') <Pv(T)
which is absurd.

d
Consider, now the set C={x: P(IIX0 =x)>%} . Then C2 U B . This entails
k=0

d
Ig{xn € UBk i.o.} . Furthermore
k=0
%k
Pv(I) -Pv(k\;zwe {XneBn all large n})

=Pv(xn eBn+k all large n , some k)

st(Xn S&ZLBk all large n)

and the proof is complete.
Theorem 5 was established by Abrahamse [1] in the case of a countable
chain assuming a restriction on the chain which is satisfied by the properly

homogeneous chains considered above.
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